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1 Economic Viability of Dynamic
Spectrum Management

Spectrum resources are scarce, as most spectrums have been allocated through
static and exclusive licenses. Extensive field measurements show that, however,
most spectrums are heavily under-utilized [1]. This dilemma motivates the study
of Dynamic Spectrum Management (DSM), which encourage primary licensed
and secondary unlicensed entities to share spectrums efficiently. Successful im-
plementation of DSM is not a pure engineering issue. It is also a complicated
economic and policy issue, as it affects the interests of wireless end-users, com-
mercial wireless service providers, and government regulatory bodies. Providing
proper economic incentives for everyone involved is vital for the success of DSM.
However, there does not yet exist a conceptually unifying, mathematically rig-
orous, and practical relevant framework for analyzing the economic viability of
DSM.

In this chapter, we attempt to build such a framework that centers around
the following two key questions: (a) What is a primary entity’s economic in-
centive to open up the spectrum for sharing? (b) How should a secondary en-
tity choose the spectrum to best trade off the Quality of Service and costs?
We will provide partial answers to these questions under various practical net-
work scenarios, including complete/incomplete network information, loose/tight
decision couplings, user/operator interactions, and static/dynamic decision pro-
cesses. We will also consider the key features of the wireless technologies such as
time/frequency/space variabilities, user heterogeneity, and elastic/inelastic ap-
plications. Then we will provide thoughts for future research directions that can
help to complete the study of the framework.

1.1 Background

Wireless spectrum is very valuable. The auction of 700MHz spectrum in the
United States in 2008 raised US$19.59 billion for the US government. But the
spectrum is also scarce. Most spectrums have been exclusively licensed to differ-
ent government and commercial entities. The utilization of most licensed spec-
trum, however, is surprisingly low. A recent spectrum measurement in the US
showed that the average spectrum utilization over all measured locations is below
20% [1]. Many observers have therefore concluded that the spectrum scarcity is
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really due to inefficient allocations. The important question is how to improve the
spectrum utilization by new technology advances, proper economic incentives,
and timely policy reforms.

DSM is a promising solution to this issue. In DSM, secondary unlicensed enti-
ties can share the spectrum with primary licensed entities and achieve a better
spectrum utilization. There are two very different approaches to DSM: coexis-
tence and cooperation [2]. In the coexistence approach, the secondary entities
try to avoid interferences with the primary entities without explicit signaling.
In the cooperation approach, primary and secondary entities explicitly commu-
nicate with each other to reach a sharing arrangement. Both approaches have
their places, depending on the characteristics of the spectrum bands, primary
entities, and application scenarios.

The coexistence approach is suitable for sharing spectrum with legacy pri-
mary entities. The past decade has witnessed significant technological advances
(e.g., software and cognitive radio, and cooperative communications) that now
make the coexistence feasible. However, the primary entities are often not com-
pensated in the coexistence approach, and thus lack proper incentives to share
the spectrum. A lawsuit in 2009 between the National Association of Broadcast-
ers (representing hundreds of TV license holders in the USA) and the Federal
Communications Commission aptly illustrates this issue [2].

The cooperation approach makes flexible negotiation and economic compen-
sation easier through explicit communications. In this approach, the primary
entities can obtain economic returns through the secondary spectrum market or
performance improvement through the help of secondary entities. The secondary
entities often get a better idea of the spectrum environment and achieve a better
QoS with less efforts. The governments of the USA, the UK, Canada, Australia,
New Zealand, and Hong Kong have been promoting spectrum policies support-
ing the cooperation approach, with emphasis in spectrum bands where explicit
communications are possible.

The focus of this chapter is to lay a foundation of the economic analysis of the
cooperation based DSM. Motivated by the recent emerging literature in this field,
we will propose a conceptually unifying, mathematically rigorous, and practical
relevant theoretical framework.

1.2 Taxonomy and A Brief Literature Review

To build a clear taxonomy, we classify the design space of cooperative DSM into
16 scenarios as shown in Figure 1.1, depending on whether the primary entities
have complete network information, whether the primary and secondary entities
have tight coupling in decisions, whether the interactions are at the user or oper-
ator level, and whether the decision process is static or dynamic. Each scenario
also allows various concrete formulations, depending on the wireless technology
details. The number of stars represents the existing level of understanding of



1.2 Taxonomy and A Brief Literature Review 3

Network 
Information

PU-SU 
Coupling

PU-SU 
Coupling

Interaction 
Mechanisms

Dynamic

2
**

Static

1
**

Interaction 
Mechanisms

Interaction 
Mechanisms

Interaction 
Mechanisms

Dynamic

4
Static

3
***

Dynamic

6
*

Static

5
**

Dynamic

8
*

Static

7
*

Dynamic

14
*

Static

13
**

Dynamic

16
*

Static

15
*

Dynamic

10
*

Static

9
Dynamic

12
*

Static

11

Complete

TightLoose

INcomplete

TightLoose

User Operator User UserOperator Operator OperatorUser

Cooperation-Based Dynamic Spectrum Management

Figure 1.1 Taxonomy of cooperation-based dynamic spectrum management

each scenario in the related literature by other researchers. Scenario 3 is well
understood. Scenarios 1, 2, 5, and 13 have have been partially understood. The
rest of the scenarios have received little or no attention in the literature (from
other research groups). The proposed framework intends to investigate all 16
scenarios focusing on the under-explored ones.

Next we briefly review the related literature done by other research groups.
Due to space limit, we only list some representative work in each scenario. A
comprehensive survey is out of the scope of this chapter. In the rest of this
chapter, we will assume that the spectrum is originally licensed to the primary
entities, which refer to either primary operators (POs) or primary users (PUs).
The primary entities decide whether and how to share the spectrum with the
secondary entities, which are either secondary operators (SOs) or secondary users
(SUs).

In Scenarios 1 – 4, the primary entities know the complete network infor-
mation, and interact with the secondary entities in a loose fashion. Scenario 1
considers static interactions among primary and secondary users (e.g., [3, 4]).
Scenario 2 considers dynamic user interactions (e.g., [4, 5]). These results often
simplify the technology details in order to achieve analytical tractability. Scenario
3 has been extensively studied (e.g., [6–9]). There is little work for Scenario 4.

In Scenarios 5 – 8, the primary entities know the complete network informa-
tion, and interact closely with the secondary entities. In Scenario 5, [10,11] con-
sidered spectrum leasing based on cooperative communications. [12] proposed
a real-time spectrum auction framework for distributed spectrum sharing. In
Scenario 6, [13] studied the dynamics of competitive spectrum pricing through
simulations. In Scenario 7, [14] studied the optimal pricing strategy of secondary
operators, again through extensive simulations. Some recent work in Scenario 8
include [15,16]. None of the previous results considered the impact of unreliable
resource.

Scenarios 9 – 12 are similar as Scenarios 1– 4, except that the primary enti-
ties do not have complete network information. In Scenario 10, [17] considered
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a spectrum sharing model where secondary users want to minimize their to-
tal access cost subject to the queue stability. The computation time increases
exponentially with the network size. In Scenario 12, [18] studied the operator
competition through a dynamic Bertrand game. [19] studied the price dynamics
for competitive operators, and proposed a practical price updating strategy us-
ing structured stochastic learning. These existing works made little attempt to
model the wireless technology details. There is little work for Scenarios 9 and
11.

In Scenarios 13 – 16, primary and secondary entities interact closely under the
incomplete network information. A popular approach of studying these scenarios
is to design spectrum auction mechanisms (e.g., [20–24]). We will analyze the
scenarios using different methodologies including bargaining, contract design,
and differential pricing, depending on the concrete network settings.

Overall, the existing understanding of many scenarios is limited. More impor-
tantly, previous studies covering different scenarios are often separated; there
does not exist a unifying analytical framework yet. Next we will discuss our own
contributions in several scenarios in the form of case studies, and outline the
future research directions related to some especially challenging scenarios.

1.3 Incomplete Network Information

In DSM, primary and secondary entities often belong to different interesest
groups. As a result, the primary entities often do not completely know the in-
formation of the secondary entities, such as channel conditions, battery levels,
application types, and even the total number of the secondary users. The sec-
ondary entities can take advantage of this to increase their negotiation power.

The next case study is related to Scenario 14 in Fig. 1.1, with details in [25].

1.3.1 Case Study: Dynamic Spectrum Bargaining with Incomplete Information

We consider a time-slotted system with the network model as in Fig. 1.2. Here,
PT and PR represent PU’s transmitter and receiver, and ST and SR represent
SU’s transmitter and receiver. Let hp, hs, hps, and hsp denote the channel gains of
the links PT -PR, ST -SR, PT -ST , and ST -PR, respectively. For simplicity, we
assume that the channel gains remain fixed across time slots. We further assume
that both the PU and the SU know the channel gains of all links through a
proper feedback mechanism. The PU and SU transmit with fixed power levels of
Pt and Ps, respectively.

We assume that the SU is an energy-constrained device (e.g., wireless sensor
or mobile device). We let C denote the SU’s energy cost, which is related to its
current battery status. The actual value of C is known only by the SU but not
by the PU. However, PU knows the distribution of C, and hence the information
is asymmetric and incomplete.
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Figure 1.2 The cooperation between one PU (PT-PR) and one SU (ST-SR)

Spectrum bargaining process can happen within a single time slot or over
multiple time slots. Here we only consider the bargaining within a single time
slot. Figure 1.3 illustrates three possibilities of the bargaining result within a
single time slot. Without loss of generality, we normalize the time slot length T

to 1, and denote τ � 1 as the bargaining overhead.
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Figure 1.3 Three possibilities of the bargaining process in a single time slot

• Figure 1.3(a): If PU’s direct channel condition hp is good enough, the PU will
choose direct transmission during the whole time slot and achieve a data
rate (measured in bits/s/Hz) Rdir = log2(1 + Pthp). In this case, the SU
cannot transmit and thus achieves a zero utility.

• Figure 1.3(b): If PU believes that cooperation may be beneficial, it can offer α
fraction of the time slot for SU’s own transmission. If SU rejects the offer,
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PU proceeds with direct transmission for the remaining time without the
cooperation of the SU.

• Figure 1.3(c): If SU accepts PU’s offer α during the bargaining phase, then
PU and SU transmit in the amplified and forward (AF) relay mode. The
PU achieves a data rate (measured in bits/s/Hz) [26]

Rr =
1
2

log2

(
1 + Pthp +

PtPshpshsp
Pthps + Pshsp + 1

)
, (1.1)

and the normalized data rate (per unit time) is (1− τ)(1− α)Rr. The SU
achieves a data rate (measured in bits/s/Hz)

Rs = log2(1 + Pshs), (1.2)

and the normalized data rate (per unit time) is (1− τ)αRs.

Apparently, a larger α means a higher data rate (thus a larger benefit) for SU
but a lower data rate for PU (due to reduction of transmission time). PU and
SU will therefore bargain with each other to determine the value of α that is
acceptable by both sides, by considering the network environment, opponent’s
history actions, and potential strategies.

The bargaining process described above is a dynamic Bayesian game, which
involves the PU’s and SU’s dynamic decision-making and belief updates. The
sequential equilibrium (SE) is a commonly used equilibrium concept for the dy-
namic Bayesian game, and is defined as a strategy profile and belief system which
satisfy the following three basic requirements [27]:

Requirement 1 The player taking the action must have a belief (probability dis-
tribution) about the incomplete information, reflecting what that player believes
about everything has happened so far.

Requirement 2 The action taken by a player must be optimal given the player’s
belief and the other players’ subsequent strategies.

Requirement 3 A player’s belief is determined by the Bayes’ rule whenever it
applies and the players’ hypothesized equilibrium strategies.

Requirement 2 shows that a player’s strategy at a given information set is
dependent on its belief. However, a player’s belief is derived from the players’
strategies higher up in the game tree according to Requirement 3. Requirements
2 and 3 together show that players’ beliefs at different stages of the game are
related to each other, and a single backward induction through the game tree
typically will not be enough to compute an SE [28]. Requirement 3 requires the
consistency between one player’s belief and players’ equilibrium strategies. We
will refer back to Requirements 1-3 when deriving the SEs later.

Depending on the number of stages involved in the bargaining, we will consider
the following two different models.
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One-Stage Bargaining Game
In this case, there is at most one stage of bargaining in a time slot. The proportion
of the slot after bargaining is δ = (1−τ) < 1, where τ is the duration of one-stage
bargaining. PU needs to decide: (i) whether to bargain, and (ii) the optimal offer
α if it decides to bargain. The SU should decide whether to accept α (if the PU
offers one).

The SU’s utility function Us of cooperation is the difference between the
achievable data rate and the energy cost

Us(α) = δ

(
αRs −

1 + α

2
PsC

)
, (1.3)

where Rs is given in (1.2). Here 1+α
2 PsC denotes all SU’s energy cost, including

the costs in relaying PU’s data and transmitting SU’s own data in this mecha-
nism. We can think C as data rate per watt the SU can get if it does not relay
for PU. Therefore, Us(α) is SU’s data rate increase by accepting α. Note that
the SU can always achieve a zero utility by not participating in the coopera-
tive communication. Given PU’s offer α, the optimal decision for SU is obvious:
accept α if and only if Us(α) > 0.

Without bargaining, the PU can always achieve Rdir through the direct trans-
mission as in Fig. 1.3(a). In that case, its data rate increase is zero. Without
any prior knowledge, PU assumes that C follows a uniform distribution in [K1,
K2], where 0 ≤ K1 < K2. If the SU rejects the offer as in Fig. 1.3(b), PU can
only directly transmit in the remaining δ time and achieve a negative data rate
improvement (δRdir −Rdir) < 0. If SU accepts the offer as in Fig. 1.3(c), PU
receives a data rate increase of δ(1− α)Rr − Rdir, which can be either positive
or negative. Here, Rr is given in (1.1. Therefore, if the PU decides to bargain
with the SU, it will choose α to maximize the PU’s utility (expected data rate
increase)

Up(α) = (δRdir −Rdir) Prob (Us(α) ≤ 0)+(δ(1− α)Rr −Rdir) Prob (Us(α) > 0) ,
(1.4)

where

Prob (Us(α) ≤ 0) = Prob (SU rejects offer) ,

and

Prob (Us(α) > 0) = Prob (SU accepts offer) .

Let us denote the optimal value of (1.4) as α∗, which is characterized by the
following theorem:

theorem 1.1 When K1 > Rs/Ps, Up(α) < 0 for any given α ∈ [0, 1]. When
K1 ≤ Rs/Ps,

α∗ = min

„
max

„
ᾱp,

K1

2Rs/Ps −K1

«
,min

„˛̨̨̨
K2

2Rs/Ps −K2

˛̨̨̨
, 1

««
, (1.5)

where ᾱp = 2
√

(Rs/Ps)(2Rr−Rdir)
2Rr(2Rs/Ps−K1)

− 1
2 .
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When K1 is larger than Rs/Ps, the SU will not accept any offer α from the
PU. In this case, the PU knows that the bargaining will fail and thus has to
choose direct transmission. When K1 ≤ Rs/Ps, PU will choose α∗ in (1.5) to
achieve the best tradeoff of data rate increase and performance loss. Note that
PU will compare Up(α∗) with zero and decides whether it is worth bargaining
or not. If Up(α∗) < 0, it will simply choose direct transmission. The one-stage
bargaining game is a subgame for the multi-stage bargaining game, and we will
use Theorem 1.1 in later analysis.

Multi-Stage Bargaining Game
Now we consider the case where the bargaining within a time slot can happen
over more than one stage. For the ease of illustration, we will focus on the
two-stage bargaining case. The more general multi-stage model can be similarly
analyzed.

Similar to the one-stage game, the utility functions are PU’s expected data
rate increase and SU’s data rate increase. We assume that PU’s belief about C
at the beginning of first-stage of bargaining is a uniform distribution over [0,K].
We denote δ1 and δ2 as the proportions of the time slot after bargaining in
the first and second stage. By setting different values of δ1 and δ2, we can model
different bargaining overheads. Compared with the one-stage bargaining, the key
characteristic here is that PU’s belief about C at the beginning of second-stage
may no longer be uniform over [0,K].

Figure 1.4 illustrates the sequential decisions and possible scenarios of this
two-stage bargaining game. PU and SU make decisions alternatively at the non-
leaf nodes. PU first makes the decision on whether to bargain. If it selects direct
transmission (D), the game ends. Otherwise, PU offers α1 to SU. If SU accepts
this offer, then the game ends. If SU rejects the offer, then PU makes a second
offer α2 to SU. Finally, SU either accepts or rejects α2. The game ends in both
cases. Every possible ending of the game is denoted by a black solid square
together with the corresponding utilities of PU (upper value) and SU (lower
value).

The two-stage bargaining game is more complex than the one-stage bargaining
model for two reasons: (i) The SU may reject α1 even though its utility is positive,
if it believes that α2 is much better; (ii) The PU needs to update its belief on C
at the end of the first stage (i.e., no longer uniform distribution over [0,K]) by
taking the SU’s strategic decision into consideration.

Based on Requirements 1-3, we further introduce the following notations:

• PU’s strategy: whether to bargain, the first-stage offer α1 if decides to bargain,
and the second-stage offer α2(α1) (i.e., as a function of α1) if SU rejects
α1.

• PU’s belief: µ1(C) (i.e., uniform distribution in [0,K]) denotes PU’s belief
on SU’s energy cost C at the beginning of the first stage, and µ2(C|α1)
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Figure 1.4 Game tree of one-slot two-stage bargaining

denotes PU’s updated belief about C at the beginning of the second stage
if SU rejects α1.

• SU’s strategy: [A1(α1|C),A2(α2|C,α1)]. A1(α1|C) = 1 if SU accepts α1 when
its energy cost is C, and A1(α1|C) = 0 otherwise. Likewise, A2(α2|C,α1) =
1 if SU accepts α2 (after rejecting α1) when its energy cost is C, and
A2(α2|C,α1) = 0 otherwise.

• SU’s belief: since SU knows its own energy cost C, its belief is a singleton set
(i.e., no uncertainty).

We will start our analysis from the second stage. Since this is the last stage of
the game, the analysis is similar to the one-stage game case. The PU needs to
optimize the choice of α2. More specifically, we can apply Requirement 2 to solve
SU’s strategy A2(α2|C,α1). Since this is the last move of the game, the optimal
strategy for SU in the second stage is to accept α2 if and only if the SU’s utility
δ1δ2α2Rs − 1+α2

2 δ1δ2PsC > 0. Such decision is independent of α1.
Given SU’s optimal strategy in the second stage A2(α2|C,α1), we can apply

Requirement 2 to compute the PU’s optimal strategy in the second stage. The PU
will calculate the optimal α2 that maximizes PU’s expected utility function Up,
given PU’s updated belief µ2(C|α1) and SU’s subsequent strategy A2(α2|C,α1).
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The tricky part is how to compute the belief µ2(C|α1), which depends on the
interaction in the first stage. In particular, we need to understand the SU’s
equilibrium strategy in the first stage in order to update PU’s belief in the
second stage.

We start our analysis given arbitrary first and second stage offers α1 and α2.
We further assume that K (upper bound of C) is reasonably large (i.e., K >
Rs
Ps

).1 Define

C∗(α1, α2) =
2Rs(α1 − δ2α2)

Ps((1 + α1)− δ2(1 + α2))
. (1.6)

The following lemma provides SU’s equilibrium strategy in the first stage for
given α1 and α2.

lemma 1.2 SU rejects α1 in the first stage if one of the following three is true:
(i) C ∈ [ 2α1Rs

Ps(1+α1)
,K] and α1 > α2, (ii) C ∈ [C∗(α1, α2),K] and δ2α2 < α1 ≤ α2,

or (iii) C ∈ [0,K] and α1 ≤ δ2α2. Otherwise, SU accepts α1.

With Lemma 1.2, we can derive two types of SEs for the two-stage bargaining
game by checking the consistence between the two stages.

For the first type of SE, α∗2 is slightly better than α∗1 (i.e., δ2α∗2 < α∗1 ≤ α∗2).
An SU with a small energy cost will accept α1 in the first stage so that it can
start to benefit immediately. An SU with a medium or large energy cost will wait
for the second stage hoping for a better offer. In the second stage, only an SU
with a medium energy cost will accept α2, and an SU with a high energy cost
has to reject α2. Note that the SU does not know the value of α2 in the first
stage, and thus it needs to make the above decisions by anticipating the value
of α2. The PU needs to decide α1 and α2 by taking the SU’s anticipation into
consideration. An SE exists if the SU’s anticipation is consistent with what the
PU offers.

The first type of SE is summarized in the following theorem.

theorem 1.3 Given the first stage offer α1, the beliefs and strategies for PU
and SU are:

• α∗2 (α1): the solution of the following fixed point equation of α2:

α2 = min
(

max
(
α∗p(K1(α1, α2)),

K1(α1, α2)
2Rs/Ps −K1(α1, α2)

)
,

min
(∣∣∣∣ K

2Rs/Ps −K

∣∣∣∣ , 1)) , (1.7)

where

α∗p(K1(α1, α2)) =

√
2Rs(2Rr −Rdir)

PsRr(2Rs/Ps −K1(α1, α2))
− 1

2

1 This assumption is made so as to have valid intervals in Lemma 1.2.
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and

K1(α1, α2) =
2Rs(α1 − δ2α2)

Ps((1 + α1)− δ2(1 + α2))
.

• µ1(C): PU believes C is uniformly distributed in [0,K].
• µ2(C|α1): PU updates its belief on C as uniform distribution in [C∗(α1, α

∗
2(α1)),K].

• A1(α1|C): SU rejects α1 if C ∈ [C∗(α1, α
∗
2(α1)),K].

• A2(α2|C,α1): SU accepts α2 if and only if δ1δ2α2Rs − 1+α2
2 δ1δ2PsC > 0.

Finally, PU chooses its first-stage offer α∗1 as follows,

α∗1 = arg max
α1∈[0,1]

((δ1(1− α1)Rr −Rdir)P1 +

(δ1δ2(1− α∗2(α1))Rr −Rdir)P2 + (δ1δ2 − 1)RdirP3) , (1.8)

where P1 = 1
KK1(α1), P2 = 1

K

(
2Rsα2

Ps(1+α2)
−K1(α1)

)
, and P3 = 1

K

(
K − 2Rsα2

Ps(1+α2)

)
.

PU will choose direct transmission if Up(α∗1) < 0. The above beliefs and strate-
gies constitute an SE if and only if δ2α∗2(α∗1) < α∗1 ≤ α∗2.

Next we examine the second type of SE, where α∗2 is much larger than α∗1 (i.e.,
α∗1 ≤ δ2α∗2).

theorem 1.4 The following beliefs and strategies constitute infinitely many
SEs.

• α∗2: a constant independent of α1:

α∗2 = min
(

max
(
α∗p, 0

)
,min

(∣∣∣∣ K

2Rs/Ps −K

∣∣∣∣ , 1)) ,
where α∗p =

√
2Rr−Rdir

Rr
− 1

2 .
• α∗1: any value satisfying α∗1 ≤ δ2α∗2.
• µ1(C) = µ2(C|α1): PU believes C is uniformly distributed in [0,K] in both

stages.
• A1(α1|C): SU will never accept α1.
• A2(α2|C,α1): SU will accept α2 if and only if δ1δ2α2Rs − 1+α2

2 δ1δ2PsC > 0.

We want to emphasize that SE given in Theorem 1.3 is just a potential equi-
librium result. Whether it exists in a particular game depends on the game
parameters. Theorems 1.3 and 1.4 illustrates how the PU and SU should inter-
act optimally in the one-slot multi-stage bargaining. Proving the uniqueness of
sequential equilibrium is still an open problem.

1.3.2 Further Research Directions

The interaction between a PU and an SU can go beyond one time slot. If the SU’s
battery level decreases slowly with transmissions (so that they can be approxi-
mated as fixed), we can model the interaction as an infinite horizon bargaining
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with incomplete information. The “reputation effect” [29] starts to exercise an
influence: an SU with a high battery level may choose to reject a good offer,
hoping to create a “tough” reputation and get even better offers in the future. If
the SU’s battery level decreases rapidly with transmissions, then a finite horizon
bargaining model is more appropriate.

Incomplete information in other scenarios maybe better tackled using method-
ologies such as contract design and differential pricing. For example, when a
primary entity faces many different types of secondary entities, it can design a
contract that is incentive-compatible (e.g., every secondary entity self-selects the
“best” choice from the primary entity’s perspective) and individually rational
(e.g., every secondary entity prefers sharing the spectrum to not participating).
Our prior result [30] considered the contract-based spectrum trading between
one PU and several SUs.

As a concrete example of applying contract theory in our case, we might
consider the channel condition uncertainty. When there are many SUs in the
network, each SU’s transmitter experiences a different channel condition to the
PU’s receiver. The PU only knows the distribution of the channel conditions, and
needs to pick the “best” SU(s) for cooperative communications. Our preliminary
results show that it is possible to design a contract to achieve this goal. More
specifically, the PU can offer an “effort-reward” menu, which assigns different
rewards (SU transmission time α) to different SU effort levels (measured based
on the received power at the PU’s receiver). Then each SU just picks the menu
item that best suits its own channel condition and transmission power limit.
Multiple SUs can help the same PU simultaneously by using the space-time
coding. In a more challenging case, we consider the channel variation due to
fading. When the PU does not receive the expected signal from the SU, it needs
to figure out whether a deep fading happened or the SU simply did not relay the
traffic. A contract design in this case may need to take the interaction history
into consideration.

1.4 Primary-Secondary Decision Coupling

When primary entities interact with secondary entities, their decisions can be
loosely or tightly coupled. As an example of the loose coupling case, the secondary
operators make the spectrum leasing decisions assuming the primary operators’
prices are fixed (e.g., our results [31,32]). In the tight coupling case, however, at
least one side (primary or secondary) considers the impact of its decision on the
other side’s choices. When both sides make decisions like this, we have a game
theoretical interaction.

The next case study is related to Scenario 7 in Fig. 1.1, with details in [33].
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1.4.1 Case Study: Revenue Maximization Based on Interference Elasticity

We consider a PU who owns a wireless spectrum of bandwidth B̄. The PU is able
to tolerate a maximum interference temperature P̄ /B̄. More specifically, the PU
can allow SUs to share a total spectrum of bandwidth B with a total generated
interference power at the PU’s receiver as P , as long as B ≤ B̄ and P/B ≤ P̄ /B̄.

There exists a setM = {1, . . . ,M} of SUs, who transmit to the same secondary
base station. We focus on the case where the secondary base station is co-located
with the PU’s receiver. In this case, the total power received from the secondary
users at the base station is the same as the total tolerable interference at the
PU’s receiver.

An SU i′s valuation of the resource is characterized by a utility function
Ui (θi, γi(p)), which is increasing, strictly concave, and twice continuously differ-
entiable of its signal-to-interference plus noise ratio (SINR) at the base station

γi (p) =
pi

n0 + p−i/B
, (1.9)

where n0 is the background noise power density, pi is the power received from
user i at the secondary base station, p−i =

∑
j 6=i,j∈M pj , p = (pi, p−i), and θi

is a user-dependent parameter. We assume that SUs choose spread spectrum
transmission over the entire allowed bandwidth B, and thus the interference of
an SU i is the total received power from other SUs scaled by the bandwidth.
To simplify the notations, we denote U ′i (θ, γ) = ∂Ui (θ, γ) /∂γ and U ′′i (θ, γ) =
∂2Ui (θ, γ) /∂γ2.

The key constraint is that the total power allocation satisfies∑
i∈M

pi = pi + p−i ≤ P, (1.10)

where P is the total tolerable interference at the PU’s receiver.
The power allocation is performed in a distributed fashion via pricing. The

PU announces a positive unit price π. Each SU i submits the demand p∗i (p−i, π)
to maximize his surplus

p∗i (π, p−i, θi) = arg max
p̂i≥0

Si (π, p̂i, p−i, θi)

= arg max
p̂i≥0

Ui (θi, γi (p̂i, p−i))− πp̂i. (1.11)

It is clear that SUs play a noncooperative game here, since an SU’s decision p∗i
depends on other SUs’ choice p−i. Details of such game theoretical analysis for
a finite system can be found in [34].

Here, we focus on a large system limit where there are many SUs sharing a large
bandwidth. Mathematically, we focus on the asymptotic behavior as P , B, M go
to infinity, while keeping P/M and P/B fixed. We can show that if the utilities
are asymptotically sublinear with respect to γi (i.e., limγi→∞

1
γi
Ui (θi, γi) = 0 for

all i) and θi is continuously distributed in a nonnegative interval
[
θ, θ̄
]
, then we

can always find a price market clearing price π∗ such that
∑M
i=1 p

∗
i

(
p∗−i, π

∗) = P .
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More importantly, an SU i’s SINR at the market equilibrium is

γi (pi) =
pi

n0 + P/B
, (1.12)

i.e., the interference experienced by any SU i is a user-independent constant
P/B.

The sublinear requirement can be satisfied by many common utility functions,
e.g., θ ln (γ), θ ln (1 + γ), θγα (α ∈ (0, 1)), and any upper-bounded utility such
as 1 − e−θγ . The user-independent property of the interference makes the large
system limit analytically more attractable than the finite system. In [34] we
showed that this large system limit can be reached with moderate number of
users (less than 20) in practice.

Next will restrict our study to revenue management at the market clearing
price π∗. The results can be easily generalized to the case where the primary
user can choose a price that does not clear the market, in which case the primary
user may increase the revenue by further price discriminating among users [35].

Elasticities in a Large System
To simplify the notation, let us write I = P/B. An SU i’s surplus is a function
of the price π, interference I, and power allocation p:

S (π, p, I, θ) = U

(
θ,

p

n0 + I

)
− πp. (1.13)

Here we consider a generic SU and omit the user index i.
The power demand function po (π, I, θ) (i.e., optimal choice of power for a user

to maximize its surplus) is

po (π, I, θ) = arg max
p̂≥0

S (π, p̂, I, θ)

=
{

(n0 + I) g−1
θ (π (n0 + I)) , U ′ (θ, 0) > π (n0 + I)

0, U ′ (θ, 0) ≤ π (n0 + I)
, (1.14)

where gθ (γ) = U ′ (θ, γ) and the superscript −1 denotes the inverse function.
The corresponding SINR demand function is γo (π, I, θ) = po (π, I, θ) / (n0 + I).

Proposition 1.5 In a large system,

∂γo (π, I, θ)
∂I

=
π

U ′′ (θ, γo (π, I, θ))
< 0 (1.15)

for π < U ′ (θ, 0) /(n0 + I).

Proposition 1.5 shows that an SU will always choose a smaller SINR when
the interference increases. This is, however, not the case for power demand
po (π, I, θ).

To facilitate further discussion, we first introduce the power-price elasticity
used in economics:
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definition 1.6 Power-price elasticity in a large system is

eπ (po (π, I, θ)) =
∂po (π, I, θ) /po (π, I, θ)

∂π/π
. (1.16)

Since the utility function is concave in γ, thus the power demand curve has a
negative slope, and the power-price elasticity is always negative [36]. The elas-
ticity characteristic Leπ(po(π,I,θ)) is defined as [35]:

Leπ(po(π,I,θ)) =


elastic, eπ ∈ (−∞,−1)
unitary elastic, eπ = −1
inelastic, eπ ∈ (−1, 0)

(1.17)

Next we define the power-interference elasticity which is new here:

definition 1.7 Power-interference elasticity in a large system is

eI (po (π, I, θ)) =
∂po (π, I, θ) /po (π, I, θ)

∂I/ (n0 + I)
. (1.18)

The power-interference elasticity shows how the power demand changes with
respect to the change of interference. Although it is possible to give a similar
definition of the elasticity characteristic of eI (po (π, I, θ)) as in (1.17), we are
more interested in the sign of (1.18) since it is not necessarily negative as shown
below.

Proposition 1.8 In the large system limit,

eI (po (π, I, θ)) = eπ (po (π, I, θ)) + 1 (1.19)

for π < U ′ (θ, 0) /(n0 + I).

Proposition 1.8 shows the simple relationship between the power-interference
and the power-price elasticities. Moreover, the sign of eI (po (π, I, θ)) depends
simply on the elasticity characteristic of eπ (po (π, I, θ)).

Table 1.1 shows both elasticities for some common utility functions, when
π < U ′ (θ, 0) /(n0 + I).

Table 1.1 Elasticity of power demand in a large system

U (θ, γ) Power-price elasticity Power-interference elasticity

θ ln (γ) −1 0

θ ln (γ + 1) − θ
θ−π(n0+I)

< −1 − π(n0+I)
θ−π(n0+I)

< 0

θγα (α ∈ (0, 1)) − 1
1−α < −1 − α

1−α < 0

1− e−θγ − 1

ln
“

θ
π(n0+I)

” < 0 −
1−ln

“
θ

π(n0+I)

”
ln

“
θ

π(n0+I)

” < 1

Similarly, we can define the aggregated power-price elasticity (aggregate power-
interference elasticity, respectively) in a large system as eAπ

(∑M
i=1 p

o
i (π, I, θi)

)
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(eAI
(∑M

i=1 p
o
i (π, I, θi)

)
, respectively) by substituting po (π, I, θ) in Definition

1.6 (Definition 1.7, respectively) with
∑M
i=1 p

o
i (π, I, , θi). It is easy to show that

eAI

(
M∑
i=1

poi (π, I, θi)

)
= eAπ

(
M∑
i=1

poi (π, I, θi)

)
+ 1. (1.20)

PU’s Revenue Maximization
First consider the impact ofB and P on secondary users’ total utility

∑
i∈M Ui(θi, γi).

theorem 1.9 In the large system limit, the secondary users’ total utility is
maximized at the market clearing price. Moreover, the total utility and the active
users’ SINRs are increasing in P and B.

This show that allowing more bandwidth or more tolerable interference to
the secondary users will increase the secondary users’ QoS. This is intuitive, as
more bandwidth means less interference and more tolerable interference (from the
primary user’s point of view) means higher transmission power (for the secondary
users), both will lead to high SINRs of the secondary users.

The impact of B and P on the revenue of the primary user, however, is more
complicated.

theorem 1.10 In the large system limit,

∂R/∂B


> 0, eAI

(∑M
i=1 p

o
i (π∗, I, θi)

)
< 0

= 0, eAI

(∑M
i=1 p

o
i (π∗, I, θi)

)
= 0

< 0, eAI

(∑M
i=1 p

o
i (π∗, I, θi)

)
> 0

, (1.21)

where π∗ is the market clearing price.

theorem 1.11 In the large system limit,

∂R/∂P


> 0, eAI

(∑M
i=1 p

o
i (π∗, I, θi)

)
< 0

= 0, eAI

(∑M
i=1 p

o
i (π∗, I, θi)

)
= 0

< 0, eAI

(∑M
i=1 p

o
i (π∗, I, θi)

)
> 0

,

where π∗ is the market clearing price. If n0 is negligible compared with interfer-
ence for all i, then revenue R does not change with P , i.e., ∂R/∂P = 0.

Theorems 1.10 and 1.11 show that the aggregated power-interference elasticity
is important for the PU’s revenue maximization decision. First, if it is negative,
the PU should increase P and B until it becomes zero, or the resource is ex-
hausted, or the interference temperature is reached. Second, if it is positive, the
PU should decrease P and B until it becomes zero, or the last SU is indifferent
in joining or quitting the system (but is still active), or the interference temper-
ature is reached. Finally, if it is zero, nothing needs to be done since the revenue
is already maximized.
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1.4.2 Further Research Directions

The PO (or PU) can achieve a higher revenue by using the differential pricing,
which charges SUs differently based on their individual power-interference elas-
ticities. If the PO only knows the statistical elasticity information but not the
exact value of any particular SU, then it can design an incentive-compatible price
differentiation scheme (similar as the one we proposed in [37]). In general the
incomplete network information reduces the revenue. It would be useful to char-
acterize the relationship between such revenue loss and the system parameters,
and in particular, identify the conditions under which the loss is zero.

The PO can further improve its revenue by dynamically adjusting the resource
allocations between PUs and SUs. In [38], we studied the capacity allocation
and pricing decisions of a macrocell provider who also offers femtocell services.
Motivated by the concept of “cognitive femtocell” [39], we can generalize the
model in [38]to a DSM regime, where PUs are served by the macrocell and SUs
are served by the femtocell. Such generalization is not straightforward, as we
need to provide priority services to the PUs in DSM and thus need to manage
the interferences differently from [40].

The PO has an even higher control flexibility when the PUs and SUs arrive and
depart stochastically. When the active number of PUs is small in the network,
the PO can provide more resources to the SUs to gain higher revenue. This
opportunistic resource allocation, however, makes it challenging to guarantee
PUs’ QoS. As an example, consider a PO serving both QoS-sensitive PUs and
price-sensitive SUs. Both types of users have elastic data applications and thus
can adjust instantaneous transmission rates according to network conditions.
PUs are priced based on durations and SUs are charged flat admission fees. We
can model the network as a queueing system and examine how the two types
of users react to different types of pricing signals. An especially interesting case
is where a user can claim as either a PU or an SU at admission, depending
on its application and the network prices at that time. We will solve the PO’s
revenue-maximizing service and pricing policy in this case.

1.5 Interaction Mechanisms

There are many interaction mechanisms between primary and secondary entities.
The first mechanism is between the primary user(s) and the secondary user(s)
(e.g., our results in [25, 41]). The second mechanism is between the (primary or
secondary) users and the (secondary or primary) operators (e.g., our results [33]).
The third mechanism is between the primary and secondary operators (e.g.,
our results in [31, 32, 42, 43]). Different mechanisms represent different network
architectures and implementation challenges.

The next case study is related to Scenario 3 in Fig. 1.1, with details in [43].
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1.5.1 Case Study: Cognitive Mobile Virtual Network Operator

In this case study, we study the operation of a cognitive radio network that
consists of a cognitive mobile virtual network operator (C-MVNO) and a group
of SUs. The word “virtual” refers to the fact that the operator does not own
the wireless spectrum bands or even the physical network infrastructure. The
C-MVNO serves as the interface between the spectrum owner and the SUs. The
word “cognitive” refers to the fact that the operator can obtain spectrum re-
source through both spectrum sensing using the cognitive radio technology and
dynamic spectrum leasing from the spectrum owner. The operator then resells
the obtained spectrum (bandwidth) to secondary users to maximize its profit.
The proposed model is a hybrid of the hierarchical-access and dynamic exclu-
sive use models. It is applicable in various network scenarios, such as achieving
efficient utilization of the TV spectrum in IEEE 802.22 standard [44]. This stan-
dard suggests that the secondary system should operate on a point-to-multipoint
basis, i.e., the communications will happen between secondary base stations and
secondary customer-premises equipment.

Spectrum sensing obtains awareness of the spectrum usage and existence of
primary users, by using geolocation and database, beacons, or cognitive radios.
The primary users are oblivious to the presence of secondary cognitive network
operators or users. The secondary network operator or users can sense and utilize
the unused “spectrum holes” in the licensed spectrum without violating the
usage rights of the primary users. Since the secondary operator or users does not
know the primary users’ activities before sensing, the amount of useful spectrum
obtained through sensing is uncertain.

With dynamic spectrum leasing, a spectrum owner allows secondary users to
operate in their temporarily unused part of spectrum in exchange of economic
return. The dynamic spectrum leasing can be short-term or even real-time, and
can be at a similar time scale of the spectrum sensing operation.

To illustrate the opportunity and trade-off of spectrum sensing and leasing,
we consider a spectrum owner who divides its licensed spectrum into two types:

• Service Band : This band is reserved for serving the spectrum owner’s PUs.
Since the PUs’ traffic is stochastic, there will be some unused spectrum
which changes dynamically. The operator can sense and utilize the un-
used portions. There are no explicit communications between the spectrum
owner and the operator.

• Transference Band : The spectrum owner temporarily does not use this band.
The operator can lease the bandwidth through explicit communications
with the spectrum owner. Since the transference band is not used for serving
PUs, there are no “spectrum holes” and there is no need for sensing in this
band.

Due to the short-term property of both sensing and leasing, the operator needs
to make both the sensing and leasing decisions in each time slot.
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  Spectrum Owner’s Service Band Spectrum Owner’s Transference Band
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Figure 1.5 Operator’s Investment in Spectrum Sensing and Leasing

The example in Fig. 1 demonstrates the dynamic opportunities for spectrum
sensing, the uncertainty of sensing outcome, and the impact of sensing or leasing
decisions. The spectrum owner’s entire band is divided into small 34 channels.2

• Time slot 1: PUs use channels 1− 4 and 11− 15. The operator is unaware of
this and senses channels 3 − 8. As a result, it obtains 4 unused channels
(5−8). It leases additional 9 channels (20−28) from the transference band.

• Time slot 2: PUs change their behavior and use channels 1− 6. The operator
senses channels 5 − 14 and obtains 8 unused channels (7 − 14). It leases
additional 5 channels (23− 27) from the transference band.

The key decisions variables and system parameters include the following:

• Investment decisions Bs and Bl: the operator’s sensing and leasing band-
widths, respectively.

• Sensing realization factor α: when the operator senses a total bandwidth of
Bs in a time slot, only a proportion of α ∈ [0, 1] is unused and can be used
by the operator. α is a random variable and depends on the primary users’
activities. With perfect sensing results, users can use bandwidth up to Bsα
without generating interferences to the primary users.

• Cost parameters Cs and Cl: the operator’s fixed sensing and leasing costs
per unit bandwidth, respectively. Sensing cost Cs depends on the opera-
tor’s sensing technologies. Consider the commonly used energy detection
for sensing technology. To track and measure the energy of received signal,
the operator needs to use a bandpass filter to square the output signal
and then integrate over a proper observation interval. Thus the sensing
cost only involves time and energy spent on channel sampling and signal
processing. We assume that total sensing cost is linear in the sensing band-
width Bs. Leasing cost Cl is determined through the negotiation between
the operator and the spectrum owner and is assumed to be larger than Cs.

• Pricing decision π: the operator’s choice of price per unit bandwidth to the
users.

2 Channel 16 is the guard band between the service and transference bands.
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Stackelberg Game Formulation
We model the interaction between the (secondary) operator and (secondary)
users as a Stackelberg Game. The operator is the Stackelberg leader. It decides
the sensing amount Bs in Stage I, the leasing amount Bl in Stage II (based on
the sensing result Bsα), and the price π in Stage III (based on the total supply
Bsα+Bl). The users are followers and choose how much spectrum to purchase
based on the price in Stage IV.

The Stackelberg game falls into the class of dynamic game, and the common
solution concept is the Subgame Perfect Equilibrium (SPE). Note that a subgame
perfect equilibrium is a refinement of a Nash equilibrium used in dynamic games
[45]. A general technique for determining the SPE is the backward induction [46].
We will start with Stage IV and analyze the users’ behaviors given the operator’s
investment and pricing decisions. Then we will look at Stage III and analyze
how the operator makes the pricing decision given investment decisions and the
possible reactions of the users in Stage IV. Finally we proceed to derive the
operator’s optimal leasing decision in Stage II and then the optimal sensing
decision in Stage I. The backward induction captures the sequential dependence
of the decisions in four stages.

Spectrum Allocation in Stage IV
In Stage IV, end-users determine their bandwidth demands given the unit price
π announced by the operator in stage III.

Each user can represent a transmitter-receiver node pair in an ad hoc network,
or a node that transmits to the operator’s base station in an uplink scenario. We
assume that users access the spectrum provided by the operator through OFDM
(Orthogonal frequency-division multiplexing) to avoid mutual interferences. User
i’s achievable rate (in nats) is:

ri(wi) = wi ln
(

1 +
Pmax
i hi
n0wi

)
, (1.22)

where wi is the allocated bandwidth from the operator, Pmax
i is user i’s maximum

transmission power, n0 is the noise power per unit bandwidth, hi is user i’s
channel gain between user i’s transmitter to the operator’s secondary base station
in an uplink scenario. To obtain rate in (1.22), user i spreads its maximum
transmission power Pmax

k across the entire allocated bandwidth wi. To simplify
the notation, we let gi = Pmax

i hi/n0, thus gi/wi is the user i’s signal-to-noise
ratio (SNR). Here we focus on best-effort users who are interested in maximizing
their data rates. Each user only knows its local information (i.e., Pmax

i , hi, and
n0) and does not know anything about other users.

From a user’s point of view, it does not matter whether the bandwidth has
been obtained by the operator through spectrum sensing or dynamic leasing.
Each unit of allocated bandwidth is perfectly reliable for the user.

To obtain closed-form solutions, we focus on the high SNR regime where
SNR � 1. This is motivated by the fact that users often have limited choices
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of modulation and coding schemes, and thus may not be able to decode a trans-
mission if the SNR is below a threshold. In [43], we show that the insights derived
from the high SNR regime also applies to the general SNR regime. In the high
SNR regime, the rate in (1.22) can be approximated as

ri(wi) = wi ln
(
gi
wi

)
. (1.23)

A user i’s payoff is a function of the allocated bandwidth wi and the price π,

ui(π,wi) = wi ln
(
gi
wi

)
− πwi, (1.24)

i.e., the difference between the data rate and the linear payment (πwi). Payoff
ui(π,wi) is concave in wi, and the unique bandwidth demand that maximizes
the payoff is

w∗i (π) = arg max
wi≥0

ui(π,wi) = gie
−(1+π), (1.25)

which is always positive, linear in gi, and decreasing in price π. Since gi is linear in
channel gain hi and transmission power Pmax

i , then a user with a better channel
condition or a larger transmission power has a larger demand.

Equation (1.25) shows that each user i achieves the same SNR:

SNRi =
gi

w∗i (π)
= e(1+π),

but a different payoff that is linear in gi,

ui(π,w∗i (π)) = gie
−(1+π).

We denote users’ aggregate wireless characteristics as G =
∑
i∈I gi. The users’

total demand is ∑
i∈I

w∗i (π) = Ge−(1+π). (1.26)

Next, we consider how the operator makes the investment (sensing and leasing)
and pricing decisions in Stages I-III based on the total demand in (1.26). In
particular, we will show that the operator will always choose a price in Stage
III such that the total demand (as a function of price) does not exceed the total
supply.

Optimal Pricing Strategy in Stage III
We focus on the uplink transmissions in an infrastructure based secondary net-
work (like the one proposed in IEEE 802.22 standard), where the secondary
users need to communicate directly with the secondary base station (i.e., the
operator). Similar as today’s cellular network, a user needs to register with the
operator when it enters and leaves the network. Thus at any given time, the
operator knows precisely how many users are using the service. Equation (1.25)
shows that each user’s demand depends on the received power (i.e., the product
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Figure 1.6 Different intersection cases of D(π) and S(π)

of its transmission power and the channel gain) at the secondary base station in
the uplink cellular network. This can be measured at the secondary base station
when the user first registers with the operator. Thus the operator knows the
exact demand from the users as well as user population in our model.

In Stage III, the operator determines the optimal pricing considering users’
total demand (1.26), given the bandwidth supply Bsα+Bl obtained in Stage II.
The operator profit is

R(Bs, α,Bl, π) = min

(
π
∑
i∈I

w∗i (π), π (Bl +Bsα)

)
− (BsCs +BlCl) , (1.27)

which is the difference between the revenue and total cost. The min operation
denotes the fact that the operator can only satisfy the demand up to its available
supply. The objective of Stage III is to find the optimal price π∗ (Bs, α,Bl) that
maximizes the profit, that is,

RIII(Bs, α,Bl) = max
π≥0

R(Bs, α,Bl, π). (1.28)

The subscript “III” denotes the best profit in Stage III.
Since the bandwidths Bs and Bl are given in this stage, the total cost BsCs +

BlCl is already fixed. The only optimization is to choose the optimal price π to
maximize the revenue, i.e.,

max
π≥0

min

(
π
∑
i∈I

w∗i (π), π (Bl +Bsα)

)
. (1.29)

The solution of problem (1.29) depends on the bandwidth investment in Stages
I and II. Let us define D(π) = π

∑
i∈I w

∗
i (π) and S(π) = π(Bl + Bsα). Figure

1.6 shows three possible relationships between these two terms, where Sj(π) (for
j = 1, 2, 3) represents each of the three possible choices of S(π) depending on
the bandwidth Bl +Bsα:
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• S1(π) (excessive supply): No intersection with D(π);
• S2(π) (excessive supply): intersect once with D(π) where D(π) has a non-

negative slope;
• S3(π) (conservative supply): intersect once with D(π) where D(π) has a neg-

ative slope.

In the excessive supply regime, maxπ≥0 min (S(π), D(π)) = maxπ≥0D(π), i.e.,
the max-min solution occurs at the maximum value of D(π) with π∗ = 1. In this
regime, the total supply is larger than the total demand at the best price choice.
In the conservative supply regime, the max-min solution occurs at the unique
intersection point of D(π) and S(π). The above observations lead to the following
result.

theorem 1.12 The optimal pricing decision and the corresponding optimal
profit at Stage III can be characterized by Table 1.2.

Table 1.2 Optimal Pricing Decision and Profit in Stage III

Total Bandwidth Obtained Optimal Price Optimal Profit
in Stages I and II π∗ (Bs, α,Bl) RIII(Bs, α,Bl)

(ES) Excessive Supply 1 Ge−2 −BsCs −BlCl
(Bl +Bsα ≥ Ge−2)

(CS) Conservative Supply ln
“

G
Bl+Bsα

”
− 1 (Bl +Bsα) ln

“
G

Bl+Bsα

”
(Bl +Bsα < Ge−2) −Bs(α+ Cs)−Bl(1 + Cl)

Note that in the excessive supply regime, some bandwidth is left unsold (i.e.,
S(π∗) > D(π∗)). This is because the acquired bandwidth is too large, and selling
all the bandwidth will lead to a very low price that decreases the revenue (the
product of price and sold bandwidth). The profit can be apparently improved if
the operator acquires less bandwidth in Stages I and II. Later analysis in Stages
II and I will show that the equilibrium of the game must lie in the conservative
supply regime if the sensing cost is non-negligible. In the conservative supply
regime, the optimal price still guarantees supply equal to demand (i.e., market
equilibrium).

Optimal Leasing Strategy in Stage II
In Stage II, the operator decides the optimal leasing amount Bl given the sensing
result Bsα:

RII(Bs, α) = max
Bl≥0

RIII(Bs, α,Bl). (1.30)

We decompose problem (1.30) into two subproblems based on the two supply
regimes in Table 1.2 (where superscripts ES and CS denote the corresponding
results in two different regimes):
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1. Choose Bl to reach the excessive supply regime in Stage III:

RESII (Bs, α) = max
Bl≥max{Ge−2−Bsα,0}

RESIII(Bs, α,Bl). (1.31)

2. Choose Bl to reach the conservative supply regime in Stage III:

RCSII (Bs, α) = max
0≤Bl≤Ge−2−Bsα

RCSIII(Bs, α,Bl), (1.32)

To solve subproblems (1.31) and (1.32), we need to consider the bandwidth
obtained from sensing.

• Excessive Supply (Bsα > Ge−2): in this case, the feasible sets of both subprob-
lems (1.31) and (1.32) are empty. In fact, the bandwidth supply is already
in the excessive supply regime as defined in Table II, and it is optimal not
to lease in Stage II.

• Conservative Supply (Bsα ≤ Ge−2): first, we can show that the unique opti-
mal solution of subproblem (1.31) is B∗l = Ge−2 − Bsα. This means that
the optimal objective value of subproblem (1.31) is no larger than that of
subproblem (1.32), and thus it is enough to consider subproblem (1.32) in
the conservative supply regime only.

Base on the above observations and some further analysis, we can show the
following:

theorem 1.13 In Stage II, the optimal leasing decision and the corresponding
optimal profit are summarized in Table 1.3.

Table 1.3 Optimal Leasing Decision and Profit in Stage II

Sensing Result Optimal Leasing Optimal Profit
Bsα in Stage I Decision B∗

l RII(Bs, α)

(CS1) Bsα ≤ Ge−(2+Cl) Ge−(2+Cl) −Bsα Ge−(2+Cl) +Bs(αCl − Cs)

(CS2) Bsα ∈
“
Ge−(2+Cl), Ge−2

i
0 Bsα ln

“
G
Bsα

”
−Bs(α+ Cs)

(ES3) Bsα > Ge−2 0 Ge−2 −BsCs

Table 1.3 contains three cases based on the value of Bsα: (CS1), (CS2), and
(ES3). The first two cases involve solving the subproblem (1.32) in the conserva-
tive supply regime, and the last one corresponds to the excessive supply regime.
Although the decisions in cases (CS2) and (ES3) are the same (i.e., zero leasing
amount), we still treat them separately since the profit expressions are different.

It is clear that we have an optimal threshold leasing policy here: the operator
wants to achieve a total bandwidth equal to Ge−(2+Cl) whenever possible. When
the bandwidth obtained through sensing is not enough, the operator will lease
additional bandwidth to reach the threshold; otherwise the operator will not
lease.
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Optimal Sensing Strategy in Stage I
In Stage I, the operator will decide the optimal sensing amount to maximize its
expected profit by taking the uncertainty of the sensing realization factor α into
account. The operator needs to solve the following problem

RI = max
Bs≥0

RII (Bs) ,

where RII (Bs) is obtained by taking the expectation of α over the profit func-
tions in Stage II (i.e., RCS1

II (Bs, α), RCS2
II (Bs, α), and RES3

II (Bs, α) in the third
column of Table 1.3).

To obtain closed-form solutions, we assume that the sensing realization fac-
tor α follows a uniform distribution in [0, 1]. In [43], we prove that the major
engineering insights also hold under any general distribution.

To avoid the trivial case where sensing is so cheap that it is optimal to sense
a huge amount of bandwidth, we further assume that the sensing cost is non-
negligible and is lower bounded by Cs ≥ (1− e−2Cl)/4. Through the derivations
in [43], we can show that the optimal sensing decision is made in the following
two cost regimes.

• High sensing cost regime (Cs > Cl/2): it is optimal not to sense. Intuitively,
the coefficient 1/2 is due to the uniform distribution assumption of α, i.e.,
on average obtaining one unit of available bandwidth through sensing costs
2Cs.

• Low sensing cost regime (Cs ∈
[

1−e−2Cl

4 , Cl2

]
): the optimal sensing amount

BL∗s is the unique solution to the following equation:

∂R2
II(Bs)
∂Bs

=
1
2

ln
(

1
Bs/G

)
− 3

4
− Cs −

(
e−(2+Cl)

2Bs/G

)2

= 0. (1.33)

The uniqueness of the solution is due to the strict concavity of R2
II(Bs) over

Bs. We can further show that BL∗s lies in the interval of
[
Ge−(2+Cl), Ge−2

]
and is linear in G. Finally, the operator’s optimal expected profit is

RLI =
BL∗s

2
ln
(

G

BL∗s

)
− BL∗s

4
+

1
4BL∗s

(
G

e2+Cl

)2

−BL∗s Cs. (1.34)

Based on these observations, we can show the following:

theorem 1.14 In Stage I, the optimal sensing decision and the corresponding
optimal expected profit are summarized in Table 1.4. The optimal sensing decision
B∗l is linear in G.

Equilibrium Summary and Observations
We summarize the operator’s equilibrium sensing/leasing/pricing decisions and
the equilibrium resource allocations to the users in Table 1.5. These decisions can
be directly computed by the operator in each time slot without using any iterative
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Table 1.4 Optimal Sensing Decision and Expected Profit in Stage I

Sensing Cost Regime Optimal Sensing Optimal Expected
Decision B∗

s Profit RI

(H) High: Cs ≥ Cl/2 0 RHI = Ge−(2+Cl)

(L) Low: Cs ∈
ˆ
(1− e−2Cl)/4, Cl/2

˜
BL∗s (Solution of (1.33)) RLI in (1.34)

Table 1.5 The Operator’s and Users’ Equilibrium Behaviors

Sensing Cost Regimes High Sensing Cost Low Sensing Cost

Optimal Sensing B∗
s 0 BL∗s as solution to (1.33)

Sensing Realization α α ≤ 1 α ≤ Ge−(2+Cl)

BL∗s
α > Ge−(2+Cl)

BL∗s

Optimal Leasing B∗
l Ge−(2+Cl) Ge−(2+Cl) −BL∗s α 0

Optimal Pricing π∗ 1 + Cl 1 + Cl ln
“

G
BL∗s α

”
− 1

Expected Profit RI Ge−(2+Cl) RLI in (1.34) RLI in (1.34)

User i ’s SNR e(2+Cl) e(2+Cl) G
BL∗s α

User i ’s Payoff gie
−(2+Cl) gie

−(2+Cl) gi(B
L∗
s α/G)

algorithm. We have several interesting observations, with detailed discussions
in [43].

• Linear investment : both the optimal sensing decision B∗s and leasing deci-
sion B∗l are linear in the users’ aggregate wireless characteristics G =∑
i∈I P

max
i hi/n0.

• Independent Price: the optimal pricing decision π∗ in Stage III is independent
of users’ aggregate wireless characteristics G.

• Threshold structure: the operator will sense the spectrum only if the sensing
cost is lower than a threshold. Also, it will lease additional spectrum only
if the spectrum obtained through sensing is below a threshold.

1.5.2 Further Research Directions

First, an SO may obtain resources from several different POs. It is also possible
for several SOs to lease and sense from the same PO. It would be interesting
to study the impact of limited total resources and the spatial variations on the
SOs’ competitions.

Second, it would be useful to compare the pros and cons of different interaction
mechanisms. For example, a PO can sell spectrum resources to an SO, who in
turn sells to SUs. In this case, the SO is often referred to as a spectrum broker.
This indirect approach leads to a small transaction cost for the PO, as it does
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not need to interact directly with many different types of SUs. The PO can also
directly sell resources to the SUs without going through a middleman. This can
potentially increase the PO’s revenue at the expense of an increased transaction
cost. For example, the PO needs to have an infrastructure that can effectively
communicate with the SUs wherever they are. Depending on the application
scenario, sometimes it is worthwhile to adopt a hybrid approach. There exists a
rich body of literature on “direct vs. retailer channels” in marketing (e.g., [47]
and the references therein) that are relevant for this line of study.

Sometimes the same operator may serve as both a PO and an SO. Consider
two operators licensed in adjacent bands. A licensed operator becomes an SO if
it needs to lease additional spectrum from its neighbor during peak hours. Such
“spectrum pooling” is relatively easy to implement between different types of
operators [48]. The sharing between two similar operators (e.g., two commercial
cellular operators), however, can be tricky due to market competition. The oper-
ators need to balance the short-term leasing income and the potential long-term
loss of market share. This can be modeled as a coalitional game by considering
future payoffs.

1.6 Dynamic Decision Processes

Wireless networks are dynamic in nature, as channels change due to fading, nodes
change due to mobility, and application sessions change due to users’ arrivals and
departures. A unique type of dynamics for DSM is that the channel availabilities
for secondary users change in time, frequency, and space due to primary users’
activities. It is critical to incorporate various dynamics into the decision process.

The following case study is related to Scenario 16 in Fig. 1.1, with details
in [49].

1.6.1 Case Study: Admission Control and Resource Allocation Delay-Sensitive
Communications [49]

We consider an infrastructure-based secondary unlicensed network as shown in
Fig. 1.7, where a secondary network operator (or simply “operator”) senses the
channel availabilities (i.e., primary licensed users’ activities) and decides the
admission control and channel allocation for the secondary users.

The time is divided into equal length slots. Primary users’ activities remain
roughly unchanged within a single time slot. This means that it is enough for
the secondary operator to sense once at the beginning of each time slot (see Fig.
1.8).

The network has a set J = {1, . . . , J} of orthogonal primary licensed channels.
The state of each channel follows a Markovian ON/OFF process as in Fig. 1.9.
If a channel is “ON”, then it means that the primary user is not active on the
channel and the channel condition is good enough to support the transmission
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Figure 1.7 A secondary network share the spectrum with a primary network.The solid
arrows denote communications between the primary users and the primary base
station. The dotted arrows denote communications between the secondary users and
the secondary base station.
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Figure 1.8 The components of a time slot.

rate requirement of a secondary user. Here we assume that all secondary users
want to achieve the same target transmission rate (e.g., that of a same type of
video streaming application). If a channel is “OFF”, then either a primary user
is active on this channel, or the channel condition is not good enough to achieve

ON OFF

p q

1-p

1-q

Figure 1.9 Markovian ON/OFF model of channel activities.
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the secondary user’s target rate. In the time slotted system, the channel state
changes from “ON” to “OFF” (“OFF” to “ON”, respectively) between adjacent
time slots with a probability p (q, respectively). When a channel is “ON”, it can
be used by a secondary unlicensed user.

We consider an infinitely backlog case, where there are many secondary users
who want to access the idle channels. Each idle channel can be used by at most
one secondary user at any given time. A secondary user represents an unlicensed
user communicating with the secondary base station as shown in Fig. 1.7. The
secondary users are interested in real-time applications such as video streaming
and VoIP, which require steady data rates with stringent delay constraints. The
key QoS parameter is the accumulative delay, which is the total delay that a
secondary user experiences after it is admitted into the system. Once a secondary
user is admitted into the network, it may finish the session normally with a
certain probability. However, if the user experiences an accumulative delay larger
than a threshold, then its QoS significantly drops (e.g., freezing happens for video
streaming) and the user will be forced to terminate.

To make the analysis tractable, we make several assumptions. First, we as-
sume that the availabilities of all channels follow the same Markovian model.
This is reasonable if the traffic types of different primary users are similar (e.g.,
all primary users are voice users). Second, we assume that all secondary users
experience the same channel availability independent of their locations. This is
reasonable when the secondary users are close-by. Third, we assume the spectrum
sensing is error-free. This can be well approximated by having enough sensors
performing collaborating sensing. Furthermore, we assume that all channels are
homogeneous and can provide the same data rate to any single secondary user
using any channel. Finally, we assume that all secondary users are homogeneous
(i.e., interested in the same application). Each secondary user only requires one
available channel to satisfy its rate requirement.

Problem Formulation
We formulate the admission control and channel allocation problem as an MDP [50].
In an infinite-horizon MDP with a set of finite states S, the state evolves through
time according to a transition probability matrix

{
Pxkxk+1

}
, which depends on

both the current state and the control decision from a set U . More specifically,
if the network is in state xk in time slot k and selects a decision u(xk) ∈ U(xk),
then the network obtains a revenue g(xk, u(xk)) in time slot k and moves to state
xk+1 in time slot k + 1 with probability Pxkxk+1(u(xk)). We want to maximize
the long-term time average revenue, i.e.,

lim
T→∞

E

{
1
T

T−1∑
k=0

g(xk, u(xk))

}
. (1.35)

The system state describes system information after the network performs
spectrum sensing at the beginning of the time slot (see Fig. 1.8). It consists of
two components:
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• A channel state component, m = aT · a, describes the number of available
channels. Here a = (aj ,∀j ∈ J ) is the channel availability vector, where
aj = 1 (or 0) when channel j is available (or not).

• A user state component, ωe = (ωe,i,∀i ∈ D), describes the numbers of sec-
ondary users with different accumulative delays. Here D = {0, 1, . . . , Dmax}
is the set of possible delays, and ωe,i denotes the number of secondary users
whose accumulative delay is i.

We let M denote the feasible set of the channel state component, and Ω
denote the feasible set of the user state component. The state space is given by
S = {(m,ωe)|m ∈M,ωe ∈ Ω} .

State θ is said to be accessible from state η if and only if it is possible to
reach state θ from η, i.e., P{reach θ|start in η} > 0 [51]. Two states that are
accessible to each other are said to be able to communicate with each other. In
our formulation, all the states in space S are accessible from state 0, which is
defined as a state where there is no available channel and no single admitted
secondary user in the system. Since it is possible to have m = 0 in several
consecutive time slots (when primary traffic is heavy and occupies all channels),
thus state 0 is accessible from any state in the state space S. Hence, all the states
communicate with each other and the Markov chain is irreducible. Finally, the
state space is finite, so all the states are positive recurrent [51].

For the state xk = {m,ωe} ∈ S in each time slot k, the set of available control
choices U(xk) depends on the relationship between the channel state and the user
state. The control vector u(xk) = {ua,ue} consists of two parts: scalar ua denotes
the number of admitted new secondary users, and vector ue = {ue,i,∀i ∈ D}
denotes the numbers of secondary users who are allocated channels and have
accumulative delays of i ∈ D at the beginning of the current time slot. Without
loss of generality, we assume 0 ≤ ua ≤ J , i.e., we will never admit more secondary
users than the total number of channels. This leads to 0 ≤ ue,0 ≤ ωe,0 + ua,
0 ≤ ue,i ≤ ωe,i for all i ∈ [1, Dmax], and 0 ≤

∑Dmax
i=0 ue,i ≤ m. Since m ≤ J , the

cardinality of the control space U is JDmax+2.
Current state xk = {m,ωe} ∈ S together with the control u(xk) ∈ U(xk)

determine the probability of reaching the next state xk+1 = {m′,ω′e}.
First, the transition of channel state component from m to m′ depends on the

underlying primary traffic. We can divide m′ available channels into two groups:
one group contains m′1 channels which are available in the (current) time slot
k, the other group contains m′2 channels which are not available in time slot k.
Let us define the set Z={(m′1,m′2)|m′=m′1+m′2, 0≤m′1≤m, 0≤m′2≤J−m} . Then
we can calculate the probability based on the i.i.d. ON/OFF model:

Pmm′=
∑

(m′1,m
′
2)∈Z

{(
m

m′1

)
pm
′
1(1−p)m−m

′
1

(
J−m
m′2

)
(1−q)m

′
2qJ−m−m

′
2

}
. (1.36)

Thus the channel transition function is fs(m) = m′ with probability Pmm′ for
all m′ ∈M.
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Let us define ωc = {ωc,i,∀i ∈ D} as the number of secondary users who nor-
mally complete their connections (not due to delay violation) in time slot k. For
example, a user may terminate a video streaming session after the movie finishes,
or terminate a VoIP session when the conversation is over. If we assume that all
users have the same completion probability Pf per slot when they are actively
served, then the event of having ρ out of τ users completing their connections
(denoted as fc(τ) = ρ) happens with probability

(
τ
ρ

)
P ρf (1− Pf )τ−ρ.

Finally, define ωq as the number of secondary users who are forced to terminate
their connections during time slot k. The state transition can be written as

m′ = fs(m),

ωc,i = fc(ue,i),∀i ∈ D,
ωq = ωe,Dmax − ue,Dmax ,

ω′e,0 = ue,0 − ωc,0,
ω′e,1 =ue,1 + (ωe,0 + ua − ue,0)− ωc,1,
ω′e,i=ue,i+(ωe,i−1 − ue,i−1)−ωc,i,∀i ∈ [2, Dmax].

(1.37)

Let us take a network with J = 10 and Dmax = 2 as a numerical example. In a
particular time slot, assume that there are m = 7 channels available and a total
of 6 secondary users admitted in the system: 1 user with zero accumulative delay,
3 users with 1 time slot of accumulative delay, and 2 users with 2 time slots of
accumulative delay. Then the state vector is {m,ωe} = {7, (1, 3, 2)}. Assume the
control decision is to admit 2 new users and to allocate available channels to the
users except one of the new users, i.e., u = {ua,ue} = {2, (2, 3, 2)}. Thus if there
is no user completing a connection in the current time slot and m′ = 4 available
channels in the next time slot, the system state becomes {m′,ω′e} = {4, (2, 4, 2)}.

Our system optimization objective is to choose the optimal control decision
for each possible state to maximize the expected average revenue per time slot
(also called stage), i.e.,

max lim
T→∞

E

{
1
T

T−1∑
k=0

g(xk, u(xk))

}
. (1.38)

Here the revenue function is computed at the end of each time slot k as follows:

g(xk, u(xk))=Rc
Dmax∑
i=0

ωc,i(k)+Rt
Dmax∑
i=0

ωe,i(k)−Cqωq(k), (1.39)

where Rc ≥ 0 is the reward of completing the connection of a secondary user
normally (without violating the maximum delay constraints), Rt ≥ 0 is the
reward of maintaining the connection of a secondary user, and Cq ≥ 0 is the
penalty of forcing to terminate a connection. By choosing different values of Rc,
Rt, and Cq, a network designer can achieve different objective functions.
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Figure 1.10 Transition probability of the shortest path problem.

Analysis of the MDP Problem
We define a sequence of control actions as a policy, µ = {u(x0), u(x1), · · · },
where u(xk) ∈ U(xk) for all k. A policy is stationary if the choice of decision
only depends on the state and is independent of the time. Let

Vµ(θ) = lim
T→∞

E

{
1
T

T−1∑
k=0

g(xk, u(xk))|x0 = θ

}

be the expected revenue in state θ under policy µ. Our objective is to find the
best policy µ∗ to optimize the average revenue per stage starting from an initial
state θ.

In [52], we have shown that the average revenue per stage under any stationary
policy is independent of the initial state, and the average revenue maximization
problem could be transformed into the stochastic shortest path problem. More
specifically, we pick a state n as the start state of the stochastic shortest path
problem, and define an artificial termination state t from the state n. The tran-
sition probability from an arbitrary state θ to the termination state t satisfies
Pθt(µ) = Pθn(µ), as show in Fig. 1.10.

In the stochastic shortest path problem, we define −ĝ(n,µ) as the expected
stage cost incurred at state n under policy µ. Let A∗ be the optimal aver-
age revenue per stage starting from the state n to the terminal state t, and
let A∗ − ĝ(n,µ) be the normalized expected stage cost. Then the normalized
expected terminal cost from the state x0 = n under the policy µ, hµ(n) =
limN→∞E

{∑N−1
k=0 {A∗ − g(xk, u(xk))}

}
, is zero when the policy µ is optimal.

The cost minimization in the stochastic shortest path problem is equivalent to
the original average revenue per stage maximization problem. Let h∗(θ) denote
the optimal cost of the stochastic shortest path starting at state θ ∈ S, then we
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get the corresponding Bellman’s equation as follows [50]:

hµ(θ)=min
µ

A∗−ĝ(θ,µ)+
∑
η∈S

pθη(µ)hµ(η)

 , θ ∈ S. (1.40)

If µ∗ is a stationary policy that maximizes the cycle revenue, we have the fol-
lowing equations:

h∗(θ) = A∗ − ĝ(θ,µ∗) +
∑
η∈S

pθη(µ∗)h∗(η), θ ∈ S. (1.41)

The Bellman’s equation is an iterative way to solve MDP problems. Next we
show that solving the Bellman’s equation (1.42) in the stochastic shortest path
problem leads to the optimal solution.

Proposition 1.15 For the stochastic shortest path problem, given any initial
values of terminal costs h0(θ) for all states θ ∈ S, the sequence {hl(θ), l =
1, 2, . . .} generated by the iteration

hl+1(θ)=min
µ

A∗−ĝ(θ,µ)+
∑
η∈S

Pθη(µ)hl(η)

 , θ ∈ S, (1.42)

converges to the optimal terminal cost h∗(θ) for each state θ.

Proposition 1.15 shows that solving the Bellman’s equation leads to the op-
timal average revenue A∗ and the optimal differential cost h∗. The Bellman’s
equation can often be solved using value iteration or policy iteration algorithms.
Once having A∗ and h∗, we can compute the optimal control decision u∗(θ) that
minimizes the immediate differential cost of the current stage plus the remaining
expected differential cost for state θ, i.e.,

u∗(θ)=arg min
µ

A∗−ĝ(θ,µ)+
∑
η∈S

pθη(µ)h∗(η)

. (1.43)

Suboptimal Control Mechanism
Solving the Bellman’s equation does not lead to a closed-form optimal control
policy, and the iterative computation is time-consuming for our problem with a
large state space. Next we will propose a simple heuristic control policy.

Several observations can help us with the heuristic algorithm design. First, the
channel state transitions are determined by the underlying primary traffic and
are not affected by any control policy. Second, all secondary users experience
the same channel availability independent of their locations, and all channels are
homogenous and provide the same data rates. This means that we are interested
in how many users to admit rather than who to admit, and we only care how
many channels are available instead of which are available. This motivates us to
first consider admission control and channel allocation separately.
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Figure 1.11 Revenue versus threshold of three different strategies (J = 5, Dmax = 5).

For the admission control, we first consider a simple threshold-based strategy,
where a new user will be admitted if and only if the total number of admitted
users is smaller than the threshold. Given a fixed admission control threshold Th,
there are many ways of performing the channel allocation. To resolve this issue,
we propose the largest-delay-first strategy, which allocates available channels to
admitted users with the largest accumulated delay first.

Proposition 1.16 The largest-delay-first channel allocation policy is optimal
under any fixed threshold-based admission control policy.

For performance comparison, we further define two benchmark channel allo-
cation strategies.

• Strategy 1: allocate the available channels to the admitted users with the
smallest accumulated delays. If there is a tie, break it randomly.

• Strategy 2: allocate the available channels to the admitted users randomly.

In Fig. 1.11, we compare the proposed channel allocation policy and the two
benchmark policies with different total number of channels. All three policies
follow the same threshold-based admission control policies. From these figures,
we observe that the proposed largest-delay-first policy is no worse than the other
two under all choices of parameters.

1.6.2 Further Research Directions

The SO’s optimal policy will change if its payment to the PO is usage-based
instead of time-based. In that case, the SO might be more conservative in ad-
mission control, due to the potential double payment (both to the PO and to an
early terminated SU). The problem becomes more challenging when SUs’ arrival
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and departure processes are modulated by the waiting time before admission
and service qualities after admission.

It is also useful to study the optimal control policies of multiple competing
SOs. This is different from the competition studied in our work [32], since here
inelastic applications such as video streaming induce a tight coupling over time
due to delay considerations. We can model such systems as Stochastic Games
and Competitive Markov Decision Processes [53].

Finally, one might be interested in studying how the PO can best exploit the
network dynamics to increase its economic return. Consider a case where the
PO needs to provide services to the PUs based on long-term service contracts,
but can also sell the resources to the SUs in a spot market based on short-term
needs. Different users may value the same spectrum resource differently, and
the same user may also value the same spectrum resource differently over time
due to changes in application types and channel conditions. The PO needs to
dynamically allocate the resources to different types of users over time to balance
the fairness (to the PUs with QoS contracts) and revenue (which is often higher
by selling to the “top” SUs in the spot market).

1.7 Conclusion

In this chapter, we outline a theoretical framework to systematically under-
stand and tackle the issue of economic viability of cooperation based dynamic
spectrum management. The framework divides the problem space according to
four orthogonal dimensions, including complete/incomplete network information,
loose/tight decision couplings, user/operator interactions, and static/dynamic
decision processes. Some of the key methodologies for each dimsion are summa-
rized in Table 1.6. We hope that the proposed framework can help to bridge
the gap between the classical microeconomic analysis and the pure engineering
design of DSM, and facilitate the wide-adoption of DSM in the near future.

Table 1.6 Targeting Scenarios and Key Research Methodologies

Dimensions Scenarios in Fig. 1.1 Key Methodologies

Incomplete Information 9, 10, 11, 12, Bargaining, Contract Design,
13, 14, 15, 16 Differential Pricing

Tight Coupling 5, 6, 7, 8, Nonlinear Optimization,
13, 14, 15, 16 Noncooperative Game

Operator Interaction 3, 4, 7, 8, Dynamic Game,
11, 12, 15, 16 Coalitional Game

Dynamic Decision 2, 4, 6, 8, Optimal Control
10, 12, 14, 16 Competitive MDP
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