
Game Theoretic Analysis of Congested

Wireless Networks

LAW, Lok Man

A Thesis Submitted in Partial Fulfilment

of the Requirements for the Degree of

Doctor of Philosophy

in

Information Engineering

Supervised by

Prof. Shuo-Yen Robert Li and Prof. Jianwei Huang

c©The Chinese University of Hong Kong

February 2013



Abstract of thesis entitled:

Game Theoretic Analysis of Congested Wireless Networks

Submitted by LAW, Lok Man

for the degree of Doctor of Philosophy

at The Chinese University of Hong Kong in February 2013

Wireless technology has become an inseparable part of our daily lives. In

addition to the traditional wireless applications, such as TV broadcast or

satellite communication, the demand of wireless access from tablets and

smartphones has increased tremendously. One big challenge of wireless

communications is that spectrum resource is limited. When the resource

is scarce, resource allocation in congested networks is of particular impor-

tance. In this thesis, we are interested to investigate the user behavior and

new spectrum sharing mechanisms in congested networks using the tool of

game theory.

In the first part of the thesis, we model the interaction of secondary users

(SUs) in cognitive radio networks as congestion games. We evaluate the in-

efficiency of the Nash equilibria with the social optimal in four families of

games. Most importantly, we identify the worst case scenario which leads



to a severe performance loss. In order to tackle the problem, we propose

a partial cooperation scheme which provides an alternative to improve the

system throughput and fairness of the congested network. By specifying

the allocation for cooperating users, we show that SUs have incentive to

cooperate truthfully. Moreover, we give the performance bound of system

throughput compared with full cooperation scheme. We also observe from

the numerical results that the partial cooperation of SUs can greatly im-

prove the system throughput comparing with no cooperation of SUs. In

addition, the performance of the partial cooperation scheme is close to op-

timal in congested networks with a reduced overhead and complexity of the

algorithm.

In the second part, we consider the congestion of current mobile net-

works. By modeling the interaction between a network service provider

and the mobile subscribers with the Stackelberg game, we study two pric-

ing schemes which suggested how prices should be set in different regions

with the consideration of negative effects of congestion. Under given condi-

tions of resource allocation and utility of subscribers, we show that region-

specific pricing is more preferable than region-agnostic pricing which can

improve both the revenue of the network service provider and the social

welfare of the subscribers.
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摘要:

無線通訊現已成為我們生活中不可或缺的一部份。除了較傳統的

無線技術應用如電視廣播及衛星通訊外，日漸普及的平版電腦與智

能手機對無線技術也有殷切的需求。然而，有限的無線電頻譜是無

線通訊的其中一個限制。在有限的資源下，如何在壅塞的網絡環境

有效地分配無線電頻譜成為一個重要的議題。在這篇論文中，我們

會利用博奕論來分析壅塞網絡內用戶的行為和一些嶄新的頻譜共用

機制。

在論文的首部份，我們會利用壅塞賽局來模擬認知無線電網絡中

未授權無線電頻段的使用者(次級用戶)的互動‧在四個不同的賽局

下，我們會評估納殊均衡與社會最優的效能比。此外，我們會鑑別

導致嚴重失效能的最壞情況。有見及此，我們提議一個能夠改善壅

塞網絡系統吞吐量與資源方配公平性的半合作方案。透過具體指定

合作用戶的資源分配，我們論證次級用戶具有真誠合作的動機。除

此之外，我們也計算出半合作方案跟完全合作方案在系統吞吐量上

比較的下限。從數值結果的觀察中，可見次級用戶的半合作模式已

比沒有任何合作的方案更有效地改善系統的吞吐量。另外，在壅塞
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的網絡環境下，半合作方案的系統效能不僅與最理想的情況相近，

而且能夠減低溝通的開銷及演算法的複雜性。

在論文的第二部份，我們會考慮流動網絡的壅塞情況。透過使用

斯塔克爾伯格模型去模擬網絡供應商和消費者的互動，我們會集中

研究兩種不同的收費方法。通過考慮網絡壅塞的負面影響，兩個收

費方法在不同的地區會有不同的定價。在特定的網絡資源及消費者

功利下，我們證實特定地區收費比無地區區分收費更為可取。特定

地區收費不但能增加網絡供應商的收益，也能改善消費者的社會福

利。
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Chapter 1

Introduction

1.1 Motivation

In some ten years ago, wireless technologies were commonly used in mili-

tary services, satellite communication, and TV broadcast. Nowadays, wire-

less applications have penetrated to everywhere in our daily lives. Wireless

devices can be found in telecommunication, monetary transaction, and in

household use. Everybody is holding one or more smartphones and tablets;

SmartTV or smart-printer are getting common in everyone’s house. While

we are getting heavily depending on the convenience of wireless technol-

ogy, we must face the fact that wireless spectrum is a scarce and valuable

resource. With a tremendous demand of the wireless technologies, we are

particluarly interested in how to make good use of the limited frequency

spectrum.

Several reports (such as [42]) have shown that many licensed spectrum

1



CHAPTER 1. INTRODUCTION 2

are under-utilized, researchers have been studying the possibilities of a

more flexible use of the spectrum. One of the ideas is to allow more users

to use the spectrum if it is not used by the licensed users. Cognitive radio

technology has become a promising technology to tackle this problem. In a

cognitive radio network, secondary (unlicensed) users adapt to the network

environment and access channels without causing performance deteriora-

tion of the licensed users. This problem of channel access becomes more

complex and complicated when there exists a large number of users. This

motivates us to look for a meachasim that allows a group of unlicensed

users to share the valuable spectrum in a effective and efficient way.

While the developement of infra-structure and design of protocol of cog-

nitive radio networks may take some time to realize, we need some reme-

dial measurse to minimize the adverse effect of the large demand in wire-

less applications. One of the big challenges now is the increasing number

of mobile users that caused congestion in wireless cellular networks. As

stated in the report [1], the number of mobile subscribers reached 14.9 mil-

lion and the total mobile data usage rised to 2792 tera byte per month in

Hong Kong by the end of 2011. With a dense population and a critical geo-

graphical situtation in some location (such as Hong Kong), it is not always

possible to expand the number of base stations or further allocate frequency

spectrum for telecommunication. There is an urge to find a way to enhance

the efficient use of the network. Inspired by the idea of charging congested
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traffic network in the U.S., pricing strategy can be a possible solution to

improve the network performance with a large crowd of subscribers.

The focus of this thesis is to consider measures that help utilizing spec-

tum resources among a group of users in an efficient way. The study of

mechanism comes in two folds: (1) Based on the promising technology

of cognitive radio networks, we use game theory to model the interactions

of selfish users and analyze any mechanism that leads to a stable outcome

among the group; (2) Consider the real-life example of congested mobile

networks, we suggest pricing scheme that can improve the social welfare

of all users.

1.2 Thesis Outline

The thesis is organized into five chapters.

In Chapter 2, we consider a cognitive radio network where multiple het-

erogenous secondary users (SUs) compete for transmissions on idle pri-

mary channels. We model this as a singleton congestion game, where

the probability for an SU to successfully access a channel decreases with

the number of SUs selecting the same channel. In particular, we consider

player-specific payoffs that depend not only on the shares of the channel but

also on different perceived data rates (preference constants). Such system

can be modeled as a congestion game, and we study the price of anarchy

(PoA) for four families of such a game: identical, player-specific symmet-
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ric, resource-specific symmetric, and asymmetric games. We characterize

the worst-case PoA in terms of the number of SUs and channels, and il-

lustrate the network scenarios under which the worse case performance is

reached. We further illustrate the PoA results with two Medium Access

Control (MAC) schemes: uniform MAC and slotted Aloha. For both cases,

we observe that the average performance of the game equilibrium is bet-

ter than the worst-case PoA. Our study sheds light on how to design stable

systems with smaller efficiency loss of the equilibrium.

In Chapter 3, we consider a cognitive radio network where secondary

users have different sets of available channels and different expected data

rates on all channels. We propose a priority-based partial cooperation scheme

(PPCS) that captures the feature of incomplete channel availability infor-

mation under spatial and channel heterogeneity. It encourages cooperation

among users in a group with the same priority channel to share their chan-

nel availability information and explore the possibility to transmit on non-

priority channels. We derive the lower bound of channel utilization of the

PPCS by comparing it with a full cooperation scheme in identical chan-

nels. Numerical results show that the average performance of the scheme

can be more than two times better than the lower bound derived. More-

over, we also consider heterogeneous channels where the system through-

put and fairness in resource allocation of the PPCS are compared with sev-

eral benchmark schemes. We obtain a very nice result that the PPCS can



CHAPTER 1. INTRODUCTION 5

reach the performance of full cooperation scheme with the network is con-

gested even with incomplete information of the whole network.

In Chapter 4, we consider regional pricing in a mobile network. Net-

work service providers today usually charge all data traffic at a fixed rate,

independent of time and location. In our study, we look at the problem from

a spatial perspective. With multiple regions that possess different character-

istics, we want to see how well region-agnostic pricing performs compared

with region-specific pricing. Based on our proposed model, we show that

region-specific pricing can improve the total revenue of the network ser-

vice provider. When there are variations in region characteristics, region-

agnostic pricing gives lower social welfare and can cause a loss in total

revenue compared with region-specific pricing. The two pricing schemes

are identical only when region characteristics are the same. The situation

worsens when there are more heterogeneous regions. Our results argue for

region-specific pricing in resource allocation for mobile networks.

Lastly, we conclude the thesis and address several extension work in

Chapter 5.



Chapter 2

Congestion Games in Cognitive Radio

Networks

2.1 Introduction

2.1.1 Overview

Due to the rapid development of wireless technologies and an exploding

increase of wireless applications, the wireless spectrum resource is becom-

ing scarce. Motivated by the fact that many licensed spectrum bands are

often under-utilized, cognitive radio has emerged as a promising technol-

ogy to alleviate the spectrum scarcity problem. In cognitive radio networks,

channels owned by licensed primary users (PUs) can be opportunistically

shared by unlicensed secondary users (SUs), who sense for spectrum holes

and compete with other users for tentatively available channels. Without a

central coordinator in the network, each SU wishes to optimize its local de-

6



CHAPTER 2. CONGESTION GAMES IN COGNITIVE RADIO NETWORKS 7

cision to maximize the expected throughput. It is interesting to study how

a large group of selfish SUs interact and compete for multiple channels in

a distributed fashion. With the restriction that each wireless node has only

one radio transceiver, each SU can only access one channel at a time. The

throughput of choosing a channel depends on both the channel condition

and the number of SUs competing for this channel (i.e., the congestion

level). This motivates us to model the competition of SUs as a singleton

congestion game.

Congestion game has long been a useful tool in modeling problems in

job scheduling and selfish routing (e.g., [3, 4]). Given a set of players and

resources in a congestion game, the payoff of each player depends on the

resource it chooses and the number of players choosing the same resource.

Most of the congestion game models capture the negative congestion effect

through a cost or latency function, which increases with the number of

players sharing the same resource. There exists a large volume of literature

studying the existence, convergence, and efficiency of Nash equilibrium in

these game models (e.g., [3, 5, 6]). We are interested in a new subclass of

congestion games, namely covering games [22], which originate from the

classical covering problem. In a maximum coverage problem, a centralized

coordinator chooses k subsets from a finite sets of weighted elements to

maximize the total weight of the union. While in a covering game, each of

the k players independently chooses a subset of elements to maximize its
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payoff. A player’s payoff is the summation of the product of the weight and

a function of number of players having the same choice for all elements.

In this chapter, we generalize the existing covering game by introducing

the preference constant, which represents the maximum data rate that an SU

receives on a channel. In the most general model (the asymmetric game),

different SUs have different preference constants on the same channel, and

an SU has different preference constants on different channels. Since this

generalization still belongs to the class of congestion games, we know from

[3] that there exists at least one pure Nash equilibrium. Furthermore, the

game enjoys the finite improvement property that is true for all congestion

games. This property means that the asynchronous best response updates

(where at most one SU updates its channel choice at any time) will converge

to a pure Nash equilibria within finite number of steps.

We now illustrate our game model with the IEEE 802.22 standard for

Wireless Regional Area Networks (WRAN). Cognitive radio technology

[2] is proposed to support the use of white spaces (i.e., tentatively unused

spectrum) in the TV frequency spectrum by unlicensed users. In this stan-

dard, the unlicensed users will have the capability of sensing and searching

for idle channels periodically. When such an idle channel is found, the

SU will connect to a secondary unlicensed base station and obtain the in-

formation regarding the congestion level of this channel (caused by other

SUs) and the remaining channels. By considering both the channel quali-
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ties (preference constants) and congestion levels, SU can make the channel

choice independently. Since each SU’s choice does not depend on other

SUs’ preference constants, we can ignore the issue of truth revelation of

their own preference constants to all SUs and the existence of a common

control channel. As we mentioned before, asynchronous best response up-

dates will lead to a Nash equilibrium among SUs. It leads to a nice prop-

erty that the base station is not required to have knowledge of the preference

constants of each SU but only the congestion level. For the case of no infor-

mation broadcast by the base station, there exist learning algorithms (e.g.,

[40], [28]) that enable SUs to select channels based on their experiences

and eventually reach the equilibrium.

However, a Nash equilibrium in a covering game does not achieve social

optimality in general. We are interested in how bad the performance of a

Nash equilibrium could be comparing with the social optimum, i.e., the

performance loss due to competition. In this chapter, we will evaluate this

inefficiency of Nash equilibrium by studying the price of anarchy (PoA).

We study several families of congestion games and characterize the impact

of SUs’ selfish behavior on the social welfare. In particular, we want to

understand how the heterogeneity of preference constants will affect the

PoA.
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2.1.2 Related Work

Cognitive radio has recently emerged as a promising technology to allevi-

ate the problem of under-utilized spectrum resources (e.g., [17, 18, 19, 20]).

Game theory has long been a useful tool to study the problem of wireless

resource allocation (e.g., [26], [33], [24], [32]). In [33], an auction mech-

anism is introduced in dynamic spectrum access of cognitive radio and the

algorithm converges to an equilibrium with maximum spectrum utilization

of the system. In [24], the authors applied cooperative game theory to

model the opportunistic spectrum access of users and designed a distributed

algorithm close to the Nash Bargaining Solution (e.g., [34, 35]). Bayesian

game is used in [32] to solve the distributed radio resource allocation prob-

lem under uncertainty. Recently, congestion game is used in [8] to model

wireless spectrum sharing games where spatial reuse of wireless channels is

taken into account. The cost of the user, which can be the total interference

experienced, is a function that increases with the number of users in the

network. In [31], the channel switching of SUs in cognitive radio networks

is modeled as a network congestion game, where a protocol is designed

to reach a Nash equilibrium. The study of the inefficiency of distributed

resource allocation can be found in [7], [27], [25], and [29]. In this pa-

per, we aim to model spectrum sharing in cognitive radio as player-specific

congestion games, and study the inefficiency of the Nash equilibria.

The study of inefficiency in system performance due to selfish behaviors
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of players (PoA) was initiated by [12]. Vast amount of research has been

done on computing the PoA of congestion games (e.g., [15], and [16]). In

particular, the bounds of PoA for congestion games with linear and poly-

nomial cost functions were proven in [6] and [13]. Recent work such as

[14] gave the exact PoA for a class of congestion games with cost functions

restricted to a specific set. Most of the existing work above considered

weighted congestion games only. These weights are resource-specific but

not user-specific.

Congestion games with player-specific payoffs were first studied in [9];

while a special class of congestion games with player-specific constants

was studied in [11]. It was shown that pure Nash equilibrium exists for this

type of singleton games. In [10], the authors considered the pure Nash equi-

librium for both the player-specific and weighted congestion game. Cover-

ing game, a new subclass of congestion games, is introduced in [22]. The

author modeled the competition of players with decreasing payoff function

and derived the bounds of PoA. He also showed the existence of an allo-

cation function that can lead to the best of PoA. In our work, we consider

specific allocation functions that correspond to several existing MAC proto-

cols, and compute the worst-case PoA with respect to the different choices

of weights. Moreover, our study is not only applicable to resource-specific

weights only but also to the player-specific weights, which is rather new in

the literature.
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2.2 Game Model

Consider a wireless cognitive radio network with channels owned by li-

censed primary users (PUs). Multiple unlicensed secondary users (SUs)

want to share the channels whenever the channels are not used by the PUs.

Time is divided into discrete slots. The PU of a particular channel may

transmit or be silent in any given time slot. After sensing all available chan-

nels at the beginning of the time slot, each SU can only select one channel

for transmission due to its hardware limitation. If the channel turns out to

be occupied by the PU, the SU will remain silent for the rest of the time

slot. If the channel is idle, the SU will try to transmit on the channel if it is

the only user. If there are more than one SU selecting the same idle chan-

nel, an SU can transmit on the channel with some probability depending on

the choice of medium access control (MAC) schemes. The probability of

successful transmission decreases as the number of SUs selecting the same

channel increases.

Furthermore, the data rates perceived by different SUs vary based on

their respective channel gains and geographical locations. From an SU k’s

point of view, the maximum data rate received for being the sole user on

channel m is Rk
m. The expected data rate of an SU is the product of the

maximum data rate and its probability of successful transmission on the

selected channel. An SU’s goal is to select a channel that can maximize

its expected data rate by considering both the channel availability and the
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congestion effect. Such optimization not only depends on Rk
ms but also on

the number of SUs competing for the same channel.

2.2.1 A Congestion Game Framework

Consider the game tuple (K,M, (Σk)k∈K, (π
k
m)k∈K,m∈M), whereK = {1, ..., K}

is the set of SUs, M = {1, ...,M} the set of channels, and Σk the set of

pure strategies for SU k. Since all SUs have the same available channel set

and each SU can select a single channel only, we have Σk =M for all k. A

pure strategy profile is given by σ = (σ1, ..., σK), where σk ∈ Σk denotes

the channel that SU k selects. The set of strategy profiles is denoted by

Π = Σ1 × Σ2 × ... × ΣK . We denote by n(σ) = (n1, ..., nM) the conges-

tion vector corresponding to the strategy profile σ. Each of nm(σ) is the

number of SUs selecting channel m under strategy profile σ. To simplify

notation, we will also use nm to denote nm(σ).

We assume that each SU selecting channel m has an equal probability

r(nm) of succeeding in its transmission with the following properties:

• SU k must be able to transmit when it is the only user selecting a

channel. Therefore, r(1) = 1 by definition.

• The more SUs on a single channel, the less chance each SU transmits

successfully, i.e., r(nm) is a decreasing function of nm.

• The sum of probabilities of successful transmission for all SUs cannot



CHAPTER 2. CONGESTION GAMES IN COGNITIVE RADIO NETWORKS 14

exceed 1, i.e., nmr(nm) ≤ 1.

We denote the total probability of successful transmission by all SUs on

a single channel with

f(n) =

 0, if n = 0.

nr(n), if n ≥ 1.

In some medium access control games, the collisions of secondary trans-

missions would reduce the total probability of successful transmission. In

addition, the reduction would be less significant when there already exists a

large number of SUs. This motivates us to make the following assumption.

Assumption 1. The function f(n) is non-increasing and convex in n, i.e.,

f(n2) ≤ f(n1) and f(n1)− f(n1 + 1) ≥ f(n2)− f(n2 + 1) for n1 < n2.

This assumption is naturally satisfied in many applications. For exam-

ple, in a medium access control game in cognitive radio networks, the colli-

sions of secondary transmissions reduce the probability of successful trans-

mission. This results in a lower efficiency and hence a smaller value of f(n)

with an increasing number of players.

Corollary 1. Assumption 1 implies that r(n) is a decreasing and convex

function in n.

Proof. The function f(n) is non-increasing in n, i.e., f(n2) ≤ f(n1) for

n1 < n2. This implies that n1r(n1) ≥ n2r(n2) > n1r(n2). Hence, r(n1) >

r(n2) for n1 < n2 and r(n) is decreasing in n.
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The function f(n) is convex in n implies f(n1)− f(n1 + 1) ≥ f(n2)−

f(n2 + 1) for n1 < n2. In other words, n1r(n1) − (n1 + 1)r(n1 + 1) ≥

n2r(n2)− (n2 +1)r(n2 +1). By rearranging the terms, we have n1[r(n1)−

r(n1 + 1)] ≥ n2[r(n2)− r(n2 + 1)] + [r(n1 + 1)− r(n2 + 1)]. Since r(n) is

decreasing, r(n1+1)−r(n2+1) is positive. Then, we have n1[r(n1)−r(n1+

1)] > n2[r(n2)− r(n2 + 1)]. By dividing both sides with n1, the inequality

becomes r(n1)− r(n1 + 1) > n2

n1
[r(n2)− r(n2 + 1)] > r(n2)− r(n2 + 1).

This implies that r(n) is convex in n.

The goal of each SU k is to select a single channel that maximizes its

own expected data rate, i.e., maxm∈Σk π
k
m. The expected data rate of SU

k for selecting channel m is πkm = Rk
mr(nm) where Rk

m (the preference

constant) denotes the maximum data rate received by SU k for being the

sole user selecting channel m. The strategy profile σ is a Nash equilib-

rium if and only if no SU can improve its expected data rate by deviating

unilaterally, i.e., for each SU k ∈ K,

Rk
σk
r(nσk) ≥ Rk

j r(nj + 1), ∀j ∈M and j 6= σk.

To facilitate the discussion, we will use the term (K,M)-game to rep-

resent a game with K SUs and M channels. Based on the different values

of Rk
m, we classify the congestion game into several families depending on

the heterogeneity of SUs and channels.

• Identical game: all channels are the same for all SUs, i.e., Rk
m = R
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for k ∈ K and m ∈M.

• Player-specific symmetric game: different SUs have different prefer-

ences for channels, but each SU has the same preference constant for

different channels, i.e., Rk
m = Rk for k ∈ K and m ∈M.

• Resource-specific symmetric game: all SUs have the same preference

constant for the same channel, but have different preferences for dif-

ferent channels, i.e., Rk
m = Rm for k ∈ K and m ∈M.

• Asymmetric game: this is the most general case where each channel is

different for different SUs, i.e., Rk
m can be different for each k ∈ K

and m ∈M.

2.2.2 Price of Anarchy (PoA)

The families of identical and resource-specific symmetric games belong

to the class of congestion games which always has a pure Nash equilib-

rium [3]. The existence of Nash equilibrium can be proved in a similar

fashion by showing that there exists an ordinal potential function [21].

For every pure strategy profile σ, the exact potential function is given by

Φ(σ) =
∑

m∈M
∑nm(σ)

n=1 r(n). This function increases as SUs update their

strategies myopically and is upper-bounded, and hence a pure Nash equi-

librium always exists. For the families of player-specific symmetric and

asymmetric games, it is shown in [9] that singleton congestion games with
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player-specific payoffs also have at least one Nash equilibrium.

A Nash equilibrium is the stable outcome of distributed selfish behavior

by all SUs. It is not difficult to imagine that such behavior often leads to

the loss of social welfare. Given at least one Nash equilibrium exists in our

game, a natural question to ask is how far the Nash equilibrium is from the

social optimum. One metric to quantify this is the price of anarchy (PoA),

which is the focus of this paper.

Before defining PoA, let us define the social optimum and the efficiency

ratio. Denote the total expected data rate received by all SUs at a strategy

profile σ as

SUM(σ) =
∑
k∈K

πkσk =
∑
k∈K

Rk
σk
r(nσk).

Definition 1. The social optimum opt of the game is the maximum total

expected data rate received by all K SUs maximized over all strategy pro-

files1,

opt = max
σ∈Π

SUM(σ).

Any strategy profile σ that leads to a social optimum is called a socially

optimal solution. Similar to the Nash equilibria, there can be multiple σ’s

(i.e., SU-channel assignments) that lead to the same social optimum.

Definition 2. The efficiency ratio of a Nash equilibrium σ is the ratio be-
1Such social optimum can be achieved, for example, through a centralized scheduler who tells each SU

which channel to select. The congestion cannot be completely avoided even at a socially optimal solution as

long as K > M .
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tween the total expected data rate received at that equilibrium and the so-

cial optimum,

ER(σ) =
SUM(σ)

opt
.

Definition 3. The price of anarchy (PoA) of a game is the worst-case effi-

ciency ratio among all pure strategy Nash equilibria,

PoA(K,M,R) = min
σ∈Γ

SUM(σ)

opt
= min

σ∈Γ
ER(σ). (2.1)

HereR = {Rk
m,∀k ∈ K,∀m ∈M} denotes the preference constants of

all SUs and Γ represents the set of pure strategy Nash equilibria. There is a

slight difference between the PoA defined here and the one defined in many

prior works (e.g., [12]). Since we are maximizing total expected data rate

instead of minimizing cost, the social optimum is the largest value among

all possibilities. Thus, PoA defined here never exceeds 1, and the worst

Nash equilibrium achieves the smallest efficiency ratio and thus the PoA.

In general, PoA is defined for a particular game with all parameters spec-

ified. For our model, these parameters include the number of SUs (K),

number of channels (M ), and the preference constants (Rk
m’s). The PoA is

the worst-case ratio among all Nash equilibria and the social optimum in

such a game. We can further extend the concept of PoA from a game to

a family of games. In particular, we are interested in the smallest value of

PoA among all possible choices of preference constants. This is referred to

as the worst-case PoA defined below.
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Definition 4. The worst-case PoA of a family of games is the minimum one

over all possible preference constants, i.e., minR PoA(K,M,R).

As we will see, we can often compute the worst-case PoA without hav-

ing to consider all possible combinations of preference constants.

2.3 PoA Analysis

To begin with, we consider the trivial case of M = 1. When there is one

channel, all SUs have no choice but to select the only channel. The total

expected data rate at Nash equilibrium is the same as the social optimum,

hence PoA=1. Similarly, when only one SU accesses a particular channel,

there does not exist any efficiency loss. This is because that the SU can

fully utilize the channel without worrying about the possible contention

with other SUs.

When multiple SUs accessing the same channel, collision of SUs can

occur and reduce the utilization of channel (i.e., f(n) < 1 in slotted Aloha).

However, since each SU only wants to maximize its own expected data

rate in the game, such multi-user contention can happen and thus leads to

social welfare loss. Consider an example of two SUs and two channels. At

a Nash equilibrium, two SUs might compete on the same channel, while

the other channel is left unused. The social welfare can be maximized by

allowingtwo SUs access different channels. In the rest of this section, we



CHAPTER 2. CONGESTION GAMES IN COGNITIVE RADIO NETWORKS 20

will look at the nontrivial case of M ≥ 2. The main idea is to compare

the total expected data rate at Nash equilibrium and at a socially optimal

solution. Since different families of games impose different constraints on

the preference constants, the proof techniques vary across the families.

2.3.1 Identical Games

The simple case of identical games may model the case when all SUs are

located close-by and have the same transmission power. With the condition

Rk
m = R, we can identify both the Nash equilibria and social optimum

explicitly.

Consider K SUs in an identical game. Denote σk to be the channel

selected by SU k. Then, the total expected data rate of all SUs is∑
k∈K

πkσk =
∑
k∈K

Rk
σk
r(nσk) =

∑
k∈K

Rr(nσk) = R
∑
m∈M

nmr(nm) = R
∑
m∈M

f(nm).

By definition, all SUs have the same preference constant for all channels,

i.e., Rk
m = R for all SU k ∈ K and all channel m ∈ M. This results in

the second equality where Rk
σk

= R. The second last equality results from

a change of summation from SUs to channels.

Proposition 1. For an identical (K,M )-game with preference constant R,

the total expected data rate at a socially optimal solution is

opt =

 RK, if K ≤M.

R(M − 1) +Rf(K −M + 1), if K > M.
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Proof. If the number of SUs is no larger than the number of channels (i.e.,

K ≤ M), then each SU selecting a different channel leads to the social

optimum RK. This is because nr(n) ≤ r(1) = 1, thus preventing SUs

from sharing channels. When there are more SUs than channels (i.e., K >

M ), it is optimal to add the additional K − M SUs to a single channel.

This is due to the non-increasing and convexity properties of f(n), so that

f(n1) + f(n2) ≤ f(1) + f(n1 + n2 − 1) for any n1, n2 ≥ 1. Hence, we

have opt = R(M − 1) +Rf(K −M + 1) for K > M .

In the special case of f(n) = 1 for any n (i.e., the channel is always

fully utilized for transmission no matter how many SUs share it), the total

expected data rate is independent of the number of SUs selecting it as long

as it is positive. The social optimum in this case is Rmin(K,M).

Next, we compute the total expected data rate at different Nash equilib-

ria2 and hence the PoA.

Theorem 1. For an identical (K,M)-game3 with M > 1,

PoA =

 1, if K ≤M.

(K mod M)f(bKM c+1)+[M−(K mod M)]f(bKM c)
(M−1)+f(K−M+1) , if K > M.

2There in general exist multiple Nash equilibria for different “pairing" of SUs and channels. However,

the total expected data rate at all Nash equilibria is the same in an identical game and the identities of SUs

are not important.
3The modulo operation (a mod n) is the remainder on division of a by n, and the floor function bac is

the largest integer not greater than a.
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Proof. Consider any Nash equilibrium σ = (σ1, ..., σK) with the conges-

tion vector n(σ) = (n1, ..., nM), where
∑

m∈M nm = K. For each SU k,

Rr(nσk) ≥ Rr(nj + 1), ∀k ∈ K,∀j ∈ M 6= σk. It is an SU’s best re-

sponse to select the least congested channel given other SUs’ fixed choices.

This results in an “even” distribution of SUs on all channels.

To be more precise, we prove by contradiction that the difference of

number of SUs on any two channels is no greater than 1 in any Nash equi-

librium, i.e., |ni − nj| ≤ 1, i, j ∈ M. Suppose there exists a pair of

channels i and j where ni = nj + t and t > 1. According to the definition

of Nash equilibrium, r(ni) ≥ r(nj + 1). Otherwise, at least one SU select-

ing channel i will switch to channel j. However, since ni = nj + t > nj +1

and r(n) is decreasing, we have r(ni) < r(nj + 1). This leads to a contra-

diction.

Therefore, we can identify the congestion vector in different Nash equi-

libria.

• For the case of K ≤M :

Since number of SUs is no more than number of channels, SUs al-

ways prefer an unused channel to a congested channel. Therefore,

each SU selects a different channel in all Nash equilibria. Though the

SUs-channels assignment may vary in different Nash equilibria, the

total expected data rate by the group of SUs is always the same, i.e.,

SUM(σ) = RK.
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• For the case of K > M :

We showed in the above that the difference of number of SUs on any

two channels is no greater than 1 in any Nash equilibria. If K is divis-

ible by M , every channel is selected by the same number of SUs, K
M .

Otherwise, the remainder of SUs select a different channel to guaran-

tee an even distribution of SUs. A number of (K mod M) channels

are selected by bKM c+ 1 SUs; while the remaining M − (K mod M)

channels are selected by bKM c SUs. The total expected data rate at

Nash equilibrium σ is SUM(σ) = R(K mod M)f(bKM c + 1) +

R[M − (K mod M)]f(bKM c).

The above gives the unique value of SUM(σ) for all possible Nash

equilibria. Combining with the results in Proposition 1 and applying the

definition of PoA, we obtain the PoA for identical games.

Theorem 1 implies that the PoA is independent of the preference con-

stantR, and hence is the same as the worst-case PoA (minR PoA(K,M,R)).

Remark 1. (Asymptotic PoA) Let K = tM + y, where t is a positive

integer and 0 ≤ y < M , then Theorem 1 can be written as PoA =

yf(t+1)+(M−y)f(t)
(M−1)+f((t−1)M+y+1) . IfM is fixed and t→∞, then PoA = limt→∞

Mf(t)
M−1+f(t) .

When the number of SUs also increases to infinity, the PoA gets smaller and

approaches limt→∞ f(t) eventually.
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2.3.2 Player-specific Symmetric Games

SUs are often not identical in practice. They may use different technolo-

gies, have different channel conditions, or have different transmission pow-

ers. This means that different SUs might achieve different transmission

rates on the same channel.

For player-specific symmetric game, different SUs have different pref-

erences for channels, but each SU has the same preference constant for

different channels, i.e., Rk
m = Rk for k ∈ K and m ∈ M. Without loss of

generality, we assume SUs are arranged in descending order of their pref-

erence constants, i.e., R1 ≥ R2 ≥ ... ≥ RK .

Proposition 2. For a player-specific symmetric (K,M)-game, the total ex-

pected data rate at a socially optimal solution is

opt =


∑K

k=1R
k, if K ≤M.∑M−1

k=1 Rk + r(K −M + 1)
∑K

k=M Rk, if K > M.

Proof. We first show that exactly K channels are selected at any socially

optimal solution forK ≤M . Suppose σ = (σ1, ..., σK) is a strategy profile

that leads to the optimum. By considering its corresponding congestion

vector n(σ) = (n1, ..., nM), the M channels can be divided into 3 sets:

• S0 = {m ∈M : nm = 0} denotes the set of unused channels

• S1 = {m ∈ M : nm = 1} denotes the set of channels selected by 1

SU
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• S2 = {m ∈ M : nm > 1} denotes the set of channels selected by

more than 1 SU

If there exists a channel i ∈ S2, then there must also exist a channel

j ∈ S0. This is because the number of SUs is no more than the number of

channels.

Since Rkr(1) > Rkr(n) for all k ∈ K and n > 1, we know that de-

viation of an SU from channel i to channel j always improves the total

expected data rate. Therefore σ is not a socially optimal solution. This ar-

gument can be successively applied until all channels are either unused or

selected by one SU, such that S2 = φ. We then conclude that the optimum

is obtained when exactly K channels are selected. In this case, each SU

selects a different channel in the social optimum.

For the case of K > M , we first show that for any two channels that are

shared among SUs, it is always optimal to assign a channel to the largest SU

(SU with the largest preference constant), and let the remaining SUs share

the other channel. This can be shown by the fact that Ri[r(1) − r(n1)] ≥

Rj[r(n2)−r(n1 +n2−1)] for indices i < j. We then check from the largest

SU to see if it is the only user on a channel. We continue with the other SUs

in the descending order. As a result, each of the first M −1 SUs selects one

channel by itself and the remaining SUs share the last channel.

Theorem 2. For the family of player-specific symmetric (K,M)-game with
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M > 1, the worst-case PoA4

min
R

PoA(K,M,R) = r(dK
M
e).

Proof. The best response of SU k ∈ K at a Nash equilibrium is σk if and

only if Rk
σk
r(nσk) ≥ Rk

j r(nj + 1), ∀j ∈ M and j 6= σk. Since the

preference constants of all channels for a single SU is the same in a player-

specific symmetric game, each SU’s best response is similar to that in iden-

tical games. This results in an “even” distribution of SUs on all channels,

where the difference of number of SUs on any two channels is no greater

than 1 in any Nash equilibrium, i.e., |ni − nj| ≤ 1, i, j ∈M.

For K ≤M , the “even” distribution of SUs in Nash equilibrium implies

that every SU selects a different channel, which is the same as in the socially

optimal solution. Therefore, PoA=1.

For K > M , the total expected data rate at both the Nash equilibrium σ

and the social optimum can be determined. In particular, if (K mod M) =

0, then the efficiency ratio is

ER(σ) =
r(bKM c)

∑K
k=1R

k∑M−1
k=1 Rk + r(K −M + 1)

∑K
k=M Rk

.

This can be lower-bounded by r(bKM c) as r(K −M + 1) ≤ 1. The lower

bound can be achieved when some K − M + 1 SUs have a preference

constant that is significantly small when compared with the other M − 1

SUs. Similarly, when (K mod M) 6= 0, we can show that the efficiency
4The ceiling function dae is the smallest integer not less than a.
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ratio is lower-bounded by r(bKM c+ 1) and is achievable.

Remark 2. (Asymptotic PoA) LetK = tM+y, where t is a positive integer

and 0 ≤ y < M . If M is fixed and t→∞, then PoA = limt→∞ r(t).

For the family of player-specific symmetric games, we can identify the

possible Nash equilibria, which achieve an even distribution of SUs on dif-

ferent channels. Hence, PoA is known once the preference constants Rk
ms

are known. The worst-case PoA results from a significant difference in the

preference constants between two groups of SUs.

2.3.3 Resource-specific Symmetric Games

In practice, different channels can have different bandwidths and thus can

provide different data rates even for the same SU. This motivates us to

study the resource-specific symmetric game. More specifically, all SUs

have the same preference constant for the same channel, but have different

preferences for different channels, i.e., Rk
m = Rm for k ∈ K and m ∈M.

Consider K SUs in a resource-specific symmetric game. Without loss

of generality, we assume channels are arranged in descending order of pref-

erence constants of SUs, i.e., R1 ≥ R2 ≥ ... ≥ RM . Denote σk to be the

channel selected by SU k. Then, the total expected data rate of the SUs is∑
k∈K

πkσk =
∑
k∈K

Rσkr(nσk) =
∑
m∈M

Rmnmr(nm) =
∑
m∈M

Rmf(nm)

where
∑

m∈M nm = K.
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Proposition 3. For a resource-specific symmetric (K,M)-game, the total

expected data rate at a socially optimal solution is

opt =


∑K

j=1Rj, if K ≤M.∑M−1
j=1 Rj +RMf(K −M + 1), if K > M.

Proof. The idea of proof is similar to that of Proposition 2. Consider the

case when the number of SUs is no more than the number of channels (i.e.,

K ≤ M ). We first show that if there exists a (congested) channel with

more than 1 SU and another channel with no SUs, we can always improve

the total expected data rate by switching an SU from the congested channel

to the unused channel.

We first consider a simple case with two channels, where one is chosen

by K SUs and the other remains unused. Suppose K SUs selecting a sin-

gle channel is a socially optimal solution. Without loss of generality, we

assume all SUs are selecting the first channel. In this case, the optimum

would be R1f(K). Now, we consider the scenario when one of the K SUs

switches from the congested channel to the unused channel. The new total

expected data rate is R1f(K − 1) + R2f(1). Since f(n) is non-increasing

under assumption 1, the new total expected data rate is greater than the orig-

inal R1f(K). It leads to a contradiction. Therefore, both channels should

be selected at the social optimum.

Using similar argument as in Proposition 2, we then generalize the proof

to theK SU case thatK channels are selected at a socially optimal solution.
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To be specific, we can show that the optimum is obtained when exactly K

channels are selected. In this case, each SU is selecting a different channel

in the social optimum. Hence, the K largest channels (in terms of the

preference constants) are selected at any socially optimal solution and the

optimal is the sum of the preference constants for the first K channels.

Now let us consider the case where there are more SUs than channels

(i.e., K > M ). At the social optimum, the firstM−1 channels are selected

by one SU each, and channel M is selected by the remaining K −M + 1

SUs. Here we provide a constructive proof by assigning SUs to channels

one by one. From the above argument, we see that each SU selects one

of the K largest channels when K ≤ M . We first assign M SUs to M

channels, one on each channel. After all channels are selected by exactly

one SU, an extra SU in the system in general reduces the total expected data

rate of the original social optimum. For the case ofK > M , the loss in total

expected data rate generated by the (M + 1)th SU for selecting channel j

is given by Rj[f(1) − f(2)]. In order to minimize the loss, the (M + 1)th

player should select channel M that has the smallest preference constant,

RM . Similarly, the loss generated by the (M + 2)th SU is Rj[f(1)− f(2)]

if j 6= M and Rj[f(2)− f(3)] if j = M . Since f(n) is non-increasing and

convex, f(2)−f(3) is smaller than f(1)−f(2). To minimize the additional

loss, we should again assign the (M+2)th SU to channelM . Similarly, we

should assign all the (M + 3)th to Kth SUs to channel M to minimize the
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performance loss. The first M − 1 channels are selected by one SU each,

and channel M is selected by the remaining K −M + 1 SUs. Hence, the

social optimum is
∑

j∈M\{M}Rj +RMf(K −M + 1).

Then we can show that adding the an additional SU to the smallest chan-

nel M leads to the minimum performance degradation. We continue to add

the rest of the K −M SUs, and show that all these SUs should be added to

the smallest channel M to minimize the social welfare loss.

Theorem 3. For the family of resource-specific symmetric (K,M)-game

with M > 1 and more SUs than number of channels (i.e., K > M ), the

worst-case PoA is f(K)
1+r(K)(M−2)+r(K)f(K−M+1) .

Proof. Suppose there exists a Nash equilibrium σ with congestion vector

n(σ) = (n1, ..., nM). The set of channels not selected by any SUs is de-

noted by H and
∑

m∈M\H nm = K. With the best-reply strategy at Nash

equilibrium, i.e., Rjr(nj) ≥ Rk for all j ∈ M \ H and k ∈ H, we have∑
m∈M\HRjf(nj) ≥ KRk for all k ∈ H.

With the social optimum obtained in Proposition 3, we can calculate the

efficiency ratio at σ,

ER(σ) =
SUM(σ)

opt
=

∑
j∈M\HRjf(nj)∑M−1

j=1 Rj +RMf(K −M + 1)
.

We now show that for every Nash equilibrium σ, we can construct an-

other Nash equilibrium γ with the same number of SUs and channels where

ER(γ) ≤ ER(σ).
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Consider a game where the preference constants for all SUs on channel

2 to channel M are the same, Rcr(K); and the constant for channel 1 is Rc.

A Nash Equilibrium γ of this game is that all SUs select channel 1. The

efficient ratio of γ is

ER(γ) =
Rcf(K)

Rc +Rcr(K)(M − 2) +Rcr(K)f(K −M + 1)
.

We can find a specific Rc that equates the denominators of ER(σ) and

ER(γ). With the inequalities from the best response strategy, we see that

Rcf(K) <
∑

j∈M\HRjf(nj). This shows that all the Nash equilibria are

lower-bounded byER(γ) which can be simplified as f(K)
1+r(K)(M−2)+r(K)f(K−M+1) .

This lower bound is achievable and hence the worst-case PoA.

Remark 3. (Asymptotic PoA) When the number of SUs is significantly

larger than channels (i.e., M is fixed and K → ∞), the worst-case PoA

becomes limK→∞ f(K) as limK→∞ r(K) = 0.

Theorem 4. For the family of resource-specific symmetric (K,M)-game

with M > 1 and number of SUs no more than channels (i.e., K ≤ M ), the

worst-case PoA is f(K)
1+r(K)(K−1) .

Proof. First arrange the channels in the descending order of preference con-

stants. Since the last M − K channels will not be selected either in the

socially optimal solutions or any Nash equilibrium, we can safely discard

them. Therefore, the problem is reduced to a resource-specific symmetric

(K,K)-game and Theorem 3 applies.
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2.3.4 Asymmetric Games

Now let us consider the most general case where preference constants are

different for different SUs on different channels. The social optimum is

difficult to compute in this case. However, it turns out that we can com-

pute the worst-case PoA by exploiting the properties of the social optimum

without specifying the SU-channel associations explicitly.

Proposition 4. For an asymmetric (K,M)-game, min(K,M) of channels

are selected at a socially optimal solution.

Proof. We first consider a simple case with two channels, where one chan-

nel is selected by more than one SU (and thus congested) and the other

remains unused. We show by contradiction that the total expected data rate

can always be improved by switching an SU from a congested channel to

an unused channel.

Suppose K SUs selecting the same channel is a socially optimal solu-

tion. Without loss of generality, we assume all SUs are selecting channel

1. By labeling the SUs in descending order of their preference constants

for channel 1, we have R1
1 ≥ R2

1 ≥ · · · ≥ RK
1 . By assumption, the optimal

total expected data rate in this case is
∑

k∈KR
k
1r(K).

Now, we consider another scenario where all SUs except SU K choose
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channel 1. The new total expected data rate

=
∑

k∈K\{K}

Rk
1r(K − 1) +RK

2

=
r(K − 1)

r(K)

∑
k∈K\{K}

Rk
1r(K) +RK

2

=
∑

k∈K\{K}

Rk
1r(K) +

[
r(K − 1)

r(K)
− 1

] ∑
k∈K\{K}

Rk
1r(K) +RK

2

=
∑
k∈K

Rk
1r(K)−RK

1 r(K) +

[
r(K − 1)

r(K)
− 1

] ∑
k∈K\{K}

Rk
1r(K) +RK

2

=
∑
k∈K

Rk
1r(K)− 1

K − 1

∑
k∈K\{K}

RK
1 r(K)

+

[
r(K − 1)

r(K)
− 1

] ∑
k∈K\{K}

Rk
1r(K) +RK

2

≥
∑
k∈K

Rk
1r(K)−

[
r(K − 1)

r(K)
− 1

] ∑
k∈K\{K}

RK
1 r(K)

+

[
r(K − 1)

r(K)
− 1

] ∑
k∈K\{K}

Rk
1r(K) +RK

2

=
∑
k∈K

Rk
1r(K) +

[
r(K − 1)

r(K)
− 1

]
r(K)

∑
k∈K\{K}

(Rk
1 −RK

1 ) +RK
2

>
∑
k∈K

Rk
1r(K).

The first inequality is obtained from the assumption that f(n) is non-

increasing and is verified as follow: f(K− 1) ≥ f(K) ⇒ (K− 1)r(K−

1) ≥ Kr(K) ⇒ r(K−1)
r(K) ≥

K
K−1 ⇒

r(K−1)
r(K) −1 ≥ 1

K−1 . The last inequality

is due to the facts that (i) Rk
1 ≥ RK

1 for all SUs k and RK
2 > 0; (ii) r(K −
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1) > r(K) since r(n) is a decreasing function. Hence, the deviation of SU

K leads to a larger expected data rate and thus a contradiction. We conclude

that the optimum is obtained only when both channels are selected.

Below we show that exactly K channels are selected at any socially

optimal solution for K ≤M .

Suppose σ = (σ1, ..., σK) is a strategy profile that leads to the optimum.

By considering its corresponding congestion vector n(σ) = (n1, ..., nM),

the M channels can be divided into 3 sets:

• S0 = {m ∈M : nm = 0} denotes the set of unused channels

• S1 = {m ∈ M : nm = 1} denotes the set of channels selected by 1

SU

• S2 = {m ∈ M : nm > 1} denotes the set of channels selected by

more than 1 SU

If there exists a channel i ∈ S2, then there must also exist a channel

j ∈ S0. This is because the number of SUs is no more than the number of

channels.

From the earlier analysis on two-channels case, we know that deviation

of an SU from channel i to channel j always improves the total expected

data rate. Therefore σ is not a socially optimal solution. This argument

can be successively applied until all channels are either unused or selected

by one SU, such that S2 = φ. We then conclude that the optimum is ob-
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tained when exactly K channels are selected. In this case, each SU selects

a different channel in the social optimum.

Using a similar argument, we can also show by contradiction that all

M channels are selected at any socially optimal solution in the case of

K > M .

We will compute the exact worst-case PoA in two steps. We first give

a lower bound for the efficiency ratio, and then show that the bound is

achievable.

Lemma 1. For an asymmetric (K,M)-game with M > 1, the lower bound

of efficiency ratio is r(K).

Proof. We consider two cases separately: K ≤ M and K > M . For

the case of K > M : we consider an equilibrium σ = (σ1, σ2, ..., σK),

where Rk
σk
r(nσk) ≥ Rk

j r(nj + 1) for all k ∈ K and j ∈ M and j 6= σk.

Here n(σ) = (n1, n2, ..., nM) is the corresponding congestion vector of σ.

We will also denote ω = (ω1, ω2, ..., ωK) as the strategy profile chosen by

the SUs at a socially optimal solution, and q(ω) = (q1, q2, ..., qM) be the

corresponding congestion vector.

By using the inequality
∑
i ai∑
i bi
≥ mini

ai
bi

, we have

ER(σ) =

∑
k∈KR

k
σk
r(nσk)∑

k∈KR
k
ωk
r(qωk)

≥ min
k

Rk
σk
r(nσk)

Rk
ωk
r(qωk)

.

Assume k̄ = arg mink
Rkσkr(nσk )

Rkωkr(qωk )
, we have two possible scenarios:
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• If σk̄ = ωk̄, then

min
k

Rk
σk
r(nσk)

Rk
ωk
r(qωk)

=
Rk̄
ωk̄
r(nωk̄)

Rk̄
ωk̄
r(qωk̄)

=
r(nωk̄)

r(qωk̄)
≥ r(K)

r(1)
= r(K).

The last inequality is due to the fact that r(n) is a decreasing function.

Therefore, nσk taking its maximum value of K while qωk taking the

minimum value of 1 leads to the lower bound. Here K SUs select

channel ωk in the Nash equilibrium while only SU k̄ selects the same

channel at the socially optimal solution.

• If σk̄ 6= ωk̄, then

min
k

Rk
σk
r(nσk)

Rk
ωk
r(qωk)

=
Rk̄
σk̄
r(nσk̄)

Rk̄
ωk̄
r(qωk̄)

≥
Rk̄
ωk̄
r(nωk̄ + 1)

Rk̄
ωk̄
r(qωk̄)

=
r(nωk̄ + 1)

r(qωk̄)
≥ r(K)

r(1)
= r(K).

The first inequality is due to SU k̄’s best response at the Nash equilib-

rium where Rk̄
σk̄
r(nσk̄) ≥ Rk̄

ωk̄
r(nωk̄ +1). The lower-bound is obtained

when SU k̄ switches its strategy at the Nash equilibrium to that in

the social optimum. The last inequality follows a similar argument as

before.

The efficiency ratios in both cases are lower-bounded by r(K).

For the case of K ≤M : we know that all K SUs should be selecting K

different channels at a socially optimal from Proposition 4. Without loss of

generality, label the channels and SUs so that the optimum is
∑

k∈KR
k
k.
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Denote the channel selected by SU k as σk and the strategy profile by

σ = (σ1, σ2, ..., σK). The congestion vector of σ is given by n(σ) =

(n1, n2, ..., nM). The strategy profile σ is a Nash equilibrium if and only if

Rk
σk
r(nσk) ≥ Rk

j r(nj + 1), ∀k ∈ K, ∀j ∈M 6= σk.

By using the inequality
∑
i ai∑
i bi
≥ mini

ai
bi

, we have

ER(σ) =

∑
k∈KR

k
σk
r(nσk)∑

k∈KR
k
k

≥ min
k

Rkσkr(nσk)

Rk
k

.

Assume k̄ = arg mink
Rkσkr(nσk )

Rkk
, we have two possible cases:

• If σk̄ = k̄,

min
k

Rk
σk
r(nσk)

Rk
k

=
Rk̄
k̄
r(nk̄)

Rk̄
k̄

= r(nk̄) ≥ r(K).

In this case, the channels selected by SU k̄ in both the Nash equi-

librium and a socially optimal solution are the same. In addition, nk̄

takes its maximum value of K implies that all SUs select channel k̄ in

the Nash equilibrium.

• If σk̄ 6= k̄,

min
k

Rk
σk
r(nσk)

Rk
k

=
Rk̄
σk̄
r(nσk̄)

Rk̄
k̄

≥
Rk̄
k̄
r(nk̄ + 1)

Rk̄
k̄

= r(nk̄ + 1) ≥ r(K).

Here, the channels selected by SU k̄ in both a Nash equilibrium and

a socially optimal solution are different. The first inequality is due to

SU k̄’s best response at a Nash equilibrium. SU k̄ selects channel σk̄ in
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Table 2.1: Example of An Asymmetric Game with Efficiency Ratio r(K) + δ

player \ resource 1 2 · · · M

1 R Rr(K) · · · Rr(K)

2 ε εr(K) · · · εr(K)
...

...
...

K ε εr(K) · · · εr(K)

Nash equilibrium becauseRk̄
σk̄
r(nσk̄) ≥ Rk̄

k̄
r(nk̄+1). Therefore, there

can be at mostK−1 SUs selecting channel k̄ in that Nash equilibrium.

The efficiency ratios in both cases are lower-bounded by r(K).

Lemma 2. For any δ > 0, there exists an asymmetric (K,M )-game with

M > 1 that has an efficiency ratio r(K) + δ.

Proof. We now consider an asymmetric (K,M )-game with M > 1 where

values of the preference constants, Rk
m are shown in Table 2.1. The pa-

rameter ε in the table is chosen as a function of δ for the different cases of

K ≤M and K > M .

For the case of K ≤ M : The value of ε in the table is chosen as
δR

[1−r(K)−δ](K−1)r(K) .

With the conditionRr(K) > ε, the social optimum is achieved when SU

k is selecting channel k for all k ∈ K. In that case, the total expected data

rate would be R + (K − 1)εr(K) at the socially optimal solution. On the
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other hand, we can identify one Nash equilibrium σ where all SUs select

channel 1. The total expected data rate at σ is Rr(K) + (K − 1)εr(K).

Therefore, we have

ER(σ) =
Rr(K) + (K − 1)εr(K)

R + (K − 1)εr(K)

= r(K) +
[1− r(K)](K − 1)εr(K)

R + (K − 1)εr(K)

= r(K) + δ,

Furthermore, we show that ε is an increasing function of δ.

ε =
δR

[1− r(K)− δ](K − 1)r(K)

∂ε

∂δ
=

[1− r(K)− δ](K − 1)r(K)R− δR[−(K − 1)r(K)]

{[1− r(K)− δ](K − 1)r(K)}2

=
[1− r(K)](K − 1)r(K)R

{[1− r(K)− δ](K − 1)r(K)}2
> 0

When ε goes to zero, δ goes to zero and the PoA equals r(K).

For the case of K > M : The value of ε in the table is chosen as
δR

{(K−1)−[r(K)+δ][(M−2)(K−M+1)r(K−M+1)]}r(K) .

With the conditionRr(K) > ε, the social optimum is achieved when the

first SU selects channel 1, M−2 SUs select each of the remaining channels

and the K −M + 1 SUs all select the last channel. In that case, the total

expected data rate would beR+(M−2)εr(K)+(K−M+1)εr(K)r(K−

M + 1) at the socially optimal solution. On the other hand, we can identify

one Nash equilibrium σ where all SUs select channel 1. The total expected
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data rate at σ is Rr(K) + (K − 1)εr(K). Therefore, we have

ER(σ) =
Rr(K) + (K − 1)εr(K)

R + (M − 2)εr(K) + (K −M + 1)εr(K)r(K −M + 1)

= r(K) +
[(K − 1)− r(K)(M − 2)− r(K)(K −M + 1)r(K −M + 1)]εr(K)

R + (M − 2)εr(K) + (K −M + 1)εr(K)r(K −M + 1)

= r(K) + δ,

Furthermore, we show that ε is an increasing function of δ.

ε =
δR

{(K − 1)− [r(K) + δ][(M − 2)(K −M + 1)r(K −M + 1)]}r(K)

∂ε

∂δ
=

{(K − 1)− r(K)[(M − 2)(K −M + 1)r(K −M + 1)]}r(K)R

{(K − 1)− [r(K) + δ][(M − 2)(K −M + 1)r(K −M + 1)]}2r2(K)

> 0

When ε goes to zero, δ goes to zero and the PoA equals r(K).

Theorem 5. For the family of asymmetric (K,M)-game with M > 1, the

worst-case PoA is r(K).

Proof. Lemmas 1 and 2 together lead to Theorem 5.

The worst-case PoA of asymmetric games is achieved when all SUs

select the same channel; while the maximum data rate (or the preference

constant) for one of the SUs is significantly larger than the remaining SUs.

Although this Nash equilibrium leads to severe efficiency loss, we show

numerically in later section that it occurs rarely.
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2.4 Applications

The worst-case PoA depends highly on the number of SUs (K), the number

of channels (M ) and the MAC scheme (r(n)) in game. In the following, we

will consider two MAC schemes and see how the worst-case PoA changes

with different congestion levels.

2.4.1 Uniform MAC

When there are n SUs competing for a channel, the simplest way to resolve

the conflict is to allow each SU to grab the channel with an equal proba-

bility 1
n . This can be achieved as follows. An SU who has selected an idle

channel will pick a random countdown value within a fixed time window

Y and continue to sense the channel for presence of other SUs. An SU will

proceed to transmit if its countdown timer expires and no other SUs have

started the transmission on the channel. Otherwise, if the channel is being

used, the SU loses the opportunity to sense or transmit in other channels

and remains idle till the next slot. In this case, only one of the many SUs

can transmit on a channel at a particular time slot. Assuming Y is large

enough, then the probability of getting the channel is 1
n . This simple model

captures the case where competition only introduces uncertainty in terms

of who can access the channel without wasting the channel.

Under this uniform MAC scheme, we can compute the exact worst-case
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Figure 2.1: Worst-case PoA of different families of games in uniform MAC with M = 10.
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PoA5 for all families of games with r(n) = 1
n and f(n) = 1. The numerical

results are given in Figure 2.1, where there are M = 10 channels and the

number of SUs K varies from 1 to 80.

From the figure, we can see that the Nash equilibria in identical games

always achieve the social optimum. When the competition is more severe

(i.e., the number of SUs is much greater than channels), the asymptotic

PoA of identical and resource-specific symmetric games approaches 1; the

asymptotic PoA of player-specific symmetric and asymmetric games ap-

proaches 0. The worst-case PoA computed are monotonic with an increas-

ing number of SUs except in resource-specific symmetric games. The PoA

first decreases, then increases, and finally converges to 1 (when K is large

enough; not shown in the figure). The drop at the beginning is mainly due

to the incomplete usage of channels when the number of SUs is small. It

is because different channels can provide different transmission rates. The

worst-case PoA happens when there exists a channel that is significantly

better than the others, so that SUs tend to contend on the same channel and

leave other channels unused. With an increasing number of SUs, the proba-

bility of having unused channels reduces. As the number of SUs continues

to increase, eventually all channels are selected. Hence, the worst-case PoA

approaches 1.

To see how an arbitrary Nash equilibrium performs, we run 30 simu-
5Similar results for this special case has been shown in a conference version of the paper [23].
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Figure 2.2: Efficiency ratios of different families of games under uniform MAC. In the fig-

ure, each star represents the efficiency ratio of a Nash equilibrium and the circle represents

the worst-case PoA for given number of SUs and channels.

lations for each test case and the preference constants for each family of

games are randomly generated from U(0, 1). In Figure 2.2, each star rep-

resents the efficiency ratio of arbitrary Nash equilibrium and the circle rep-

resents the worst-case PoA for given number of SUs and channels. We

can observe from the graph that most Nash equilibria have efficiency ratios

much greater than the worst-case PoA, except in identical games where

all Nash equilibria are the same. Despite the fact that worst-case PoA for

asymmetric games are much lower than the other families of games, the
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efficiency ratios of Nash equilibria are rather stable (above 0.8 when there

are 7 SUs). This is likely because the probability for the worst case to oc-

cur is very low due to the uniform distribution of the preference constants.

Although there is a discrepancy for the Nash equilibria compared with the

social optimum, the performance is not that bad even in the case of asym-

metric games.

2.4.2 Slotted Aloha

Here we look at another common MAC protocol, the slotted Aloha, where

the competition among SUs over the same channel reduces the total utiliza-

tion of that channel.

In slotted Aloha, after an SU senses an idle channel, it will decide

whether to contend for transmission with some probability. An SU can

successfully transmit on the channel when it is the only user. If two or

more SUs transmit on the same channel, all transmissions fail. Since SUs

do not have prior knowledge of how the other choose the contention prob-

ability, they can only assume all SUs selecting the same idle channel have

the same transmission probability p independent of the data rates the SUs

receive. Given n SUs selecting the same channel, the probability for an

SU to transmit successfully is given by r(p, n) = p(1 − p)n−1. Since each

SU aims to maximize its expected data rate, it is equivalent to selecting the

common transmission probability p to maximize r(p, n). Under the optimal
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Figure 2.3: Worst-case PoA of different families of games in slotted Aloha with M = 10.

choice of p, we have

r(n) =

(
1

n

)(
1− 1

n

)n−1

and f(n) =


0, if n = 0

1, if n = 1

(1− 1
n)n−1, if n > 1

.

We verify in the Appendix that the above function satisfies Assumption 1.

The worst-case PoA can be computed by plugging the functions r(n) and

f(n) into the results in Section 2.3.

The worst-case PoA for the slotted Aloha scheme can be observed in

Figure 2.3, where the number of channels M = 10 and the number of SUs
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K varies between 1 and 80. One may note that the asymptotic PoA for iden-

tical and resource-specific symmetric games converges to limK→∞ f(K) =

1
e instead of 1 as in uniform MAC. The significant loss of performance can

be found even in the identical games. SUs tend to spread out in a Nash equi-

librium, which leads to significant losses comparing to the social optimum

where the loss is restricted to a single channel only.
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Figure 2.4: Efficiency ratios of different families of games under slotted Aloha. In the fig-

ure, each star represents the efficiency ratio of a Nash equilibrium and the circle represents

the worst-case PoA for given number of SUs and channels.

The efficiency ratios for arbitrary Nash equilibrium under slotted Aloha

can be found in Figure 2.4. The value of efficiency ratios in slotted Aloha in
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general smaller than that in uniform MAC. The player-specific and resource-

specific symmetric games have a larger chance to reach the worst-case PoA;

the average performance of Nash equilibria in asymmetric games is much

better than the worst-case PoA.

2.4.3 Insights for System Design

Comparing the two MAC schemes, uniform MAC is more preferable than

slotted Aloha as it does not lead to resource waste. When the ideal uni-

form MAC is not possible to implement in practice, it is always good to

design the channel access scheme that makes the total probability of suc-

cessful transmission f(n) as close to 1 as possible. We also notice that

Nash equilibria in identical games can achieve the social optimum. This

means that we should reduce the variance of parameters among SUs and

channels in order to have a better system efficiency. When it is not possible

to make the game fully symmetric, we observe that player-symmetric game

achieves a better PoA than resource-symmetric game when the number of

SUs is smaller than channels. To avoid the worst case when SUs have dra-

matically different data rates on the same channel, we can use admission

control to filter out SUs with very poor channel conditions.
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2.5 Summary

In this chapter we model the competition of SUs in a cognitive radio net-

work with singleton congestion games with different preference constants.

With the existence of at least one Nash equilibrium, we derive the exact

worst-case PoA for identical, player-specific symmetric, resource-specific

symmetric, and asymmetric games. We also identify several possible out-

comes that lead to the worst-case PoA. By illustrating the results with uni-

form MAC and slotted Aloha, we observe from the numerical results that

the efficiency ratios of Nash equilibria are in general better than the worst-

case PoA. With the given network parameters, we can design systems with

smaller efficiency loss by controlling the number of SUs competing for pri-

mary channels, or controlling the heterogeneity among different channels

and SUs.

The main results and contributions of this chapter are summarized as

follows:

• Application of congestion games in cognitive radio networks. To the

best of our knowledge, we are the first group that applies the model

of a new subclass of congestion games (covering game) to cognitive

radio networks with random MAC schemes. In particular, we consider

both weighted and player-specific congestion games, which reflect a

wide range of application scenarios.
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Table 2.2: Worst-case PoA for the different families of games in terms of K, M , and

general r(n) functions.

K ≤M K > M

Identical 1 (K mod M)f(bK
M
c+1)+[M−(K mod M)]f(bK

M
c)

(M−1)+f(K−M+1)

Player-specific symmetric 1 r(dK
M
e)

Resource-specific symmetric f(K)
1+r(K)(K−1)

f(K)
1+r(K)(M−2)+r(K)f(K−M+1)

Asymmetric r(K) r(K)

• Price of anarchy analysis of singleton congestion games with prefer-

ence constants. With the restriction that each SU can only select one

channel, we compute the exact worst-case PoA for all possible values

of the number of SUs K, number of channels M , and a decreasing

allocation function r(n) (see Table 2.2). The function r(n) depends

on the number of competing SUs on a channel, n. This is different

from many prior studies that focused on finding the close-to-optimal

allocation function with approximation algorithms.

• Insight on better system design. In our analysis, we can identify net-

work parameters that lead to the worst-case PoA in each family of

games. We also show by numerical results that on average the Nash

equilibria usually perform better than the worst-case PoA. Our study

sheds light on how to design stable systems with small efficiency loss

by controlling various system parameters such as the number of com-

peting SUs or the level of heterogeneity among SUs and channels.
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2.6 Appendix

Here we provide the verification of the allocation function of slotted Aloha

in Section 2.4.2. In slotted Aloha, the probability for an SU to transmit

successfully is given by r(p, n) = p(1−p)n−1 when there are n SUs select-

ing the same channel. Since each SU aims to maximize its expected data

rate, it is equivalent to selecting the common transmission probability p to

maximize r(p, n). By first order differentiation with respect to p,

∂r(p, n)

∂p
= 0

(1− p)n−1 − p(n− 1)(1− p)n−2 = 0

1− p = p(n− 1)

p∗ =
1

n

Therefore, we have r(n) = ( 1
n)(1− 1

n)n−1 and

f(n) =


0, if n = 0

1, if n = 1

(1− 1
n)n−1, if n > 1

.

We now compute both the first and second derivatives of the function

f(n) = (1− 1
n)n−1 in slotted Aloha.
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First Derivative

f(n) = (1− 1

n
)n−1

ln f(n) = (n− 1) ln(1− 1

n
)

f ′(n)

f(n)
= (n− 1)× 1

1− 1
n

× 1

n2
+ ln(1− 1

n
)

f ′(n) = f(n)[
1

n
+ ln(1− 1

n
)]

< f(n)[
1

n
− 1

n
]

= 0

The last inequality is due to the fact that ln(1 + x) < x.

Second Derivative

f ′(n) = f(n)[
1

n
+ ln(1− 1

n
)]

f ′′(n) = f(n)[− 1

n2
+ (

1

1− 1
n

)(
1

n2
)] + f ′(n)[

1

n
+ ln(1− 1

n
)]

= f(n)(
1

n2
)(

n

n− 1
− 1) + f(n)[

1

n
+ ln(1− 1

n
)]2

= f(n)(
1

n2(n− 1)
) + f(n)[

1

n
+ ln(1− 1

n
)]2

> 0

From the above computation, we checked that f ′(n) < 0 and f ′′(n) > 0.

When we only considers the integral value of n, f(n) is decreasing and

convex for this case. Hence, it satisfies the conditions in Assumption 1.
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2.7 Notations

Table 2.3: Key Notations in Chapter 2

Notation Physical Meaning

M the number of channels

M the set of common channels

K the number of SUs

K the set of SUs

Σk the set of pure strategies for SU k

σk strategy selected by SU k

σ strategy profile of all SUs

Π the set of strategy profiles from all SUs

Γ the set of pure strategy Nash equilibria

nm the number of SUs selecting channel m under strategy profile σ

n(σ) the congestion vector corresponding to σ

Rk
m the maximum data rate (preference constant) for SU k to select channel m

R the preference constants of all SUs

πk
m expected data rate of SU k for selecting channel m

SUM(σ) total expected data rate received by all SUs at a Nash equilibrium σ

opt social optimum: maximum total expected data rate received by all SUs

r(nm) the probability of successful transmission for each SU selecting channel m

f(n) the total probability of successful transmission on a channel with n SUs



Chapter 3

Partial Cooperation in Cognitive Radio

Networks

3.1 Introduction

3.1.1 Overview

The Federal Communications Commission (FCC) report [42] and various

field measurements have shown that many licensed radio spectrums are

heavily under-utilized. Cognitive radio technology can improve the spec-

trum utilization by allowing unlicensed secondary users (SUs) to sense and

utilize the tentatively unoccupied spectrum, without affecting the normal

communications of the licensed primary users (PUs). However, when sev-

eral SUs access multiple primary channels, selfish choices often lead to

collision among the SUs and thus reduce the system efficiency.

Cooperation can be very effective in resolving the conflicts and improv-

54
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ing the system efficiency in cognitive radio networks. For example, co-

operative spectrum sensing among SUs can significantly improve the ac-

curacy of detecting PUs’ activities and reduce the total sensing overhead

(e.g., [43, 44, 45]). Cooperation between PUs and SUs can help improve

the performances of both sides (e.g., [46, 47, 48]).However, cooperation

might require extensive signaling for information exchange, which can be

a significant cost for the system and reduce the transmission time (e.g.,

[51]). The key questions we want to answer in this paper are as follows:

When is cooperation most beneficial for spectrum sharing in cognitive ra-

dio networks? How should we motivate the cooperation among SUs?

In this chapter, we focus on the issue of cooperation among SUs in terms

of spectrum sharing, and assuming that the PUs are not aware of the exis-

tence of SUs and thus are not involved in the cooperation. Depending on

SUs’ physical locations and activities of surrounding PUs, different SUs

may have different sets of available channels to access. We refer to this phe-

nomenon as spatial heterogeneity. In addition, channels are heterogeneous

where SUs receive different expected data rates on different channels. It is

due to the fact that channels may have different bandwidths and SUs have

different transmission powers. The information of the channel availabilities

and SUs’ expected data rates are often private information. Furthermore,

a common control channel may not exist for exchanging such information,

and thus full cooperation may be difficult to achieve. Therefore, we are in-
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terested in studying how partial cooperation can be established among SUs

to share the spectrum efficiently in a network with both spatial and channel

heterogeneity. To this end, we will consider several multiple access control

(MAC) schemes in the literature as benchmarks.

In the no cooperation scheme, each SU chooses its channel to contend

independently from other SUs without any information exchange. After

sensing, each SU contends immediately on one of its available channels.

This is the simplest scheme to implement. However, without any channel

availability information of other SUs, the probability of contention is high

despite the fact that SUs may be able to avoid each other. Without any

coordination, it usually leads to a poor system throughput.

In the full cooperation scheme, all SUs share their channel availabil-

ity information and expected data rates with other SUs by iterative signal

exchanges on common channels (e.g., [49, 50]) or by reporting to a cen-

tralized server (e.g., [61]). With the complete information of the system,

a central coordinator runs a maximum matching algorithm that leads to an

optimal channel-SU assignment without contention. An advantage of this

scheme is that it guarantees social optimality. However, with the objective

of maximizing system throughput, the allocation of channels among SUs

may not be fair if only SUs with high expected data rates can transmit.

As the optimization is based on the information provided by the SUs, they

can declare false expected data rates on channels to increase their chance
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of transmission (e.g., [62]). Such false declarations may reduce the ac-

tual system performance. Furthermore, a common control channel may not

exist for information exchanges. The overhead of information exchange

increases very quickly with the number of SUs, and eventually will reduce

the total system throughput in a large network. The paper [63] provided a

detailed analysis regarding the information exchange overhead when SUs

can access multiple channels with the limitation of one transceiver per SU.

In the best response scheme, SUs make their decision independently.

By estimating the congestion levels of different channels, an SU compares

the payoff for choosing a channel based on its expected data rates and the

probability of successful transmission on the channel. Assume the number

of SUs on each channel is the common knowledge, each SU will do a best

response update sequentially until a Nash equilibrium is reached (e.g., [64,

67]). When channels and expected data rates are identical, one can show

that the Nash equilibrium can achieve social optimality [54]. However, it

is not the case for heterogeneous channels. Though SUs do not have to

share their channel availability information with other SUs, such a scheme

requires the knowledge of the number of SUs on different channels. The

estimation process and the convergence of the best response update can take

a long time.

Considering the limitations of different existing MAC schemes, we aim

to propose a partial cooperation scheme which provides incentive for SUs
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to cooperate. SUs only have to broadcast its channel availability informa-

tion (without sharing its expected data rates) to a subgroup of SUs, without

knowing the number of competing SUs in the network. This can encourage

coordination among SUs with a reduced overhead for sharing information.

The rest of the chapter is organized as follows. We describe the sys-

tem model in Section 3.2 and present our proposed priority-based partial

cooperation scheme (PPCS) in Section 3.3. We analyze the PPCS for net-

works with identical data rates in Section 3.4 and compute a lower bound

of the ratio of system throughput compared with full cooperation scheme.

In Section 3.5, we compare the performance of the PPCS in networks with

heterogeneous data rates with other benchmark schemes in terms of sys-

tem throughput and fairness in resource allocation. Finally, we conclude in

Section 3.7.

3.1.2 Related Work

The problem of multichannel multiple access control (MAC) without the

existence of a common control channel is of great interest of many re-

searchers due to its practicality. The design and analysis difficulty lies in

the fact that SUs in the network often cannot get the channel information of

all users in the network. With the assumption that SUs have multiple radio

transceivers, Giupponi and Ibars in [64] and Altman et al. in [67] model the

multichannel MAC as congestion games and show how SUs can distribute



CHAPTER 3. PARTIAL COOPERATION IN COGNITIVE RADIO NETWORKS 59

their radios on different channels to maximize their own throughput. Both

papers showed that a Nash equilibrium can be reached by sequential best

response updates of the SUs. However, this non-cooperative behavior can

lead to efficiency loss in the system throughput.

When SUs have different sets of available channels due to spatial het-

erogeneity, the spectrum sharing becomes more difficult. In [49], each user

first discovers its neighbors and chooses a channel that covers the highest

number of neighbors as the channel for coordination. The authors proposed

an algorithm to make sure all users are connected with all of its neighbors

through some local common channels. In [50], users form clusters with the

existence of local common channels. In addition, some gateway nodes help

to exchange information among different clusters. T. Chen et al. in [49] and

J. Yackoski et al. in [50] both assume that users will eventually know the

channel availability information of all users after signaling exchanges. This

is, however, not always possible in practice. Another approach is to con-

sider cooperation of SUs where groups are formed on different channels.

Each group can be considered as a single virtual user with multiple radios.

Felegyhazi et al. in [54] showed that the best response of the virtual users

can result in a Nash equilibrium, and the Nash equilibria can achieve social

optimality in identical channels without the consideration of spatial hetero-

geneity. The authors also provided detailed analysis of how to achieve the

unique Nash equilibrium and characterized the time of convergence. How-
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ever, this nice result of best response coordination of SUs does not apply to

heterogeneous networks where Nash equilibria are not efficient. B. Wang

et al. in [61] not only consider heterogeneous available channel sets but

also heterogeneous channels for SUs. In their model, they assume the ex-

istence of a centralized server and the static SUs will report their locations

and available channels to this server. We feel that the assumption of hav-

ing a central coordinator too strong, and hence we propose a distributed

algorithm that allows cooperation among SUs by only exchanging channel

availabilities information among subsets of users.

Whenever there is some form of cooperation between selfish users, we

have to consider the proper incentives for the users to reveal true informa-

tion. In [62], C. Cordeiro and K. Challapali address the problem of cheating

and collusion in cognitive radio networks. The authors proposed two mech-

anisms through the approaches of Bayesian games and repeated games to

suppress cheating in cognitive radio networks. However, it may be compli-

cated to implement the proposed monetary compensation schemes.

Despite the common objective of maximizing network throughput, fair-

ness is also a key issue in resource allocation. In [66], Altman et al. fo-

mulate the resource allocation at a base station of the cellular network as a

binary integer linear programming problem and is solved by the Hungarian

method. M. Salem et al. study a similar problem in [65] which aims to de-

sign a scheme that strikes a balance between throughput and fairness with
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the use of Nash bargaining solution.

3.2 System Model

Figure 3.1: A cognitive radio network with spatial heterogeneity.

We consider a cognitive radio system with M primary users (PUs) and

N secondary users (SUs). Each PU owns a licensed channel and has the ex-

clusive priority to access its channel, while SUs are the opportunistic users

who search for and utilize the spectrum holes (e.g., channels tentatively un-

used by PUs). The primary channels are non-overlapping orthogonal chan-

nels with equal bandwidths. In Figure 3.1, a tower represents a PU (e.g., a
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television station) and the mobile devices represent SUs located in an area

partially covered by several PUs.Once an SU is outside the coverage range

of a PU, the SU can transmit on that PU’s channel using low power without

affecting the PU’s normal communications. Hence, it is possible for dif-

ferent SUs to see different available channels depending on their locations.

The set of available channels for SU i is denoted by Si ∈ M, whereM is

the set of all channels. The sets of available channels for all SUs are given

by S = (S1, · · · ,SN) ∈M× · · · ×M.

Consider the network in Figure 3.1 as an example. SU A cannot access

channel 3 as it is in the coverage area of PU 3, but can access channels 1

and 2, i.e., SA = {1, 2}. SU B is not in the coverage area of any PUs and

thus can access all channels, i.e., SB = {1, 2, 3}.

Due to the wireless environment and the capabilities of SUs, the ex-

pected data rates of different SUs on different channels are different in gen-

eral. We assume that SUs are close to each other, so that any two SUs

having a common available channel can communicate on that channel. If

SUs can be far away from each other, they may not be within the inter-

ference range of each other. This leads to the interesting issue of spatial

reuse, which will be studied in the future using a graph theoretical model

similar as in [38, 39, 40, 41]. We assume that each SU has a single radio

transceiver that can communicate over only one channel at any time. The

focus of the paper is to study how SUs access the channel with this limited
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capacity, and how the interaction of SUs will affect the system throughput.

3.3 Different Medium Access Control Schemes

3.3.1 Benchmark MAC Schemes

In this section, we present several schemes for comparison and state the

problem of implementation for each of them.

No Cooperation Scheme

In no cooperation scheme, all SUs choose their channels to contend in-

dependently without any information exchange. After sensing, each SU

contends immediately on one of its available channels. This is the simplest

scheme to implement. However, without any channel availability informa-

tion of other SUs, they have a high chance to contend on the same channel

despite the fact that there exists other alternatives. Without any coordina-

tion, it usually leads to a poor system throughput.

Full Cooperation Scheme

Full cooperation scheme requires all the SUs to share their channel avail-

ability information and expected data rates with each other through iter-

ative signal exchange on common channels. With complete information

of the system, a central coordinator runs a maximum matching algorithm



CHAPTER 3. PARTIAL COOPERATION IN COGNITIVE RADIO NETWORKS 64

-
Ch. M

-
Ch. 2

-
Ch. 1

... ... ...

Transmission...
� -N

... ...
� -N

Transmission...
� -N

... ...
� -N

Transmission...
� -N

... ...
� -N

� -1st cycle � -M th cycle...

Figure 3.2: Structure of message exchange in full cooperation scheme in one time slot.

that leads to an optimal channel-SU assignment without contention. This

scheme can give the desirable outcome of social optimality.

However, due to the fact that a common channel may not exist for infor-

mation exchange, the overhead for obtaining all SUs’ channel information

is large. It usually includes neighbor discovery for SUs through a local

common channel between them. Since there are multiple channels, the

neighbor discovery phase may require SUs to send beacon message to each

of its available channels. In general, it takes more than one iteration for all

the SUs to get connected and completely exchange the information.

The wastage in coordinating with multiple channels with one radio trans-

ceiver is discussed in [63]. We simplify the structure of signal exchange for

full cooperation scheme as shown in Figure 3.2. Since each SU can ac-

cess only one channel a time, time should be perfectly adjusted so that SUs

broadcast on different channels at different times. It takes a total of N ×M

mini slots for SUs to broadcast their channel availability information over

all of their available channels once. In order to guarantee complete infor-
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Figure 3.3: An example of channel availabilities with 3 channels and 4 SUs. A node

represents an SU, and a link represents a channel available to nodes connected to this link.

In this figure, SA = {1},SB = {1, 2},SC = {2, 3}, and SD = {3}. Footnote 4 shows that

it takes 3 cycles for all SUs to completely exchange their channel availability information.

mation exchange among the SUs, more than one cycle of message exchange

is needed; M cycles are required in the worst case. An example with a total

of 3 channels is given in Figure 3.3, where it takes 3 cycles for all SUs to

completely exchange their channel availability information1. The scheme

generates significantly larger overhead when the number of SUs and chan-

nels increase.

Despite the fact that large number of overhead is generated for informa-

tion exchange, a more important problem of full cooperation scheme is the

incentive for SUs to share the information. When channels are identical,

the channels can be equally shared among the SUs. In case of heteroge-

nous channels where different SUs have different expected data rates on

each channel, only SUs with high expected data rates are allowed to trans-

mit in order to maximize the system throughput. It also motivates SUs to

declare a higher than actual expected data rate to increase the probability
1In this example, SU D knows the information of SU C after the first cycle. It knows the information of

SU B after the second cycle through SU C. Finally, it knows the channel information of SU A after the third

cycle.
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of successful transmission.

Best Response Scheme

In best response scheme, SUs make their decision independently. By esti-

mating the congestion levels of different channels, it compares the payoff

for choosing a channel based on its channel gain and the probability of

transmitting on a channel. SUs do not have to reveal their expected data

rate but the number of SUs on different channels only.

Since SUs only have a single radio, it takes a long time for each of

them to estimate the number of SUs on each channel. We may consider

cooperation of SUs where groups are formed on different channels. Each

group can be considered as a single virtual user with multiple radios. It

is shown in [54] that the best-response of the virtual users can result in a

Nash equilibrium, and the Nash equilibria can achieve social optimality in

identical channels. Detailed analysis of how to achieve the unique Nash

equilibrium and the time of convergence are also given. However, this nice

result of best-response coordination of SUs does not apply to heterogeneous

channels where Nash equilibria are not efficient.

3.3.2 Priority-based Partial Cooperation Scheme (PPCS)

The limitations of several benchmark schemes motivate us to propose a

priority-based partial cooperation scheme (PPCS) for spectrum sharing. We
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Figure 3.4: The five phases in a time slot for the PPCS, with notations as follows: SS for

sensing, SL for signaling, CX for contention, R for reporting and TX for transmission.

first explain two key concepts of the PPCS.

Definition 5 (Priority channel). An SU’s priority channel is the one that

gives SU the highest expected data rate (among its available ones). Each

SU uses its priority channel to exchange channel availability information

and form cooperative group with other SUs. The available channels other

than the priority channel of a SU are referred to as non-priority channels.

Definition 6 (Cooperative group). A group of SUs having the same priority

channel form a cooperative group. Their common priority channel is also

called the priority channel of the cooperative group. Note that each SU

belongs to only one cooperative group since it has one priority channel.

Figure 3.4 illustrates how the PPCS works. Here time is divided into

discrete slots of equal lengths. Each time slot includes five phases: Sens-

ing, Signaling, Contention, Reporting, and Transmission, with details as

follows.

• Sensing (SS): Each SU senses channels sequentially for locally avail-

able ones and chooses a priority channel with the highest expected
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data rate from the set of available channels based on its sensing result

independently from other SUs. A channel is available if the SU cannot

detect a strong enough PU signal on this channel2.

• Signaling (SL): Each SU broadcasts its local channel availability in-

formation on its priority channel. SUs with the same priority channels

form a group and exchange information. The SU who first broadcasts

on a particular priority channel becomes the leader of the correspond-

ing group. The leader decides how SUs on the group access channels

in the contention phase based on the following rules: (i) at least one

SU of the group will contend the group’s priority channel, (ii) the

group chooses other channels in the SUs’ union set of available chan-

nels as much as possible, and (iii) more than one SU from the same

group can contend on a same channel to increase the probability to win

in the contention (in case SUs from other groups are also contending

the same channel). At the end of the signaling phase, each leader

broadcasts its group members’ choices of channels for contention of

the next phase. Since SUs are divided into groups based on their pri-

ority channels, multiple groups can concurrently exchange signals on

their corresponding priority channels without affecting each other.

• Contention (CX): The leaders of the cooperative groups send busy sig-
2This means that either the PU of that channel is not active, or the PU is active but the SU is outside the

coverage range of the PU. For detail discussions of various spectrum sensing mechanisms, see [52, 53].
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nal on their corresponding priority channel. At the same time, SUs

from different groups compete to transmit on channels that are not pri-

ority channel of any cooperative groups through random access3. In

the rest of the analysis, we will assume that no transmission collision

will happen among SUs.

• Reporting (R): SUs of each cooperative group report the contention

result on different channels to their leaders. Each leader gathers the

information and obtains the set of transmission channels for the group

in the next phase. The leader runs the weighted bipartite matching

algorithm (e.g., [69]) and assigns SUs within the cooperative group to

the available channels to maximize the throughput of the group.

• Transmission (TX): SUs who are notified by their leader transmit on

the corresponding channels accordingly.

We denote the cooperative group for channel j as Cj, when there exists

one or more SUs on channel j during the signaling phase. The sets of

available channels for cooperative group Cj is given by ACj =
⋃
u∈Cj Su.

The set of contending channels XCj ⊆ ACj includes the channels selected

by the leader of cooperative group Cj in the contention phase. Since each
3One possible random access scheme is based on the random countdown mechanism similar as in IEEE

802.11, where each SU chooses a random timer and will only transmit if it does not detect any active

transmission on the channel when its timer expires. When the maximum value of the timer is large enough,

having two SUs counting down to zero simultaneously happens with a close-to-zero probability. In other

words, no collision will happen.
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SU can access one channel at a time, we have |XCj | ≤ |Cj| where | · |

represents the cardinality of set. The expected data rate of SU k on channel

j is given by Gj
k. After the reporting phase, the cooperative group Cj may

win the contention of other channels. The set of transmission channels, the

priority channel and other non-priority channels obtained after contention

phase, is denoted byWCj .

3.4 PPCS with Identical Data Rates

To begin with, we consider the ideal scenario where expected data rates

for all SUs on all channels are the same. In the proposed PPCS, each SU

chooses the channel with the highest expected data rate to access and form

a cooperative group with this priority channel. In this special case of iden-

tical network, all channels are the same to the SUs and they do not have

preference on any single channel. We can imagine two possible ways for

SUs to choose a priority channel in this case, which are called random prior-

ity PPCS (PPCS-RP) and fixed priority PPCS (PPCS-FP). In the PPCS-RP,

SUs randomly choose one of its available channels as the prioirty channel;

in the PPCS-FP, SUs choose the priority channel follows an order known a

prior.

The PPCS-RP and the PPCS-FP differ in the priority channel choices,

which in turn affect the group formation process. Hence, the number of

cooperative groups and SUs in each group may be different in these two
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schemes. After cooperative groups are formed, both the PPCS-RP and the

PPCS-FP follow the phases of signaling, contention, reporting, and trans-

mission mentioned in Section 3.3. Since the expected data rates for all SUs

on all channels are the same, maximizing the total system throughput is

equivalent to maximizing the utilization of channels. Which SU transmit-

ting on a channel will not affect the channel utilization as long as an SU

transmits. When a set of channels is available for a cooperative group to

transmit after the contention phase, they will be utilized by some SUs in

the transmission phase.

We are interested in the channel utilization of both PPCS-RP and PPCS-

FP compared with full cooperation scheme, to understand the tradeoff be-

tween complete channel availability information and signaling overhead.

We first derive a lower bound of the channel utilization guaranteed by the

PPCS’s, and later show by numerical results that the performance of both

PPCS is usually much better than the derived bounds.

3.4.1 Random Priority PPCS (PPCS-RP)

Since an SU does not know the number of SUs on each channels before-

hand, it can randomly choose one channel from its set of available channels

as all the channels are known to be identical. This approach of random

priority is referred to as the PPCS-RP. Since the coordination of SUs al-

lows them to explore non-priority channels, the channel utilization in the



CHAPTER 3. PARTIAL COOPERATION IN COGNITIVE RADIO NETWORKS 72

PPCS-RP is no worse (and usually better) than the no cooperation scheme.

We first provide several definitions, and use an example to illustrate the

possible difference of channel utilization in the PPCS-RP and full cooper-

ation scheme4.

Definition 7 (Utilization, U ). The total number of channels that are occu-

pied (by at least one SU) in the transmission period.

Definition 8 (Utilization Ratio, UR(N,M,S)). Given the number of SUs

N , the number of channels M , and the sets of available channels for all

SUs S = (S1, · · · ,SN) ∈ M× · · · ×M, the Utilization Ratio is defined

as the ratio between the Utilization in the PPCS (Up) and that with full

cooperation scheme (Uf ),

UR(N,M,S) =
Up(N,M,S)

Uf(N,M,S)
.

Since the PPCS cannot perform better than the full cooperation scheme,

we have UR ≤ 1.

Definition 9 (Lower bound of Utilization Ratio, URLB). Given the number

of SUs N and the number of channels M , the lower bound of the Utiliza-

tion Ratio is the worst possible Utilization Ratio over all possible sets of

available channels S, i.e.,

URLB(N,M) = min
S∈M×···×M

UR(N,M, boldsymbolS).

4Most definitions and results derived for the PPCS-RP are also applicable to the PPCS-FP with the

differences discussed in Section ??
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Example 1. Consider a scenario of the PPCS-RP with 4 SUs and the sets

of available channels S = {S1, S2, S3, S4}, where S1 = {1, 2, 3}, S2 =

{1, 4}, S3 = {1, 2, 4}, and S4 = {2, 3}. The underlined channels are the

SUs’ priority channels. There are two cooperative groups C1 = {1, 2}

and C2 = {3, 4}, and here the indices in the brackets represent channels.

The sets of available channels for the two cooperative groups are AC1 =

{1, 2, 3, 4} and AC2 = {1, 2, 3, 4}. In the full cooperation scheme, all the

channels get utilized when SU 1 chooses channel 1, SU 2 chooses channel

4, SU 3 chooses channel 2, and SU 4 chooses channel 3. Hence, Uf = 4.

In the PPCS-RP, a possible result is XC1 = XC2 = {1, 2} and Up = 2.

Therefore, UR = 2
4 = 1

2 .

The above example illustrates that the one key reason for a low Uti-

lization Ratio is the overlapping of contending channels in the PPCS-RP.

We will follow this key idea to derive the lower bound of Utilization Ratio

analytically.

Proposition 5. The Utilization in the PPCS, Up, is at least h when there are

h cooperative groups.

Proof. As described in Section 3.3, each cooperative group always chooses

its priority channel for channel contention. As priority channels of different

groups do not overlap, we prove the result.

Proposition 6. When there are N SUs and M channels, the Utilization is

at most min(N,M).
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Proof. When N ≤ M , since each SU can access only one channel, the

Utilization achieves the maximum value of N when each SU can transmit

on a different channel. When N > M , apparently the Utilization will not

be higher than the number of channels M .

Proposition 7. When there is only a single SU or a single channel, the

Utilization Ratio equals to 1, i.e.,

• UR(N, 1) = URLB(N, 1) = 1;

• UR(1,M) = URLB(1,M) = 1.

Proposition 7 is straightforward to see.

Lemma 3. Given the number of SUs N = r, the number of channels M =

r, and the Utilization in full cooperation scheme Uf = r where r is a

positive integer, the minimum Utilization in the PPCS-RP is q, where q is

an integer satisfying (q−1)2 < r ≤ q2. Thus, the lower bound of Utilization

Ratio is

UR(r, r,Sr) ≥ q

r
,

where Sr is a set of available channels that can achieve a full cooperation

utilization Uf = r.

Proof. Given Uf = r, finding the lower bound of Utilization Ratio is equiv-

alent to finding the smallest possible value of Up. The Utilization in the

PPCS-RP, Up, depends on two factors: the number of cooperative group
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and the number of SUs in each group. According to Proposition 5, Up,

is no less than the number of cooperative groups. Therefore, we have to

find the least number of cooperative groups that satisfies the condition of

N = M = Uf = r. In addition, Uf = r implies that there is a combination

where all SUs access different channels. This means that any number of

SUs d on a priority channel can access d different channels, and Up is no

less than the maximum of the number of SUs on a channel. In order to find

the smallest possible value of Up, we have to consider a way to divide the r

SUs into a small number of cooperative groups, and the number of SUs in

each group is small at the same time.

Suppose the number of cooperative group is q. To keep the value of

Up = q, the number of SUs on each channel can be at most q. Therefore,

given the number of cooperative groups q, the maximum number of SUs

that leads to Up = q is q2. Since there are r SUs, we can find the minimium

number of cooperative group q by solving the inequality (q−1)2 < r ≤ q2.

Hence, given the number of SUs N = r and the number of channel M = r,

we can find an integer number q satisfying (q − 1)2 < r ≤ q2, and the

minimum channel utilizationUp(N = r,M = r,Sr) is q. Since the channel

utilization of full cooperation is Uf = r, we have a lower bound of the

Utilization Ratio UR(r, r,Sr) ≥ q
r .

Table 3.1 illustrates the lower bound given in Lemma 3 for the values of

Uf = 1 to 17.
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Table 3.1: The lower bound of the PPCS-RP with different full cooperation metric as

stated in Lemma 3
Uf = r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

q 1 2 2 2 3 3 3 3 3 4 4 4 4 4 4 4 5

UR(r, r,Sr) 1 1 2
3

1
2

3
5

1
2

3
7

3
8

1
3

2
5

4
11

4
12

4
13

4
14

4
15

4
16

5
17

Lemma 4. For all sets of available channels Sr that lead to Uf = r, we

have

UR(N,M,Sr) ≥ UR(r, r,Sr) ≥ q

r
,

for any values of N,M ≥ r.

Proof. Since Uf = r, the maximum number of utilized channels is r. That

is, at most r out of M channels are utilized. Therefore, the system with

M ≥ r channels is equivalent to a system with only r channels when com-

puting the lower bound of the Utilization Ratio. Similarly, when the number

of SUs N ≥ r, the excess SUs on a channel do not change the number of

cooperative groups. In finding the lower bound of Utilization Ratio, we

can simply consider a system with the same number of SUs and channels,

where each of the r SUs transmits on a different channel in the optimal case

of the full cooperation scheme.

Based on the above lower bound result for a specific value Uf = r, we

can further compute the lower bound of general values of N and M , where

N is the number of SUs and M is the number of channels.



CHAPTER 3. PARTIAL COOPERATION IN COGNITIVE RADIO NETWORKS 77

Table 3.2: UR Low Bound as Stated in Theorem 6
min(N,M) 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

URLB 1 1 2
3

1
2

1
2

1
2

3
7

3
8

1
3

1
3

1
3

1
3

4
13

2
7

4
15

1
4

1
4

Theorem 6. Given the number of SUs N and number of channels M ,

URLB(N,M) = min1≤r≤min(N,M) URr.

Proof. Given N and M , we know that the Utilization in full cooperation

scheme falls in the range of 1 ≤ Uf ≤ min(N,M). With the result from

Lemma 3 and 4, we only have to compare the lower bound of different

given values of Uf and find the minimum among those.

Example 2. For a network scenario with M > N = 4, we can have four

possible Utilizations in full cooperation scheme, i.e., Uf = 1, 2, 3, or 4.

Note that here the Uf is upper bounded by the number of SUs N according

to Proposition 6. Therefore, the possible set of lower bounds of Utilization

Ratio for the PPCS-RP is {1, 1, 2
3 ,

1
2} (by checking Table 3.1). Then the

lower bound of Utilization Ratio the scheme is min(1, 1, 2
3 ,

1
2) = 1

2 .

The lower bounds of Utilization Ratio for a system with given N and M

are listed in Table 3.2.

3.4.2 Fixed Priority PPCS (PPCS-FP)

In the PPCS-FP, each SU chooses its priority channel based on a priority

order. The fixed priority order of channel can be announced by the sec-



CHAPTER 3. PARTIAL COOPERATION IN COGNITIVE RADIO NETWORKS 78

ondary base station when a SU reports its initial entrance in the network.

Each user chooses the highest priority (i.e., lowest index) channel within

its available channel set to be its priority channel. However, a central co-

ordinator may not always exist to broadcast the priority order. Some time,

however, such a centralized coordination may not be necessary. SUs may

have the same preference of choosing the channels. One example is to as-

sume that low frequency channels are more preferable than high frequency

channels. Each SU uses the lowest frequency channel among its set of

available channels as the priority channel. With the policy of fixed priority

order, SUs have a higher chance to choose common priority channels to

form groups, and exchange the channel availability information.

Similar to the PPCS-RP, we now analyze the performance bound of the

PPCS-FP. The only difference between the two schemes is in the group for-

mation process and hence a different result from Lemma 3. The main idea

here is that SUs in a cooperative group do not have access and thus cannot

contend on channels that are of higher priority than their priority channel.

As a result, less contentions occur among the groups compared with the

PPCS-RP. The following result shows that the PPCS-FP has a higher per-

formance bound than the PPCS-RP.

Lemma 5. Given the number of SUs N = r, the number of channels M =

r, and the Utilization in full cooperation scheme Uf = r where r is a

positive integer, the minimum Utilization in the PPCS-RP is q, where q is an
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integer satisfying (q−1)q
2 < r ≤ q(q+1)

2 . Thus, the lower bound of Utilization

Ratio is

UR(r, r,Sr) ≥ q

r
,

where Sr is a set of available channels that can achieve a full cooperation

utilization Uf = r.

Proof. The proof idea is similar to Lemma 3. We first find the maximum

number of SUs accommodated by q cooperative groups which leads to

Up = q. Unlike the PPCS-RP, SUs in a cooperative group can never con-

tend channels of higher priorities than their current priority channel because

those channels are not available to the SUs.

Suppose the number of cooperative groups is q and the groups are in the

order of their priority channels as C1, C2, · · · , Cq. To fix Up = q, cooperative

group Cj can only have up to q − j SUs, where the q − j SUs contend

exactly on the q− j lower priority channels. Therefore, the total maximum

number of SUs accommodated by q cooperative groups where Up = q can

be computed as q+(q−1)+· · ·+1 = q(q+1)
2 . Hence, the lemma follows.

Table 3.3 illustrates the lower bound given in Lemma 5 for the values of

Uf = 1 to 11.

Using the result of Theorem 6, we have the lower bounds of Utilization

Ratio in the PPCS-FP for different values of M and N in Table 3.4.

We can observe from Table 3.4 that the lower bounds of Utilization Ratio

for the PPCS-RP are no greater than that of the PPCS-FP for each value of
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Table 3.3: The lower bound of the PPCS-FP with different full cooperation metric as stated

in Lemma 5
Uf = r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

q 1 2 2 3 3 3 4 4 4 4 5 5 5 5 5 6 6

UR(r, r,Sr) 1 1 2
3

3
4

3
5

1
2

4
7

1
2

4
9

2
5

5
11

5
12

5
13

5
14

1
3

3
8

6
17

Table 3.4: UR Low Bound as Stated in Theorem 6
min(N,M) 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

PPCS-FP 1 1 2
3

2
3

3
5

1
2

1
2

1
2

4
9

2
5

2
5

2
5

5
13

5
14

1
3

1
3

1
3

PPCS-RP 1 1 2
3

1
2

1
2

1
2

3
7

3
8

1
3

1
3

1
3

1
3

4
13

2
7

4
15

1
4

1
4

M and N . This is because a random choice of priority channels leads to

more collisions than the choice according to a fixed priority order.

3.4.3 Numerical Results

We have derived the lower bounds of the channel utilization compared with

the full cooperation scheme for each of the PPCS’s. In this section, we

numerically show how the two versions of the PPCS perform in general.

In the simulation, we assume that the channel availability for each SU

follows a Markovian On-Off model with the parameter α and β, where α

and β are the probabilities that the channel transits from the state “On"

to “Off" and from “Off” to “On", respectively. The state “On" represents

that the channel is not available for the SU, while “Off" represents that the

channel is available for it. For each parameter setting of α and β (ranges

between 0.1 and 0.5), the number of channel M , and the number of SUs
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N , we repeat the simulation 1000 times with different random seeds and

calculate the average value for the Utilization Ratio.

Figure 3.5 shows the performance of the schemes: the full coopera-

tion scheme, the PPCS-RP, the PPCS-FP, and the no cooperation scheme,

with the number of channels M = 10. It shows that full cooperation

scheme achieves the highest expected Utilization. Both the PPCS-RP and

the PPCS-FP are better than the no cooperation scheme, with the maximum

performance gap as 15% when N = 10. This gap becomes larger when N

increases from zero to M , as contention among SUs increases accordingly.

The gap becomes smaller when there are significantly more SUs than chan-

nels, so that most channels are utilized even with random access from SUs.

From the above, we can see that the PPCS-RP can attain more than

80% of the Utilization in full cooperation scheme by an additional signaling

phase for exchanging information on available channels among SUs. The

PPCS-FP achieves higher channel utilization than no cooperation scheme

but lower channel utilization than the PPCS-RP when the number of SUs

is less. Unless a cooperative group of at least M SUs is formed, the overall

channel utilization is inefficient without coordinating different cooperative

groups. Although the lower bound of utilization ratio for the PPCS-RP is

lower than that of the PPCS-FP, the expected throughput of the PPCS-RP is

better than that of the PPCS-FP. Therefore, from the system point of view,

the PPCS-RP is more preferable than the PPCS-FP, as it does not require
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Figure 3.5: The expected channel utilization under different schemes with number of chan-

nels, M = 10.

the prior agreement of a priority order.

To better understand the performance loss of the PPCS-RP and PPCS-

FP comparing with the full cooperation scheme, we plot two graphs with

the Utilization Ratio in Figures 3.6 and 3.7 with M = 10 respectively. For

each value of number of SUs, N , we run 1000 simulations to compute the

Utilization Ratio as marked by the crosses. We observe that the Utiliza-

tion Ratios for different values of N are often much higher than the lower
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M = 10.
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bounds we obtained analytically in Theorem 6 ( 1
3 in PPCS-RP and 2

5 in

PPCS-FP for min(N,M) = 10), which are marked as the circles in the

graphs. For a fixed value of M = 10, the worst possible ratio happens

when N = 10, which is consistent with Proposition 6. When N > M ,

an increasing number of users N results in a higher Utilization Ratio. The

average Utilization Ratio in both schemes is more than two times of the

lower bound derived in Theorem 6. There is a large difference between

the expected Utilization Ratio and the lower bound computed because the

worst case occurs not very frequently.

3.5 PPCS with Heterogeneous Data Rates

In this section, we want to show how the PPCS works in networks with

heterogeneous data rates, and compare it with other benchmark schemes in

terms of the system throughput and fairness in resource allocation.

When we consider the interleaving scheme in FLASHOFDMA system

(such as [68]), different channels have the same channel gains (i.e., fre-

quency flat fading). The expected data rates of each SU can be different

depending on its distance from the secondary base station. The closer to

the secondary base station, the higher the expected data rates on all chan-

nels that an SU can get. Since SUs experience different expected data rates

on the channels under different path loss, there is no issue in terms of deter-

mining the priority channel. With a network with heterogeneous data rates,
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full utilization of channels does not always correspond to maximum system

throughput. There are occasions that SUs with small expected data rates are

allocated with channels, where the system throughput can be improved if

some other SUs can use them for transmission.

Next, we want to compare the fairness of resource allocation among all

SUs in the different schemes. There are many ways of measuring the fair-

ness of resource allocation, such as Gini index, Jain fairness index, and

Min-max index. In [60], the authors discussed about several commonly

used indices and illustrate the challenges of applying them in wireless re-

source networks. In our model, the problem is more difficult as we are

considering resource allocation among multiple SUs on multiple resources.

Furthermore, the set of resources process by different SUs are different. To

make the comparison reasonable but less complicated, we consider the Jain

fairness index [59] by taking the allocation of each SU as the summation

of the throughput on all channels. The definition of Jain fairness index is

given as follows.

Definition 10. If a system allocates resources to n contending users, such

that the ith user receives an allocation xi, then the Jain fairness index is

I(x) =
[
∑n

i=1 xi]
2∑n

i=1 x
2
i

, xi ≥ 0.

Since the expected data rates of SUs vary, it is hard to analyze the perfor-

mance by evaluating all possible ways of group formation and contention

results. However, we can observe from the numerical results on how the
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PPCS compares with the other benchmark schemes. In particular, we are

interested in two scenarios where the locations of PUs differ, and hence

affecting the channel availability of SUs.

3.5.1 Sparsely Populated PUs

In the simulation, we generate a network scenario similar to the topology

shown in Figure 3.8. There exists one secondary base station (the square

in the origin of the figure) with a coverage range of 1km. The SUs (the

crosses ‘x’ in the figure) are randomly located within the coverage range of

the secondary base station. The power of secondary base station and back-

ground noise are 10W and -90dbm respectively. We also consider distance

based channel attenuation with path loss exponent equal to 3. There exists

several primary users (the triangles in the figure) located at a distance of 0.5

- 1km from the secondary base station, and each of the primary channel has

a bandwidth of 5MHz. The transmission range (represented by the circle

in the figure) of the primary user varies from 0.1 to 0.6km. To avoid inter-

ferences to the PUs, a channel is available to an SU only if the SU is 50m

away from the maximum transmission range of the PU and the transmis-

sion range does not fall in the mid-way between the SU and the secondary

base station. We run 1000 simulations that generate different topologies

and expected data rates for each value of M and N .

In Figure 3.9, we observe that the average system throughput of the
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Figure 3.8: An example of the network model in the simulation. The square in the origin

indicates the location of a secondary base station; each cross ’x’ represents an SU; each

triangle represents the location of a PU, and the area within the circle is the transmission

range of a PU.
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Figure 3.9: Comparison between the full cooperation scheme, the PPCS, the best response

scheme, and the no cooperation scheme on system throughput in a system with 10 chan-

nels.
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PPCS is between the full cooperation scheme and the no cooperation scheme.

It is due to the different degrees of information processed by the SUs. All

SUs in the full cooperation scheme know the set of available channels and

the expected data rates of all SUs; the SUs in the PPCS know the set of

available channels and the expected data rates of a subgroup of SUs; the

SUs in the no cooperation scheme know nothing about the network. Also,

we can see that the best response scheme achieves a better the system

throughput than the no cooperation scheme. This can be due to the fact

that users in the best response scheme learn and adapt to the congestion

levels on different channels. However, the system throughput is notably

less than the PPCS. Although channels are utilized by some SUs in the best

response scheme, SUs with high data rates do not always have the chances

to transmit.

The ratio of system throughput between the PPCS and the full coop-

eration scheme can be found in Figure 3.10. The crosses represents the

average ratio of the system throughput between the PPCS and the full co-

operation schemes. The bars give the boundaries of two standard deviation

away from the average values. Note that the ratio is bounded by 1 as the

PPCS can never perform better than the full cooperation scheme. The aver-

age value is greater than the pluses implies that most values falls within the

range represented by the rectangle. Although the PPCS does not perform as

well as the full cooperation scheme, the average system throughput is more
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Figure 3.10: Comparison of system throughput between the PPCS and the full cooperation

scheme in a system with 10 channels.
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Figure 3.11: Comparison of system throughput between the PPCS and the no cooperation

scheme in a system with 10 channels.

than 85% of the optimal case when there are 10 channels. We can observe

that the ratio can be as low as 60% in some cases. However, we see from

the distribution that these cases are rare. Therefore, the performance of the

PPCS is staisfactory in most of the topologies.

Figure 3.11 shows the comparison of the system throughput between

the PPCS and the no cooperation scheme. The PPCS always improves the

system throughput of the no cooperation scheme. The improvement can be
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greater than 500% when the number of SUs is more than number of chan-

nels. It is due to the improved utilization of channels with coordination of

SUs on different priority channels. We can also observe the significant im-

provement of the PPCS in Figure 3.9 as well. There are two main reasons

behind. First, the expected data rates of SUs are similar as the bandwidth

of channels are fixed, SUs have higher probability in choosing the same

channel for transmission. Without further coordination, channels are not

utilized most of the case. Moreover, a SU is randomly chosen for transmis-

sion during contention phase which does not guarantee the SU with high

expected data rates to transmit. These result in the low system throughput

in the no cooperation scheme.

Figure 3.12 shows the fairness indices between the PPCS and bench-

mark schemes. The Jain fairness index of no cooperation scheme is the

smallest at all times. It is because after each SU makes its choice of channel

selection, only one SU can transmit in each channel. With a larger prob-

ability of collisions among SUs, a larger proportion of SUs receive zero

allocation. This uneven allocation leads to a small fairness index. Next, we

note that the fairness of resource allocation for the PPCS and the full co-

operation scheme are almost the same when the number of SUs is greater

than that of channels. Since the expected data rates are SUs are similar,

allowing only a single SU (whom probably has the highest data rate on the

channel) for transmission would lead to similar resource allocation in the
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Figure 3.12: Comparison between the full cooperation scheme, the PPCS, the best re-

sponse scheme, and the no cooperation scheme on fairness of allocation in a system with

10 channels.
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two schemes. There is a decreasing trend of indices in the PPCS, the full

cooperation scheme, and the no cooperation scheme when the number of

SUs increases. With more SUs in the network, the larger the number of SUs

who cannot transmit and hence an uneven allocation among the SUs. Fi-

nally, we see that best response scheme has a stable Jain index independent

of the number of SUs in the network. Since each SU computes the expected

payoff received on each channel and switches to a channel with the highest

payoff through a best response update, the expected allocation of each SU

is more or less the same. It is because channels are not necessarily assigned

to SUs with high expected data rates only. From this observation, we see

that the best response scheme maintains the fairness in resource allocation

in the expense of the system throughput. To conclude, in networks where

PUs are sparsely populated, the performance of the PPCS is already close

to that of full cooperation scheme in terms of both the system throughput

and fairness of resource allocation, especially when the number of SUs is

large. It is becuase there is a large probability that a channel is available to

most of the SUs. Hence, the PPCS can almost achieve full cooperation.

3.5.2 Densely Populated PUs

Now we consider another type of network topology, where the probability

for SUs to share a common channel is small. In Figure 3.13, we generate

the topology of network similar to that in Figure 6 except that (1) SUs
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Figure 3.13: Another example of the network model in the simulation. The square in

the origin indicates the location of a secondary base station; each cross ’x’ represents an

SU; each triangle represents the location of a PU, and the area within the circle is the

transmission range of a PU.
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are more closely located and are within 0.5km from the secondary base

staion, and (2) all PUs are located 0.5km from the secondary base station

and have the same transmission range of 0.5km. In this network topology,

the available channel set for each SU is smaller. It is less likely that there

exists a common available channel that allows full cooperation of SUs.
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Figure 3.14: Comparison between the full cooperation scheme, the PPCS, the best re-

sponse scheme, and the no cooperation scheme on system throughput in a system with 10

channels.

Although the network topology is different, we can still see from Figure
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3.14 that the system throughput of the PPCS is close to that of full cooper-

ation scheme. One may notice that the improvement of system throughput

between the PPCS and the no cooperation scheme is less. It is because the

expected data rates for SUs are more likely to be different, and SUs have

higher chances to access different channels after sensing phase.

3.6 PPCS with incomplete information

In both Sections 3.4 and 3.5, we assume all SUs share their expected data

rates with other cooperating SUs. However, SUs may not have an incentive

to reveal this piece of infromation truthfully. We now consider the scenario

where both the channel availabilities and expected data rates of SUs are

not common knowledge. By designing an appropriate allocation rule for

sharing the channels, we aim to show that all SUs have an incentive to

truthfully share theie expected data rates among groups under a modified

PPCS.

3.6.1 The Allocation Rule

Following the notations of the PPCS in Section 3.3, the set of contending

channels for cooperaive group Cj is given by XCj . The expected data rate of

SU k on channel j is given by Gj
k. Since both the channel availabilities and

expected data rates of each SU are not common knowledge, the group can

no longer determine the set of contending channels and share the channels
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by running maximum bipartite matching. The allocation of channels among

a group of SUs has to be adjusted and a new scheme of Modified-PPCS (M-

PPCS) is introduced as follows.

The throughput of SU k for selecting channel p as the priority channel

is divided into two parts: the equal proportion guaranteed on the priority

channel, and the extra share from contention of other non-priority channels.

Before the contention phase, each SU in cooperative group Cp has an equal

share of 1
|Cp| of channel p. If the group fails to obtain other non-priority

channels, the throughput of SU k in this time slot is given by Gpk
|Cp| .

After the reporting phase, the cooperative group Cp may win the con-

tention of other channels. The set of transmission channels, the priority

channel and other non-priority channels obtained after contention phase,

is denoted by WCp. Consider a |Cp| by M matrix A where each element

takes the value of either 0 or 1. The rows represent the SUs in cooperative

group Cp while the columns represent the M primary channels. The ele-

ment ajk = 1 implies that channel j is in setWCp and it is available to SU k

(i.e., Gj
k > 0).

The allocation of channels requires solving the following optimization
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problem,

maximize
tjk

|Cp|∑
k=1

M∑
j=1

tjk

subject to
M∑
j=1

tjk ≤ 1, k = 1, . . . , |Cp|,

|Cp|∑
k=1

tjk ≤ 1, j = 1, . . . ,M and j 6= p,

tpk =
1

|Cp|
, k = 1, . . . , |Cp|,

tjk = 0, if ajk = 0.

The above optimization is in fact a linear program [58] where the ob-

jective function and all constraints are linear. Since all the constraints are

consistent and the objective function is bounded, there exists a feasible so-

lution for the linear program. While the feasible region of the program is

a convex hull, multiple feasible solutions exist in the boundary of the poly-

tope. We use the simplex method to solve for one of the feasible solutions.

The solution of the optimization problem tj∗k indicates the amount of time

for SU k in transmitting on channel j. Therefore, the total throughput of

SU k in the this time slot is given by
∑M

j=1G
j
kt
j
k.

3.6.2 Incentive for Group Formation

The PPCS requires the cooperation of SUs on each priority channel. We

now investigate the incentive for SUs to share their channel availability
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information.

To begin with, we consider the scenario with 2 SUs on a priority chan-

nel. After choosing the channel to access, each of the two SUs have two

strategies, either to share information and form a cooperative group (C) or

contend immediately (D). This leads to 3 possible outcomes:

• Both SUs contend immediately, (D,D): both of them have equal chance

to transmit on the channel;

• One SU cooperate and the other contends immediately, (C,D) or (D,C):

the SU who chooses to contend immediately can take the advantage

over the other SU and transmit on the channel; and

• Both SUs cooperate, (C,C): both SUs will share their channel avail-

ability information. Since there are two radios transceivers in the

group, one SU stays on the priority channel and the other SU can grab

the chance to access one of the non-priority channels.

If the expected data ratse of the two SUs on the priority channel are G1

and G2 respectively. The payoff matrix is shown as follow:

D C

D (1
2G1,1

2G2) (G1,0)

C (0,G2) (1
2G1 + δ1,1

2G2 + δ2)
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The payoffs δ1 and δ2 represent the additional data rate obtained through

cooperation. The values of δ’s vary and depend on the number of SUs in

the whole network and the contention result among different groups. Their

ranges are 1
2G1 ≥ δ1 ≥ 0 and 1

2G2 ≥ δ2 ≥ 0. In the worst case where

the group cannot transmit on non-priority channels, it does not affect their

transmission on the priority channel, so the δ’s are non-negative. While the

priority channel is already the channel with the highest expected data rate

and the time of transmission on non-priority channels are at most 1
2 , the

values of δ’s are bounded.

The above payoff matrix is an example of the classical Prisoners’ Dilemma

[57]. The non-cooperative strategy (D) is the dominate strategy for both

SUs, where the payoff of each SU is higher no matter which strategy the

other SU chooses. In this case, no cooperation among the two SUs, (D,D)

is the Nash equilibrium. However, this Nash equilibrium is not Pareto op-

timal. It is observed that both SUs may get higher payoff by choosing the

strategy profile (C,C) instead. The desirable outcome (C,C) can be possi-

ble when we are considering repeated game instead of a one-shot game.

In [55], the Tit-for-Tat strategy is proposed to reach the outcome of (C,C)

which requires SUs to cooperate at the beginning, and follow the other

SU’s strategy in the time slot. Therefore, it continues to cooperate only if

the other SUs also cooperate in the preceding time slots. It is also shown

in [56] that how this strategy can enforce cooperation in this scenario of
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Prisoners’ Dilemma.

We can generalize the result to more SUs. Suppose there are r SUs on

the priority channel. The expected data rate of SU k is Gk and its strat-

egy is given by σk, where σk = 0 if SU cooperates (C) and σk = 1 if it

chooses to contend immediately (D). The strategy profile σ = (σ1, ...σk)

is a vector representing the strategies chosen by all SUs and σ−k represents

the strategies chosen by SUs other than SU k. The payoff of SU k, πk is

given by

πk(D, σ−k) =
1∑

i∈r\k σi + 1
Gk

πk(C, σ−k) =

 1
rGk + δk if σ−k = 0,

0 otherwise.

Similar to the 2-SU case, the strategy D is a dominant strategy for all

SUs and the strategy profile (1,...,1) is a Nash equilibrium. However, we

know that the strategy profile (0,...,0) of cooperation may result in a higher

payoff for each SU. Since SUs can get higher expected data rates for coop-

erating in the long run, it is natural for us to enforce cooperation on priority

channels in our proposed PPCS.

3.6.3 Truth Revelation

Whenever there is cooperation among competing SUs, it faces a problem

of truth revelation on sharing their expected data rates to other SUs. If
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the group’s objective is to maximize the system throughput, every SU will

declare data rates that are higher than actual to increase its probability of

successful transmission. To avoid this phenomenon, the PPCS only re-

quires each SU to share its channel availability information instead of its

expected data rates on all available channels. SUs in the same cooperative

group then share the priority channel equally and maximize the utilization

of other non-priority channels obtained after the contention phase.

Due to the special design of the allocation rule, SUs have no intention to

give false information of their available channels. Consider the case when

a SU tries to mislead SUs of the same group by declaring an unavailable

channel to be available. Even if some time is allocated for it to transmit on

the channel, it cannot access the channel as it is not available. Conversely,

this false information may reduce the possible transmission on its available

channels. Since the priority channel is equally shared among the SUs in-

dependent of the available channels each of them has, claiming a smaller

number of available channels cannot increase its transmission. Moreover, if

a SU declares that a channel is unavailable to it, it has no chance to transmit

on that channel based on the allocation rule. Thus, giving false information

cannot maximize a SU’s probability of accessing more channels or prob-

ability of successful transmission. There can be occasions that SUs may

declare a smaller number of available channels to the group. When the ex-

pected data rates of some channels are really small, the SUs feel that it is
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not satisfactory for transmission even time is allocated for it and can simply

remove those channels of its set of available channels. This action is bene-

ficial to the system throughput when the network is congested and channels

are allocated to SUs with higher expected data rates.

3.6.4 Numerical Results

When we consider a network with heterogeneous channels, full utilization

of channels does not mean a desirable system throughput. There are occa-

sions that SUs with small expected data rates are allocated with channels,

where the system throughput can be improved if some other SUs can use

them for transmission. Another difficulty lies in the fact that SUs may exag-

gerate their expected data rates in order to increase the probability of trans-

mission, which does not improve the actual system throughput. Therefore,

we propose the M-PPCS which sacrifices part of the system throughput to

allow fair cooperation among SUs.

Since the expected data rates of SUs vary, it is hard to analyze the perfor-

mance case by case. However, we can observe from the numerical results

that PPCS can improve the system throughput comparing with no coopera-

tion scheme most of the times.

In the simulation, we assume that the channel availability for each SU

follows a Markovian On-Off model with the parameter α and β, where α

and β are the probabilities that the channel transits from the state “On"
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to “Off" and from “Off” to “On", respectively. The state “On" represents

that the channel is not available for the SU, while “Off" represents that the

channel is available for it. For each parameter setting of α and β (ranges

between 0.1 and 0.5), the number of channel M , and the number of SUs

N , we repeat the simulation 100 times with different random seeds. The

expected data rates of each SU are randomly chosen from a uniform dis-

tribution U(0, 1). The average system throughput is calculated from all

iterations.

In Figure 3.15, we verify that the expected system throughput of both

the M-PPCS and the PPCS are smaller than that of the full cooperation

scheme. This result is not surprising as the information processed in the

schemes are different. Therefore, the gap of system throughput between the

two schemes and full cooperation scheme remains even when the number

of SUs increases. However, we can observe a significant improvement in

the system throughput for the PPCS. The improvement is larger when the

number of SUs increases and it reaches 90% of the performance in full

cooperation scheme when the number of SUs is doubled that of channels.

With the cooperation of SUs on different priority channels, the M-PPCS

almost improves the system throughput of no cooperation scheme at all

times. The improvement is due to the improved utilization of channels with

coordination. As observed in Figure 3.16, the system throughput of the M-

PPCS can be worse than no cooperation scheme in some rare cases. It is
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Figure 3.15: Comparison between no cooperation scheme, the PPCS, best response

scheme, full cooperation scheme, and the M-PPCS on system throughput in a system with

10 heterogeneous channels.
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Figure 3.16: Ratio of system throughput between the M-PPCS and the no cooperation

scheme in a system with 10 heterogeneous channels.
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because the M-PPCS takes the mean of expected rates of all SUs on a prior-

ity channel while a random SU is chosen for transmission in no cooperation

scheme. There can be occasions where the random SU picked has a larger

expected data rates than the mean. However, we can see that there is a 10%

improvement for M-PPCS if there network is not severely congested.

The fairness indices between different schemes are shown in Figure

3.17. The Jain fairness index of no cooperation scheme is the smallest at

all times. It is because after each SU makes its choice of channel selection,

only one SU can transmit in each channel. With a larger probability of col-

lisions among SUs, a larger proportion of SUs receive zero allocation. With

similar argument, the indices decrease for an increasing number of SUs in

other schemes. We can observe that the Jain indices for full cooperation is

the highest when the number of SUs is smaller than the number of channels.

It is because the expected data rates of all SUs on their available channels

are known, each SU can guarantee some allocations after maximizing the

system throughput. However, the fairness decreases when the number of

SUs increases since only 10 out of all SUs are allocated with channels. Un-

like the other two schemes, the M-PPCS can achieve relatively high Jain

indices even if the network is congested. With the observation that fairness

in resource allocation is maintained in the M-PPCS, the cooperation among

SUs is more encouraging.

Next, we try to compare the M-PPCS with the best response scheme
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Figure 3.17: Comparison between no cooperation scheme, the PPCS, best response

scheme, full cooperation scheme, and the M-PPCS on fairness of allocation in a system

with 10 heterogeneous channels.
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where partial information of the network is required as well. Instead of

the expected data rates of a subgroup of SUs, it requires the information

of the number of SUs on different channels. Since each SU computes the

expected payoff receives on each channel and switches to a channel with

the highest payoff through a best response update. The expected allocation

of each SU is more or less the same. Therefore, best response scheme has

a stable Jain index independent of the number of SUs in the network as

shown in Figure 3.17. Even with the additional information of congestion

level on each channel, the system throughput of best response scheme is

almost the same as no cooperation scheme when the number of SUs are

large. From this observation, we see that best response scheme maintains

the fairness in resource allocation in the expense of the system throughput.

3.7 Summary

In this chapter, we consider multiple SUs sharing multiple channels in a

cognitive radio network with spatial heterogeneity. Since each SU has lim-

ited capability of one radio transceiver, we propose a priority-based partial

cooperation scheme (PPCS) which encourages cooperation of SUs with the

same priority channel. One advantage of the scheme is that SUs can select

the channel with the highest expected data rate as the priority channel for

cooperation without a common control channel for all SUs. We show that

the PPCS achieves similar performance in system throughput and fairness
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of resource allocatiom as the full cooperation scheme, despites the fact that

it requires sharing of information among subgroups of SUs only.

We analyze the performance of the PPCS in identical networks. By con-

sidering both the PPCS-FP and the PPCS-RP, we see from numerical results

that random priority is more feasible as it does not require the broadcasting

of a priority for channel selection. We later show that the PPCS is also ap-

plicable in heterogeneous networks where the expected data rates depend

on the locations of SUs. We showed by numerical results that the PPCS

performs close to the optimal in two representative topologies.

The key contribution of this chapter includes:

• We propose a novel priority-based partial cooperation scheme in a spa-

tial and channel heterogeneous network without the assistance of a

common control channel. We show that such scheme can significantly

improve the system throughput compared with no cooperation.

• By comparing with several benchmark schemes, we show that our

priority-based partial cooperation scheme can strike a good balance

between system throughput and fairness in resource allocation. The

performance of the scheme is robust in terms of the number of SUs

and channels.

• We design an allocation rule for the cooperating SUs under incom-

plete information. We also show that this scheme provides incentive
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for them to cooperate and truly reveal their channel availability infor-

mation.
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3.8 Notations

Table 3.5: Key Notations in Chapter 3

Notation Physical Meaning

N the number of secondary users

M the number of channels (primary users)

M the set of all channels

Si the set of available channels for SU i

S = (S1, · · · ,SN) the sets of available channels for all SUs

Up Utilization in the PPCS

URLB lower bound of Utilization Ratio

Cj the cooperative group for channel j

ACj the sets of available channels for cooperative group Cj
XCj the set of contending channels selected by the leader of cooperative group Cj
Gj

k the expected data rate of SU k on channel j

WCp the set of transmission channels obtained by the cooperative group Cp
ajk the element that indictaes if channel j is available to SU k

tj∗k the amount of time for SU k in transmitting on channel j

σk the strategy of SU k whether to cooperate or contend immediately

σ = (σ1, ...σk) the strategies chosen by all SUs

σ−k the strategies chosen by SUs other than SU k

πk the payoff of SU k



Chapter 4

Regional Pricing in Mobile Networks

4.1 Introduction

4.1.1 Overview

With the rapid development of new technologies and connected devices

for ubiquitous computing (e.g., smartphones), the demand on mobile band-

width continues to grow rapidly. The exploding demand is expected to lead

to more congestion problems and in response, network service providers are

continuing to explore different pricing schemes. Given the increasing im-

portance of mobile broadband networks, pricing in such networks can have

significant welfare implications as well. FCC encourages development of

alternate pricing schemes [70] and recognizes the importance of business

innovation to promote network investment and efficient use of networks.

Current pricing schemes usually charge data traffic at a fixed rate, inde-

pendent of time and location. In this chapter, our objective is to study the
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Figure 4.1: Growth in Wireless Data Revenue, Subscribers, Cumulative Capital Expendi-

ture, and Wireless Data Traffic of a Major US Carrier

welfare implications of pricing schemes that are agnostic to location and

compare them against those of region-specific pricing. We demonstrate

that incorporating region-specific pricing not only improves revenues but

also welfare.

Pricing is an important tool from a network service provider’s stand-

point. Using data from a major U.S. carrier’s annual reports (i.e., [71, 72]),

Figure 4.1 shows that the growth of the number of subscribers, revenue,

and cumulative capital expenditure (including maintenance and expansion)

is linear while the wireless data volume grows exponentially. Innovative

business solutions that incorporate alternate pricing schemes can be used to

modify user behavior and potentially provide a solution to the congestion
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problem.

Our focus is to compare between region-specific and region-agnostic

pricing schemes. Our analysis builds on the paper [73], where the author

analyzes pricing in the context of a single queue. We extend the analy-

sis to deal with multiple regions for a mobile network, where each region

corresponds to a separate queue.

4.1.2 Related Work

Many pricing strategies have been proposed in recent years for cellular ser-

vice access (e.g., [74]). There are essentially two types of pricing namely,

static and dynamic.

Static: The simplest static pricing policy is to charge a fixed flat rate

regardless of the amount of data usage or network conditions (e.g. unlim-

ited data, ex-option of AT&T and Verizon). Such a fixed pricing scheme

encourages waste and is unfair in the sense that a small fraction of heavy

data users are subsidized by a large population of light users. As data usage

increases rapidly, network service providers are instituting more creative

static/semi-static pricing policies (e.g. tiered pricing schemes with overage

charges). Tiered data plans offer a fixed amount of data budget for a fixed

price. Additional charges are incurred by the user if he or she surpasses the

allocated data limit (e.g., [75]).
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Dynamic: Dynamic pricing as the name suggests, is much more vari-

able and is needed for pricing resources that is time and location dependent.

There has been recent evidence of time and location dependent pricing for

cellular voice services (e.g., [76]). This requires adjusting the cost of the

calls every hour depending on the level of usage. In [77], the authors pro-

posed Proportional Fairness Pricing (PFP) that allocates resources based on

the user’s willingness to pay. The authors in [78] extend PFP by allowing

intelligent agents to decide on the willingness to pay on behalf of the user

while maximizing the user’s utility. Recently, [79] proposed a time depen-

dent pricing (TDP) model for cellular data usage. TDP charges a user based

on the amount of bandwidth consumed and when it is consumed. Similarly,

the electricity market has also implemented TDP [80] as a mechanism to

reduce peak load generation. Congestion in cellular networks has also trig-

gered other pricing alternatives. For example, a congestion-dependent pric-

ing is proposed to dynamically increase or decrease the prices of resources

according to the congestion level in the network [81].

Different from time or congestion dependent pricing we propose a "location-

dependent" pricing scheme that incorporates different customer arrival rates.

The paper [82] investigates a location dependent pricing game in the con-

text of public and private WiFi hot spots. They formulate the problem as

a reverse auction and identify game-theoretic properties. Our setup does

not consider multiple service providers while we investigate how location-
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specific pricing affects the total revenue of a network service provider,

the social welfare, and the connection rate of the subscribers compared to

location-agnostic pricing.

4.2 System Model

We extend and analyze the model from [73] in this section. Our objective

is for the model to be parsimonious yet rich enough to study the implica-

tions of region-specific versus region-agnostic pricing schemes. Recall that

the author in [73] deals with a single server queuing model with the total

demand normalized to 1. For the mobile network context, we assume that

there are multiple regions, represented by the set I, and each region is de-

picted by a queue with a single server. (Whenever we deal with the example

scenario of two regions, we set I = {A,B}.) The total population (of sub-

scribers) may be different across the regions and we use the variable Ni to

represent the population in region i ∈ I. Our objective is to study the vari-

ations arising as a consequence of the differences in the population. So, we

seek to reasonably fix other variables in our model. Naturally, introducing

additional variations while it lends to intractability will not qualitatively af-

fect the insights presented. In order to substantiate this claim, we consider

and numerically analyze other variations also in Section 4.4.2.

We let the queue in each region to have a different serving capacity.

In particular, the service rate in region i ∈ I is exponential with rate Xi.
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We follow [73] to characterize the subscriber demand in each region. In

each region i, the connections made by each subscriber are independent and

identically distributed. The number of connections from each subscriber is

Poisson distributed with rate λi. Every individual in region i makes an

expected number of λi connections per unit time. Upon the completion of

the connections, each subscriber can gain a utility of U(λi) depending on

the connection rates. This utility function is the same for all subscribers

across regions.

Apart from the utility that consumers gain from connecting to the ser-

vice, they also incur a cost for waiting to be serviced in the queue, which

may be interpreted as the loss or dissatisfaction suffered due to congestion

in the mobile context. Let D(W ) be the dissatisfaction function that each

subscriber incurs for waiting and let this be independent of the region. Let

us represent Wi as the waiting time in the queue corresponding to region

i. This waiting time will obviously vary with the subscriber demand and

serving capacity in each region.

We consider two different pricing schemes – one where prices are in-

dividually set for each region, region-specific prices, and the other where

prices are region-agnostic. We use the variable pi to represent the prices

in region i, and the one without any subscript to represent region-agnostic

prices. In each case, the consumer chooses to subscribe to the service if the

price plus the waiting time cost exceeds the utility. Obviously, the number
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of consumers willing to wait in the queue (i.e., subscribe) will affect the ex-

pected waiting time in the queue, and which in turn affects the connection

rate of a region.

4.2.1 Stackelberg Game

This section establishes the basic set of results we will employ throughout

the whole chapter. The focus here is to demonstrate the mechanics of com-

puting the solution when the normalized demand is not unit and when the

service capacity is proportional to the population – points that are different

from [73].

In a Stackelberg game model, a leader first makes a decision while the

follower chooses its strategy based on the leader’s decision. The decisions

of the leader and follower are coupled. Given the network parameters of

population of subscribers (N ) and serving capacity (X), the network ser-

vice provider’s goal is to choose an optimal price p which maximizes its

total revenue based on the estimated connection rate from subscribers. Af-

ter the unit price of connection is announced, the subscribers then decide

on an optimal connection rate λ which maximizes the social welfare. We

use the solution concept of backward induction to solve this game.

Each subscriber aims to solve the social welfare maximization problem

as follows:

max
λ

U(λ)− pλ−D(W ).
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The social welfare is given by the difference of the utility and price for ser-

vices minus the dissatisfaction from waiting. In our current model, we take

a linear function for the utility where U(λ) = kλ. While the waiting time is

the average waiting time in a M/M/1 system, we haveW = 1
X−Nλ . The dis-

satisfaction of users is denoted by a logarithm function. The dissatisfaction

of users increases for increasing waiting time. However, the dissatisfac-

tion becomes stable after the waiting time exceed certain threshold. The

parameter α represents the level of dissatisfaction.

The optimization problem is transformed into

max
λ

kλ− pλ− αlog(
1

X −Nλ
).

With the first order differentiation, the optimal λ is calculated as follows.

k − p− Nα

X −Nλ
= 0

λ∗ =
X

N
− α

k − p

Here we have the demand function of users in respect to the price of service.

For a fixed capacity X , a larger population would decrease the connection

rate as the dissatisfaction from waiting would increase. We can also check

that it the connection rates increases with increasing capacityX , increasing

utility k and decreasing unit price p.

After determining the response of users on the price of service, the ser-
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vice provider can solve the revenue optimization problem for optimal price.

max
p
Nλp

⇒max
p
N [
X

N
− α

k − p
]p

⇒max
p
Xp− Nαp

k − p

With the first order differentiation, the optimal specific price is calcu-

lated as follows.

X − kNα

(k − p)2
= 0

p∗ = k −
√
kNα

X

We can see that the optimal price depends only on the utitlity and the

capacity in that region, and the population in that region. The price is higher

when a larger capacity is assigned in that region. Furthermore, a higher

price can be set when the utility of services for users is high. Interestingly,

the price decreases when the population is high.

4.2.2 Our Model

In our model, we closely follow the results from the Stackelberg game

and simplify the general model with some additional conditions. Firstly,

we assume that the service provider allocates resources proportional to the

number of subscribers in the network. Therefore, the service rate for each

region i ∈ {A,B} is Xi = Niµ. Since the sum of Poisson is also Poisson,
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the expected total number of connections per unit time is Niλi. With the

assumption that only one connection is made at a time, this model is anal-

ogous to a M/M/1 queue. From the classical result in queuing theory, we

have

Wi =
1

Niµ−Niλi
. (4.1)

To avoid infinite queues in the networks, the total connection rate (Niλi)

should be no greater than the service rate (Niµ). If the connection rate λi is

fixed, the average waiting time in region with larger population is smaller.

It is due to the fact that resource is allocated proportional to the number of

subscribers. With higher service rates in region with larger population, the

average waiting time is smaller with the same connection rate.

Next, we take the value of dissatisfaction in waiting time, α = c
N where

c is a constant. It models the fact the dissatisfaction level of a subscriber

is less when he expected a large population of subscribers in the same net-

work. With the result from the Stackelberg game model, we can see how the

connection rate is related to the price per connection chosen by the service

provider. The demand function of subscriber is as follows.

λi = µ− c

Ni(k − p)
. (4.2)

The demand function decreases with an increasing price. Furthermore,

it also depends on the number of subscribers in the region, which in turn

affects the service rate. A higher connection rate is observed in region with

higher population at the same price.
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By combining Equations (4.1) and (4.2), we have a simple relation be-

tween the price and the expected waiting time of the subscriber.

p = k − cW (4.3)

With positive waiting time Wi, the price set should be strictly less than

the utility gained for each connection. While the utility and cost of connec-

tion remains unchanged, the higher price set by the service provider implies

a smaller average waiting time tolerated by the subscribers.

Now we try to understand some properties of this demand function of

the connection rate, which are useful in the later sections.

Proposition 1. Several properties implied by the demand function in Equa-

tion (4.2):

1. The inequality k ≥ c
Niµ

holds;

2. The connection rate λi is concave, decreasing in p;

3. In order to guarantee a positive number of connections per unit time

by each subscriber, the price for each connection has to be within 0

and k − c
Niµ

;

4. The connection rate falls between 0 and µ− c
Nik

, which avoids infinite

queue in the network.

Proof. The mathematical proof for each property is shown as follow.
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1. With Equation (4.3), k = p + c
Ni(µ−λi) ≥

c
Ni(µ−λi) ≥

c
Niµ

. Hence, the

inequality is proved.

2. By differentiating the function with respect to price p, we have dλi
dp =

−c
Ni(k−p)2 < 0 and d2λi

dp2 = −2c
Ni(k−p)3 < 0.

3. By definition, a non-negative price should be set by the service provider

for each connection. Furthermore, we see that λi is a decreasing func-

tion of p. There are no connections when p = k − c
Niµ

. Therefore,

if the range of price for each connection p falls in the range of 0 and

k − c
Niµ

, the expected number of connections per unit time for each

subscriber λi is positive.

4. The connection rate is upper-bounded by µ − c
Nik

when we set p = 0

in Equation (4.2). At the same time, if p is set higher than k − c
Niµ

,

the expected number of connections per unit time for each subscriber

would also be zero.

After realizing the effect of price on the connection rate, the service

provider aims to choose an optimal price p, which determines the number

of connections per unit time, that maximizes both the revenue of service

provider and the social welfare of all subscribers. The optimal price of

Stackelberg game under our model is,
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p∗ = k −

√
kc

Nµ

4.3 The Two Pricing Schemes

Since the service provider is providing data traffic to more than one hetero-

geneous region, there are different ways of setting the optimal price. We

consider two general pricing schemes, which are region-specific pricing

and region-agnostic pricing.

4.3.1 Region-specific Pricing

In region-specific pricing, the service provider chooses a unit price for

connection in each region independently. With different populations and

hence a different serving capacity, an optimal price is chosen to control

the connection rate that maximizes its revenue. The revenue in each region

i ∈ {A,B} is the product of total connection rate in that region and the unit

price. This requires to solve the following revenue maximization problem

in each region i.

max
pi
{Niλipi}

s.t. λi = µ− c

Ni(k − p)
≥ 0 ∀i.

By substituting the price with Equation (4.3), the objective function be-

comes Niλi(k − cWi). It is equivalent to a social welfare maximization
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problem when we consider the social welfare of the subscribers as the dif-

ference of the total utility and the total delay costs experienced by the com-

pleted connections.

By differentiating on the objective function, we come up with the so-

lution of optimal price for each connection and the expected number of

connections in the region,

p∗i = k −

√
kc

Niµ
and λ∗i = µ−

√
cµ

Nik
.

By property (1) of Proposition 1, it can be verified that p∗i falls into the

feasible range of p (i.e., 0 < p∗i < k − c
Niµ

) and λ∗i is positive.

4.3.2 Region-agnostic Pricing

In region-agnostic pricing, the service provider chooses the same price for

each connection, independent of the population of subscribers in both re-

gions. With Equation (4.3), we see that the same price chosen implies

the same expected waiting time in both regions. Due to the different ser-

vice capacities in the two regions, the corresponding connection rates dif-

fer. Therefore, the objective is to maximize the sum of revenue from both



CHAPTER 4. REGIONAL PRICING IN MOBILE NETWORKS 129

regions,

max
p
{NAλAp+NBλBp}

s.t. λA = µ− c

NA(k − p)
≥ 0

λB = µ− c

NB(k − p)
≥ 0.

First we assume λA, λB > 0 and substitute the constraints into the ob-

jective function. After differentiation on the objective function, we have

the following equation on p,

NAµ+NBµ−
kc

(k − p)2
− kc

(k − p)2
= 0 (4.4)

This equation has a unique solution for the optimal price and hence the

connection rates in both regions,

p̂ = k−

√
2kc

(NA +NB)µ
,

λ̂A = µ− 1

NA

√
(NA +NB)cµ

2k
and λ̂B = µ− 1

NB

√
(NA +NB)cµ

2k
.

If the optimal price p̂ should satisfy the property (3) in Proposition 1,

i.e., p̂ = k −
√

2kc
(NA+NB)µ < k − c

NAµ
and p̂ = k −

√
2kc

(NA+NB)µ < k − c
NBµ

,

the assumption that λA, λB > 0 is valid and hence the optimal price. If

either of these conditions is not satisfied, it implies that the connection rate

in the region with less subscribers will be zero. By putting zero connec-

tion rate back to the objective function, it is equivalent to solving the rev-

enue maximization problem for a single region only. This scenario happens
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when there is a large difference in the population of subscribers in the two

regions. More detailed explanation can be found in Section 4.4.1.

4.3.3 Extension to Multiple Regions

The optimal price chosen by the service provider in the two pricing schemes

in 2 regions can naturally extend to more regions. Suppose there areM > 2

regions and the set I = {1, ...,M}. The populations in the regions are

N1 ≥ N2... ≥ NM . The optimal region-specific price for each region can

be calculated independently as in the two-region case while the optimal

region-agnostic price can be calculated by solving the following equation,∑
i∈I

[Niµ−
kc

(k − p)2
] = 0. (4.5)

The solution is given by

p̂ = k −

√
kc

Nµ

whereN = 1
M

∑
iNi is the average population of subscribers in all regions.

Similar to the 2-region case, p̂ has to satisfy property (3) in Proposition 1

for all regions to be a valid solution. We then eliminate the regions that give

zero connection rates from the set I and results in a new set I ′. Next, we

solve Equation (4.5) again with the summation over set I ′ and calculate the

new optimal price. This elimination process continues until all regions in

set I ′ give positive connection rates. The resulting optimal inelastic price

will be chosen and the corresponding connection rates in all regions can
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also be determined.

4.4 Comparison of Schemes

Since the implementation of region-specific pricing is more complex, most

service providers in the market are now executing the region-agnostic pric-

ing, where the same price is set for all data traffic in all regions. In this sec-

tion, we are interested in seeing how the convenient region-agnostic pricing

affects the revenue of service provider and the connection rate of the sub-

scribers. We first give an overview of how the two pricing schemes perform

in the simple case of two regions. Later, we show the performance loss of

region-agnostic pricing analytically.

4.4.1 Overview of Two-region Case

The comparison of region-specific pricing and region-agnostic pricing in

two regions can be summarized in Figure 4.2. Suppose there are more

subscribers in region A (i.e,NA > NB), this results in two different concave

demand curves. The upper curve is for region A while the lower one is for

region B. In both curves, the connection rate decreases with an increasing

price. Furthermore, if the price exceeds certain threshold (i.e., k − c
NAµ

and k − c
NBµ

), the connection rate will be zero. Given a chosen price p,

the corresponding connection rate is determined. The expected revenue

produced by each subscriber is the area under the rectangle; while the total
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Figure 4.2: A summary of the optimal prices and connection rates in the two pricing

schemes.



CHAPTER 4. REGIONAL PRICING IN MOBILE NETWORKS 133

revenue from a region is scaled by the number of subscribers in that region.

The values of p∗A and p∗B are the respective optimal region-specific prices

in region A and B; while p̂ is the optimal region-agnostic price. Consider

region-agnostic pricing where same price is chosen for both regions, the

price should be a point in between p∗A and p∗B. With a smaller price in

region-agnostic pricing for region A, the connection rate increases. Sim-

ilarly, the connection rate in region B decreases and this leads to a larger

difference in connection rates, which can be unfair to subscribers in re-

gion B. While subscribers in both regions have to pay the same price, the

connection rate in region B is much smaller than that in region A. To en-

sure the same connection rate under this region-agnostic price, the service

provider can invest more resources to region B which leads to a higher

demand curve. The intersection point for connection rate can then be in-

creased to the same level as that in region-specific price. However, it may

not be wise for a service provider to invest more in a region with less sub-

scribers.

The graph in Figure 4.2 can be an optimistic prediction. It can be ob-

served in Figure 4.3 that the optimal region-agnostic price may not be pos-

sible if there is a larger difference in the populations of the two regions. The

optimal p̂ exceeds the threshold of region B which causes zero connection

rate for the subscribers. Here we present a dilemma in choosing an optimal

region-agnostic price for both regions. If we have to make sure that there
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Figure 4.3: An example where region-agnostic pricing is not possible.

are positive connection rates in both regions, a price under the threshold of

region B should be set. For example, we choose the price as the optimal

region-specific price for region B(i.e., p̂ = p∗B). In that case, an optimal rev-

enue is generated from region B; while the revenue per subscriber is much

smaller if you consider the area under the rectangles in region A. With a

larger number of subscribers in region A, this sacrifices the large amount

of revenue in region A. If we set the price as the optimal region-specific

price in region A, the large proportion of revenue can be restored. How-

ever, it leads to zero connection rates in region B, which implies that zero
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revenue is generated. To be more specific, if p̂ < k −
√

kc
NBµ

, or equiva-

lently kµ
c > N

N2
B

, the region-agnostic price can incorporate the revenue from

both regions. If kµ
c ≤

N
N2
B

, the optimal region-agnostic price is the optimal

region-specific price in region A, where there is no revenue from region B.

In conclusion, the region-agnostic pricing may not be possible when

there is a large variation of population in different regions. It may either

sacrifice a complete region or a large proportion of the revenue. This in-

deed is inefficient. Even if an optimal region-agnostic price can be set

that guarantees positive connection rates in both regions, the fairness is-

sue in connection rates arises. From these arguments, we see the need of

region-specific pricing for generating larger revenue, social welfare, and

maintaining fairness in different regions.

Next, we compare the performance of the two pricing schemes in term

of the revenue for the service provider and the utilization of capacity (which

in turn determines the welfare for the subscribers) analytically.

4.4.2 Revenue Ratio

Definition 1. The Revenue Ratio is the ratio between the total revenue gen-

erated from region-agnostic pricing and region-specific pricing.
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2-region case

Suppose the populations in the two regions are (NA, NB) where NA ≥ NB

and the total population is NA +NB = N . From the calculation in Section

4.3.2, we can calculate the optimal inelastic price p̂ for given NA and NB.

This leads to two cases.

Case 1: The chosen p̂ leads to positive demand in both regions.

The revenue ratio is given by

Revenue Ratio

=
NAλ̂Ap̂+NBλ̂Bp̂

NAλ∗Ap
∗
A +NBλ∗Bp

∗
B

=
[NA(µ− 1

NA

√
(NA+NB)µc

2k ) +NB(µ− 1
NB

√
(NA+NB)µc

2k )](k −
√

2kc
(NA+NB)µ)

NA(µ−
√

cµ
NAk

)(k −
√

kc
NAµ

) +NB(µ−
√

cµ
NBk

)(k −
√

kc
NBµ

)

=
(NA +NB)kµ+ 2c− 2

√
kcµ(

√
2(NA +NB))

(NA +NB)kµ+ 2c− 2
√
kcµ(
√
NA +

√
NB)

Proposition 2. For a specific total population in two regionsN = NA+NB,

the revenue ratio is the highest when the two regions are evenly distributed

(i.e., the two regions have the same population).

Proof. We just compare the revenue ratio with the two types of population,

(NA, NB) and (NA+NB
2 , NA+NB

2 ). Since the sum of the population is the

same, we see no difference in the numerator of the revenue ratio. With the

inequality 2
√

NA+NB
2 >

√
NA +

√
NB, the denominator of revenue from

region-specific pricing gets smaller with even distribution. In addition, one
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may check that the revenue ratio equals 1 when the population is evenly

distributed in the two regions.

Case 2: The chosen p̂ leads to zero demand in region B.

When the optimal region-agnostic price leads to zero demand in region

B, region B should be ignored in the consideration. The optimal region-

agnostic price should be set to the optimal region-specific price of region

A. Therefore, compared with the region-specific pricing in both regions,

the revenue generated from the region-agnostic pricing is reduced without

the revenue from region B. This case happens only when the populations of

the two regions are different.

To summarize, the total revenue generated by region-agnostic pricing is

always less than that of region-specific pricing if the populations in the two

regions are different. Then, we see numerically how the population affects

the revenue ratio in the two regions. Without loss of generality, we fix the

population in region B as 1, and the population in region A ranges from

1 to 5. From Figure 4.4, it can be observed that the revenue ratio has a

decreasing trend with an increasing population in region A. Similar trend

can be found in different ratios of waiting cost per unit time c and utility

per connection k.
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Revenue Ratio under same k (c=0.2)
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Figure 4.4: Revenue Ratio (region-agnostic pricing vs. region-specific pricing) decreases

as the raito of population increases: k is the marginal utility gained for each connection

and c is the waiting cost per unit time

M-region case

We can also show that there is a severe loss in total revenue generated by

region-agnostic pricing when there are more heterogeneously-populated re-

gions. In order to analyze the revenue ratio, we first establish an inequality

from Karamata’s theorem in majorization theory.

Majorization theory is commonly used to compare how spread out the

components of two vectors are. We say vector x = (x1, . . . , xn) majorizes
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vector y = (y1, . . . , yn) when it satisfies two conditions:

•
∑k

i=1 xi ≥
∑k

i=1 yi for k = 1, ..., n, and

•
∑n

i=1 xi =
∑n

i=1 yi.

Theorem 7. Let T be an interval of the real line and let f denote a real-

valued, concave function defined on T . If x1, . . . , xn and y1, . . . , yn are

numbers in I, such that (x1, . . . , xn) majorizes (y1, . . . , yn), then

f(x1) + · · ·+ f(xn) ≤ f(y1) + · · ·+ f(yn).

Lemma 6. For real numbers N1, ..., NM of descending order, we have the

following inequality
M∑
i=1

√
Ni ≤

M∑
i=1

√
N

where N = 1
M

∑
iNi.

Proof. Take the function f(n) =
√
n. The first and second derivatives are

f ′(n) = n−
1
2

2 and f ′′(n) = −n−
3
2

4 respectively. The second derivative is less

than zero and we show that f(n) =
√
n is a concave function. With the fact

that (N,N, ..., N) majorizes (N1, N2, ..., NM) where N = 1
M

∑
iNi. We

proved the inequality.

Suppose there are M regions and the population in the regions are N1 ≥

N2... ≥ NM . The optimal region-agnostic price p̂ and the correspond-

ing connection rates λ̂i can be calculated as in Section 4.3.3. The optimal

region-agnostic price obtained can lead to two cases:
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Case 1: The chosen p̂ leads to positive demands in all regions.

The revenue ratio can be calculated as

Revenue Ratio =

∑M
i=1Niλ̂ip̂∑M
i=1Niλ∗ip

∗
i

=

∑M
i=1[Nikµ−Ni

√
kcµ

N
−
√
Nkcµ+ c]∑M

i=1[Nikµ− 2
√
Nikcµ+ c]

=
NMkµ− 2M

√
kcµN +Mc

NMkµ− 2
√
kcµ(

∑M
i=1

√
Ni) +Mc

Proposition 3. For a specific total population in all regions, the revenue

ratio is the highest when all the regions are evenly distributed (i.e., they

have the same population).

Proof. Similar to the case with two regions, the optimal region-agnostic

price p̂ and the corresponding revenue is the same with fixed total popula-

tion. It suffices to show that the revenue from region-specific pricing is less

with even distribution of population. With the inequality in Lemma 6 that

M
√
N ≥

∑M
i=1

√
Ni, the revenue from region-specific pricing decreases

with even distribution of population across regions. In particular, revenue

ratio goes to 1 when the populations in all regions are the same.

Case 2: The chosen p̂ leads to zero demand in the h least populated

regions.

With an uneven distribution of population in all regions, there are occa-

sions where the optimal region-agnostic price may lead to zero demands in
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some regions. We can simply ignore the revenue from the h regions with

zero demands. Consider region-agnostic pricing in the remaining M − h

regions, the revenue ratio is given by

Revenue Ratio =

∑M−h
i=1 [Nikµ−Ni

√
kcµ

N
−
√
Nkcµ+ c]∑M−h

i=1 [Niµk − 2
√
Nikcµ+ c]

where N = 1
M−h

∑M−h
i=1 Ni.

With the same argument in the above case, the revenue obtained in

region-agnostic pricing is less than that in region-specific pricing unless

the population in these M − h regions are the same. Even if it is the

case, the revenue from the h regions is also lost. When we are consid-

ering all M regions, we can get more revenue in region-specific pricing

with the revenue from the h regions, which have zero demands in region-

agnostic pricing. Therefore, we conclude that the total revenue generated

from region-specific pricing is always larger than that in region-agnostic

pricing.

Figure 4.5 shows the revenue ratio with different number of heterogeneously-

populated regions. The population in each region is randomly chosen from

the uniform distribution between 0 and 1. We can observe that the revenue

ratio decreases tremendously with an increasing number of heterogeneous

regions. This implies that region-agnostic pricing in multiple regions can

lead to a severe revenue loss compared to region-specific pricing.
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Figure 4.5: Revenue Ratio changes as the number of regions increases

4.4.3 Utilization Ratio

In addition to understanding how the pricing schemes affect the total rev-

enue for the service provider, we also see how they affect the utilization of

the system. With the allocation of resources proportional to the population

in the region, we see that the utilization is directly related to the connection

rate of subscribers.

Suppose there are M regions and the population in the regions are N1 ≥

N2... ≥ NM . When the optimal region-agnostic price and region-specific

price are computed as in Section 4.3, we can define the utilization ratio as
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follow.

Definition 2. The Utilization Ratio is the ratio between the total connection

rates in region-agnostic pricing and region-specific pricing, i.e.,

Utilization Ratio =

∑M
i=1

Niλ̂i
Niµ∑M

i=1
Niλ∗i
Niµ

=

∑M
i=1 λ̂i∑M
i=1 λ

∗
i

.

Similar to the analysis for revenue ratio, we can consider two different

cases.

Case 1: The chosen p̂ leads to positive demands in all regions.

The utilization ratio can be calculated as

Utilization Ratio =

∑M
i=1 λ̂i∑M
i=1 λ

∗
i

=

∑M
i=1(µ− 1

Ni

√
Ncµ
k )∑M

i=1(µ− 1
Ni

√
Nicµ
k )

where N = 1
M

∑M
i=1Ni.

Proposition 4. For a specific total population in all regions, the utilization

ratio is the highest when all the regions are evenly distributed (i.e., they

have the same population).

Proof. With the inequality in Lemma 6 that
∑M

i=1

√
Ni ≤

∑M
i=1

√
N , we

see that the numerator of the utilization ratio is no greater than the denomi-
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nator. The ratio equals to 1 only when the inequality holds where all regions

have the same population.

Case 2: The chosen p̂ leads to zero demand in the h least populated

regions.

When we only consider theM−h regions, we can show by similar tech-

nique as in case 1 that the total connection rates in region-agnostic pricing

is always smaller than that in region-specific pricing when the populations

in the regions are different. Even if the connection rates in the M − h are

the same in the two pricing schemes, the region-specific price set in the h

regions can lead to positive connection rates. That is to say, the total con-

nection rate, as well as the utilization of system, in region-agnostic pricing

can never exceed that in region-specific pricing.

4.5 Summary

In our model, it is observed that the region-agnostic pricing has an unsat-

isfactory performance in regions with different characteristics. It not only

reduces the total revenue of the provider, but also worsens the connection

rate of the subscribers. The situation is worse compared with the region-

specific pricing when the number of heterogenous regions increases. In this

work, we argue for the need of region-specific pricing.

Our main contributions can be summarized as follows:
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• We extend the pricing model in [73] from a single region to multiple

regions.

• Comparing with region-inelastic pricing, we show that region-specific

pricing always increases the revenue of the service provider.

• In general, we also find that the region-inelastic pricing reduces the

connection rate of the subscribers when compared to region-specific

pricing.
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4.6 Notations

Table 4.1: Key Notations in Chapter 4

Notation Physical Meaning

I the set of multiple regions

Ni the population in region i

Niµ the service rate in region i where µ is a constant

λi the rate of connections from each subscriber in region i

k the utility gain of each subscriber upon the completion of a connection

c the waiting cost of each subscriber per unit time

Wi the waiting time in the queue of region i

pi the region-specific price in region i

p̂ the region-agnostic price in all regions



Chapter 5

Conclusions and Future Work

5.1 Conclusion

The main focus of this thesis is to use game theory as the tool to analyze

several congested wireless networks.

In the first part, we modeled the cognitive radio networks with conges-

tion games. With the best-response strategy, we evaluated the performance

loss of the Nash equilibria with the social optimal in four families of games.

We observed a severe performance loss in player-specific symmetric and

asymmetric games when the number of SUs is significantly greater than the

number of channels. In order to tackle the problem, we proposed a partial

cooperation scheme which provides an alternative to improve the system

throughput and fairness of the congested network. With dedicated sys-

tem design, we provided the incentive for SUs to cooperate truthfully and

analyzed the performance bound compared with full cooperation scheme.

147
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Moreover, we observed from the numerical results that the partial coopera-

tion of SUs can greatly improved the system throughput comparing with no

cooperation of SUs. In addition, the performance of the partial cooperation

scheme is close to optimal in congested networks with a reduced overhead

and complexity of the algorithm.

In the second part of the thesis, we considered the congestion of current

mobile networks. By modeling the interaction between a network service

provider and the mobile subscribers with the Stackelberg game, we studied

two pricing schemes which suggested how prices should be set in differ-

ent regions with the consideration of negative effects of congestion. Un-

der given conditions of resource allocation and utility of subscribers, we

showed that region-specific pricing is more preferable than region-agnostic

pricing which can improve both the revenue of the network service provider

and the social welfare of the subscribers.

5.2 Future Work

Now we address several open problems which can be of interest in each of

the project.

5.2.1 Congestion Games in Cognitive Radio Networks

In our current model, we assume that each SU has only one radio inter-

face and access channels one at a time. It is more interesting to study sce-
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nario where the SUs can sense/select more than one channel, for example,

enabled by multiple radio interfaces. When the share on each channel is

proportional to the number of accessing radios and the data rate of a SU

is additive across channels, each SU can be decomposed to several virtual

single-radio SUs (depending on how many radios the SU has). Our PoA

analysis in this paper applies to this case. However, the above decompo-

sition is not always possible for general multichannel access games. For

example, if an SU is not allowed to put more than one radio on a single

channel, then we can not simply decompose the SU into multiple inde-

pendent virtual SUs. Also, when the MAC scheme does not lead to equal

sharing of SUs on the same channel (e.g., in a random access scheme where

SUs access a channel with different probabilities), an SU needs to perform

further (rather complicated) optimizations. This makes the problem more

difficult to analyze. Some preliminary results of the existence and conver-

gence of Nash equilibrium of the class of multi-channel congestion game

have only recently appeared in reference [36].

5.2.2 Partial Cooperation in Cognitive Radio Networks

There is always a tradeoff between the optimal system throughput and the

overhead for signaling of message exchange in terms of cooperation. In

the project, our main focus is to study how the partial cooperation of SUs

can improve the system throughput and guarantee a certain percentage of
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optimal throughput. More analysis can be done on analyzing the reduction

of overhead comparing with full cooperation when the system is congested

with large number of SUs. This can be done by considering the cost of

cooperation in the model. The cost can be in the form of transmission

power for information exchange or the extra time required for negotiation.

One main challenge of the study is on designing the specified protocols on

how SUs can do the signaling.

Our current model assumes that only one SU can transmit on an idle

channel at any time. We may consider the possibility of multiple simulta-

neous transmissions on each channel. Instead of time-divsion multiplexing

among SUs, SUs may carefully control their powers of transmission to pro-

tect the primary user from excessive interference. By allowing more than

one transmission at a time, the total system throughput should be improved.

However, the cooperation of SUs may require processing more user infor-

mation, such as the location, the range of transmission power, and the re-

quired quality of service. Another direction is to consider spatial resue of

the channels, where the topology of the network becomes a critical factor.

Partial group formation based on the priority channels may not be the opti-

mal choice. SUs that are close to each other may form a group where there

can be several clusters in the whole network. With the assumption of known

topology of network and locations of SUs, the channel-SU assignment may

require algorithms with higher complexity.
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5.2.3 Regional Pricing in Mobile Networks

The aim of our work is to demonstrate the general need of region-specific

pricing due to varying ratios of subscriber demand and serving capacity

across multiple regions. A reasonable extension is to decide how prices

should be set based on different locations (e.g., spectrum exhaust versus

spectrum rich markets). In order to design pricing plans for different re-

gions, extensive measurement and analysis have to be carried out to capture

real data on the utility of subscribers and how price-sensitve they are. There

can be different forms of congestion-based pricing to deal with the traffic

variation. One approach is to enforce additional charge per usage whenever

network is congested. It requires the precise measurement and classifica-

tion of congestion levels in the network. Another way is to use auction

which allows subscribers to give independent bids to get better quality of

service guarantees in congested areas. One important issue in this regional

pricing is to investigate the appropriate scale of a region. Should we con-

sider one region as a state, a village, a single sector, or a single tower?

Considering large regions can reduce the complexity of analysis but it can

be more accurate to model the subscribers’ responses to congestion in a

smaller area. Since congestions of network occur mostly during peak hours,

festivals, conferences, or sports events which accommodate a lot of people,

we may have to consider the pricing dynamics in time scale as well.

With the consideration of a monopolistic network service provider, we
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arrived at a desirable outcome that the revenue optimization in region-

specific pricing can also improve the social welfare of the subscribers. It

is natural to investigate if the result still holds when there exists several

network service providers. It is believed that the analysis can be more dif-

ficult even with the duopoly case. Firstly, instead of deciding the service

demand based solely on the offered price of a network service provider,

subscribers can choose from different network service providers. Further-

more, the competition of the network service providers can then be mod-

eled by Cournot games in which each of them can decide on the serving

capacities in each region and hence the corresponding unit price. It is in-

teresting to see if there is an advantage for a network service provider to

use region-specific pricing in the competition, and how these pricing may

affect the social welfare. Furthermore, we can see if there is an equilibrium

where all network service providers replaces the current region-agnostic

pricing with the region-specific pricing. By estimating the serving capac-

ity of the competitors, network service providers may effectively allocate

their investment on different regions where optimal prices can be chosen to

maximize their profits.
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