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The global mobile data traffic has been growing tremendously in the past

few years. In order to alleviate the tension between the mobile data demand

and the network capacity, the operator can either utilize the spectrum more

efficiently, or flatten the demand curve through pricing. Motivated by some

recent practices, this thesis focuses on two specific problems. First, we study

the cognitive mobile virtual network operator’s spectrum investment problem.

Second, we study the mobile network operator’s optimization problems and

users’ behaviors in a mobile data trading market. To understand the decision-

makers’ realistic behaviors, our solutions to these two problems focus on not

only classical economic perspectives, where decision makers are assumed to

be fully-rational, but also behavioral economic perspectives, which captures

the realistic human decision process on uncertainty.

In the first part of the thesis, we study a cognitive mobile virtual network

operator’s spectrum investment problem under spectrum supply uncertainty

using prospect theory. We formulate a hybrid spectrum investment problem

including spectrum sensing and leasing as a two-stage optimization problem,

and compute the optimal sensing and leasing decisions. Our results show that

compared with a fully-rational operator, both the risk-averse and risk-seeking
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operators achieve a smaller expected profit. On the other hand, a risk-averse

operator can guarantee a larger minimum possible profit, while a risk-seeking

operator can achieve a larger maximum possible profit.

In the second part of the thesis, we first analyze the optimal trading s-

trategy for a single user in the mobile data trading market under prospect

theory, to understand the users’ realistic trading behaviors with risk prefer-

ences. Building upon our analysis, we design an algorithm to help estimate

the user’s risk preference and provide trading recommendations dynamically,

considering the latest market and usage information. We also study the op-

erator’s optimal operation fee, and the scenarios under which it is beneficial

for an operator to propose a mobile data trading market. Our results suggest

an operator with a low initial market share to propose a data trading market.
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論文題目:
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全球移動數據流量在過去幾年中大幅增長。 為了緩解移動數據需求與

網絡容量之間的緊張關係，運營商可以通過更有效地利用頻譜的方式，或

者可以通過由定價來平坦化需求曲線的方式。 本論文著重於研究兩類具

體問題。一，認知移動網絡虛擬運營商的頻譜投資問題。二，移動網絡運

營商在移動數據交易市場中的優化問題和用戶在移動數據交易市場中的行

為。 為了了解決策者的現實行為，我們的方法不僅側重於經典經濟學理論

觀點，即決策者被認為是完全理性的，而且還包括行為經濟觀點，從而捕

捉現實決策過程中面對不確定性時決策者的行為特征。

在論文的第一部分，我們使用前景理論研究了認知移動網絡虛擬運營商

面對頻譜供應不確定性時的頻譜投資問題。我們建模了一個包括頻譜感知

和頻譜租賃的兩階段混合頻譜投資問題，並計算出最優的頻譜感知和頻譜

租賃的決策。我們的研究結果表明，與完全理性的運營商相比，風險厭惡

和風險尋求型的運營商都會得到較小的預期利潤。另一方面，風險厭惡型

的運營商可以保證更大的最小可能利潤，而風險尋求型的運營商可以獲得

更大的最大可能利潤。

在論文的第二部分，我們首先分析移動數據交易市場中單一用戶在前景
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理論下的最優交易策略，從而了解現實交易中，風險偏好對用戶行為的影

響。基於我們的分析，我們設計了一種交易算法來幫助估計用戶的風險偏

好，並基於最新的市場信息和用戶數據用量信息，提供動態交易建議。 我

們同時還研究運營商的最優運營費用的決策，以及使得運營商可以依靠推

出移動數據交易市場而獲益的場景。研究結果表明，初始市場份額較低的

運營商可以靠推出數據交易市場而獲益。
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Chapter 1

Introduction

With the increasing computation and communication capabilities of mobile

devices, global mobile data traffic has been growing tremendously in the past

few years. According to Cisco’s study, the global mobile traffic reached 7.2

exabytes per month in 2016, and is expected to increase 9-fold over the next

five years [12]. From the mobile operator’s perspective, there are two main

ways to alleviate the tension between the mobile data demand and the net-

work capacity. One way is to utilize the spectrum more efficiently. The other

way is to flatten the demand curve through pricing.

This thesis focus on the economics modeling, analysis of the interaction be-

tween network entities, and optimization of decision strategies in both types

of problems. Along the direction of utilizing spectrum efficiently, we study

the spectrum investment problem in cognitive radio, where the operator does

not own any spectrum license, but acquires spectrum from a spectrum own-

er through spectrum sensing and spectrum leasing. Along the direction of

flattening the demand curve through price, we study the mobile data trad-

ing problem, where the operator allows its users to trade unused data quota

directly with each other.

While there have been considerable recent works on operator’s strategy op-
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CHAPTER 1. INTRODUCTION 2

timization, most existing works are based on classical economic concepts such

as expected utility theory (EUT) and do not account for the real-world user

behavior and its impact on the operator’s decision-making. In this thesis, our

solutions to these two types of problems focus on not only classical economic

perspectives, where decision makers are assumed to be fully-rational, but also

behavioral economic perspectives, which captures the realistic human decision

process on uncertainty. In particular, we adopt the mathematical framework

of prospect theory (PT), to study the impact of real-users’ risk attitudes on

their behaviors under uncertainty.

In Sections 1.1 and 1.2, we introduce the backgrounds of spectrum invest-

ment in cognitive radio and the mobile data trading market. In Section 1.3,

we introduce the basic concepts of prospect theory. In Section 1.4, we outline

the main results and contributions of this thesis.

1.1 Spectrum Investment in Cognitive Radio

Wireless spectrum is a scarce resource, but most spectrum bands are under-

utilized [11]. It is because according to conventional licensing policies, spec-

trum licenses only belong to primary network operators who serve their pri-

mary users, and these users are not always active.

To utilize the spectrum more efficiently, people have proposed mobile vir-

tual network operators (or virtual operators). A virtual operator (e.g., Con-

sumer Cellular in the US [13]) does not own any spectrum license, so it needs

to acquire spectrum from a spectrum owner (e.g., AT&T) in order to provide

wireless services to its own users. As virtual operators often rely on leased

network infrastructure instead of building and maintaining their own infras-

tructure, their investment and operational costs are usually lower than the

spectrum owners. Such an advantage often enables them to provide cheaper
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and more flexible data plans to their customers, hence reaching niche mar-

kets that are underserved by the spectrum owners [11]. Spectrum owners and

virtual operators build voluntary relationships because virtual operators add

value to spectrum owners by widening or deepening their served markets [4].

For example, a typical virtual operator obtains spectrum through spectrum

leasing [17, 75]. With spectrum leasing, a spectrum owner explicitly allows

the virtual operator to tentatively operate in its licensed band with a leasing

fee.

With the development of cognitive radio technology, despite spectrum leas-

ing, there is another approach in cognitive radio network for a virtual operator

to obtain spectrum, namely spectrum sensing [41,70], being permitted by the

Federal Communications Commission (FCC) [21]. With spectrum sensing, a

virtual operator detects the unused spectrum in a licensed band, and uses it

to provide services to its users without causing any harmful interferences to

the existing primary (licensed) users. Spectrum sensing is often a cheaper

way to obtain spectrum than leasing, because the energy and time overhead

involved in sensing is often much lower than the explicit cost of spectrum

leasing [16]. However, the available amount of spectrum obtained through

spectrum sensing is uncertain due to the spectrum owner’s primary users’

stochastic activities over time. Hence, for a virtual operator in a cognitive

network, our goal is to find the optimal investment in the spectrum through

both spectrum sensing and spectrum leasing.

In this thesis, we consider a virtual operator’s optimal decision in balanc-

ing the low cost of sensing and the reliability of leasing. The key challenge

in the decision-making problem is the uncertainty of spectrum acquisition

through spectrum sensing, as the virtual operator does not know the activ-

ity levels of the primary customers beforehand. Specifically, since expected

profit maximization is not the only goal for the operator’s decision making,
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we apply prospect theory, which provides a psychologically more accurate de-

scription [30] and includes expected utility theory as a special case, to better

understand the impact of the operator’s risk preference level in its decision

making.

1.2 Mobile Data Trading Market

In conventional monthly data plans, every user’s unused data will be cleared

at the end of the month. However, users are heterogeneous in the monthly

demands: some users’ demands may be relatively low, where the unused data

are wasted, while others may need to purchase additional data as they exceed

their data quotas.

To deal with this problem, the mobile service providers have been exper-

imenting with several innovative pricing schemes [22, 29, 43, 69, 72], such as

time-dependent pricing, shared data plans, and sponsored data pricing, to

extract more revenue from the growing data while sustaining a good service

quality to users. Time-dependent data plans [43] provide a lower price during

non-peak hours, and can decrease users’ cost by encouraging them to shift

traffic to non-peak hours. Shared Data Plans [69] allow sharing data quota

among multiple devices or users, and then decrease the average unit usage

cost among these devices or users. Sponsored Data [2] is offered by the con-

tent service providers, to sponsor the end users for the traffic of viewing their

content. However, the above mentioned schemes do not fully take advantage

of the heterogeneous demands across all mobile users, and unused data in the

monthly plan will be cleared at the end of the month.

To fully take advantage of the heterogeneous demands across all mobile

users, China Mobile Hong Kong (CMHK) [9] launched the first 4G data

trading platform in the world, called the 2nd exChange Market (2CM), which



CHAPTER 1. INTRODUCTION 5

allows its users to trade their monthly 4G mobile data quota directly with

each other. In this platform, a seller can sell some of his remaining data

quota of the current month on the platform with a desirable price set by

himself. If a buyer wants to buy some data at the listed price, the platform

will help complete the transaction and transfer the proper data amount from

the seller’s quota to the buyer’s quota of that month. The key problems on

the mobile data trading market are how a user should participate in such a

market under the uncertainty of his future data usage, given his remaining

data quota of the current month and the current prices and quantities of other

sellers and buyers, and why an operator is willing to propose such a mobile

data trading market.

The research on mobile data trading market only emerged recently [1, 59,

67, 73, 74]. In [59], Wang et al. proposesd a user-initiated network for cel-

lular users to trade data plans by leveraging personal hotspots with users’

smartphones without considering the operator’s participation and coopera-

tion. In [74] and [73], Zheng et al. studied the users’ optimal bids in the

market and proposed an algorithm for mobile operator to match the buyers

and sellers. In [67], Yu et al. studied a single user’s optimal mobile data

trading problem under the future demand uncertainty from a behavioral e-

conomics perspective. However, the authors in [74], [73], and [67] assumed

that the sellers and buyers in the mobile data trading market can always

bid prices that ensure that all their demand are satisfied and all their sup-

ply are cleared. In [1], Andrews presented a dynamic programming problem

to characterize the trading behavior of mobile users without considering the

interactions between the operator and the users.

In this thesis, we analyze the optimal trading strategy for a single user

in the mobile data trading market under prospect theory, to understand the

users’ realistic trading behaviors with risk preferences. Building upon our
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analysis, we design an algorithm to help estimate the user’s risk preference and

provide trading recommendations dynamically, considering the latest market

and usage information. We also study the operator’s optimal operation fee,

and the scenarios under which it is beneficial for an operator to propose a

mobile data trading market.

1.3 Prospect Theory

Expected profit maximization has been widely applied for decision-making

problems under uncertainty in the area of wireless networks [16, 19, 26, 33].

In these studies, a decision maker aims to maximize the expected utilities

under different outcomes, which does not fully capture the realistic human

decision behaviors examined in several well known psychological studies in

the past few decades [30, 56]. Thus, in this thesis we apply the more general

Prospect theory (PT) [30, 56], which takes into account both the expected

payoff and risk preference in the human decision making. There are three

main characteristics of PT:

• Impact of reference point: A decision maker evaluates an option based

on the potential gains or losses with respect to a reference point (the

zero point), and the choice of the reference point significantly affects the

valuation.

• S-shaped asymmetrical value function: A decision maker tends to be risk

averse, since he strongly prefers avoiding losses than achieving gains. As

a result, the value function is s-shaped and asymmetrical. More precisely,

it is concave for gains, convex for losses, and steeper for losses than for

gains.

• Probability distortion: A decision maker tends to overreact to small prob-

ability events, but underreact to medium and large probability events.
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This characteristic is useful in explaining behaviors related to gambling

and insurance [30]. As PT fits better into the reality than EUT based

on many empirical studies, it has been applied in many areas, such as

modeling the behavior of investment agents in insurance [27] and the

effort and wage levels of workers and firms in labor markets [6].

To better understand PT, we can consider the following two lottery settings.

Lottery A1: 50% to win $200, and 50% to win $0; Lottery A2: 100% to win

$100. Experimental results [30] showed that most people prefer Lottery A2 to

A1. The result reflects that people are risk averse. Next we further consider

another two lottery settings. Lottery B1: 1% to win $99, and 99% to loss

$1; Lottery B2: 100% to win $0. Experimental results [30] showed that most

people prefer Lottery B1 to B2. The result reflects that people will have a

subjective probability distortion of small probability events.

While the original ideas of PT were developed based on decisions of fi-

nancial agents involving monetary transactions, the main features of PT are

general enough that they have been widely applied in many areas. It is applied

in finance [27], insurance [30], consumption decisions [36], industrial organi-

zations [48], labor supplies [6], and political sciences [37]. PT shows that not

only ordinary people, will have risk preferences rather than risk neutral when

they make decisions [25].

The research of using PT to understand user decisions in communication

networks and smart grids is at its infancy stage. Li et al. in [39,40] and Yang

et al. in [63] compared the equilibrium strategies of a binary decision game

among wireless network end-users under EUT and PT, where they considered

a linear value function with the probability distortion. Xiao et al. in [62]

and Wang et al. in [61] characterized the unique Nash Equilibrium of an

energy exchange game among microgrids under PT, where they considered a

linear value function with the probability distortion. Our works [66] and [68]



CHAPTER 1. INTRODUCTION 8

study a user’s mobile data trading problem and a virtual operator’s spectrum

investment problem under PT, where we capture all three characteristics of

PT when modeling and analyzing the problems. As a result, we are able

to gain a more thorough understanding of the user’s and operator’s optimal

decisions based on their specific risk preferences and derive more insights.

1.4 Outline and Contributions

The rest of the thesis is organized as follows:

In Chapter 2, we study a mobile virtual operator’s spectrum investment

problem under spectrum supply uncertainty using prospect theory. We for-

mulate a hybrid spectrum investment problem including spectrum sensing

and leasing as a two-stage optimization problem, and compute the optimal

sensing and leasing decisions using backward induction. We show that the

investment decision model based on prospect theory leads to a non-convex

optimization problem, which is challenging to solve in closed-form. Howev-

er, we characterize the uniqueness of the optimal solution analytically, and

compute it through a simple line search. As far as we know, this is the first

work that applies PT to understand the spectrum investment behaviors in

the wireless market from a behavioral economic perspective.

In Chapter 3, we study the users’ mobile data trading problem under the

future data demand uncertainty. To understand the users’ realistic trading

behaviors, we propose a prospect theory (PT) model from behavioral eco-

nomics, which includes the widely adopted expected utility theory (EUT) as

a special case. Although the PT modeling leads to a challenging non-convex

optimization problem, the optimal solution can be characterized by exploiting

the unimodal structure of the objective function. Building upon our analy-

sis, we design an algorithm to help estimate the user’s risk preference and
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provide trading recommendations dynamically, considering the latest market

and usage information. To the best of our knowledge, this paper is the first

work that studies a mobile data trading problem under PT, where we capture

all three characteristics of PT when modeling and analyzing the problem.

In Chapter 4, we study the importance of data trading market from both

users’ perspectives and the operator’s perspective. We study the users’ selec-

tion of their operators and their trading decisions in the data trading market.

We also study the operator’s revenue maximizing strategy and the reason of

proposing this data trading market. We model the interactions between the

mobile operator and the users as a two-level Stackelberg game, and obtain

the unique Nash equilibrium (NE). To the best of our knowledge, this work

is the first paper that studies the mobile data trading market involving the

active decisions of both the operator and the users, where users make trading

decisions without knowing in advance how much data they can sell or buy at

the proposed prices.

In Chapter 5, we conclude the thesis, and discuss the future research di-

rections.



Chapter 2

Behavioral Economics in

Spectrum Investment

2.1 Introduction

2.1.1 Background and Motivation

The business model of virtual operator 1 has achieved significant success world-

wide in recent years [14]. According to a recent market report published by

Transparency Market Research, the global virtual operator market is expect-

ed to expand at an annual rate of 7.4% and reach a value of US$ 75.25 billions

by 2023 [55]. As a virtual operator (e.g., Consumer Cellular in the US [13])

does not own any licensed spectrum, it needs to acquire spectrum from a

spectrum owner (e.g., AT&T) in order to provide services to its customer-

s. As virtual operators often rely on leased network infrastructure instead

of building and maintaining their own infrastructure, their investment and

operational costs are usually lower than the spectrum owners. Such an ad-

vantage often enables them to provide cheaper and more flexible data plans

1Here we focus on a “virtual operator” in the wireless industry, which is also referred to as the “mobile
virtual network operator (MVNO)” in the literature.

10
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to their customers, hence reaching niche markets that are underserved by the

spectrum owners [11].

Motivated by the recent development of cognitive radio technology and

dynamic spectrum sharing, a virtual operator can acquire spectrum in two

different ways: spectrum sensing and spectrum leasing. With spectrum sens-

ing [41, 70], a virtual operator detects the temporarily unused spectrum in a

licensed band, and uses it to provide services to its customers as long as such

operator does not cause any harmful interferences to the primary (licensed)

customers of the spectrum owner. With spectrum leasing [17,75], a spectrum

owner explicitly allows the virtual operator to operate over a given licensed

band during a given period of time with a leasing fee. In this chapter, we will

consider a hybrid spectrum investment scheme involving both approaches.

The key feature of the problem is the uncertainty of spectrum acquisition

through spectrum sensing, as the virtual operator does not know the activ-

ity levels of the primary customers beforehand. When facing uncertainty,

most prior studies of spectrum investment applied the expected utility theory

(EUT) to compute the operator’s optimal decisions (e.g., [16, 19, 26, 32]). In

these models, a (virtual) operator optimizes the decisions to maximize its

expected profit. Such an EUT model, however, does not fully capture the

rather complicated decision process obtained in our daily life, and hence may

have a poor predication power [30]. Alternatively, the Nobel-prize-winning

prospect theory (PT) (e.g., [30,31,56]), which establishes a more general mod-

el than the EUT, provides a psychologically more accurate description of the

decision-making under uncertainty.

As PT fits better into the reality than EUT based on many empirical

studies, researchers and practitioners have applied PT in many areas, such as

understanding the behavior of investment agents in finance [27] and the effort

and wage levels of workers and firms in labor markets [6]. However, there
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isn’t any existing work of using PT to understand the spectrum investment

behaviors in today’s wireless market.

2.1.2 Key Results and Contributions

In this chapter, we study the spectrum sensing and leasing decisions of a

virtual operator under sensing uncertainty, and formulate it as a two-stage

sequential optimization problem. In Stage I, the virtual operator determines

the optimal amount of licensed spectrum to sense. Due to the stochastic

nature of the primary licensed customers’ traffic, the amount of available

spectrum obtained through sensing is a random variable. If the spectrum

obtained through sensing is not sufficient to satisfy its customers’ demand,

the virtual operator will lease some additional spectrum from the spectrum

owner in Stage II.

Under this sensing uncertainty, we can model the decision making of a risk-

neutral operator, who aims to maximize its expected profit by EUT. However,

in reality, a decision maker is rarely risk-neutral. Besides aiming to achieve a

high expected profit, it is often affected by its own risk preference. To be more

specific, a risk-seeking decision maker is aggressive and wants to achieve a high

profit even with a high risk, while a risk-averse decision maker is conservative

and wants to guarantee a satisfactory level of minimum possible profit. In

order to capture this tradeoff between the expected profit and risk preference,

we apply the PT to study the optimal sensing and leasing decisions. It leads

to a non-convex optimization problem, which is very challenging to solve.

Nevertheless, by exploiting the unimodal structure of the problem, we can

obtain the global optimal solution analytically.

Our key contributions are summarized as follows:

• Behavioral economics modeling of virtual operator’s investment decision

under uncertainty : We model a virtual operator’s investment decisions
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under sensing uncertainty using PT, which captures the tradeoff between

the expected profit maximization and risk preference. We characterize

the feature of a risk-averse operator (who is most concerned of potential

losses) and a risk-seeking operator (who is most concerned of potential

gains).

• Characterization of the unique optimal solution of the non-convex deci-

sion problem: Despite the non-convexity of the spectrum sensing prob-

lem, we characterize the uniqueness of the optimal solution and compute

it numerically. We further evaluate how different behavioral characteris-

tics (i.e., reference point, probability distortion, and s-shaped valuation)

affect this optimal solution.

• Engineering insights based on comparison between EUT and PT : We

show that a risk-averse operator can achieve a better tradeoff between

the expected profit and minimum possible profit in the high sensing cost

scenario than the low sensing cost scenario. The result for the risk-

seeking operator is exactly the opposite.

Next we will introduce the spectrum investment model and formulate the

sequential optimization problem in Section 2.2. In Section 2.3, we compute

the global optimal solution of the non-convex optimization problem, and dis-

cuss various engineering insights derived from such a solution. In Section

2.4, we illustrate the impact of probability distortion and reference point by

considering the special case of binary sensing outcomes. In Section 2.5, we

provide simulation results to evaluate the sensitivity of the optimal decision

with respect to several model parameters. We summarize the chapter in

Section 2.6.
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2.2 System Model

2.2.1 Spectrum Sensing and Leasing Tradeoff

We consider a cognitive radio network with a spectrum owner and a virtual

operator. From the empirical data in [57, 58], it is possible for the spectrum

owner to estimate the spectrum utilization at a particular location accurately

based on past measurements. In this chapter, we assume that such estima-

tions are accurate, so that the spectrum owner can divide its licensed spec-

trum into the primary band and secondary band according to the spectrum

utilization. The spectrum owner uses the primary band to serve its primary

customers (PCs), while reserves the secondary band to meet the potential

leasing requests from the virtual operator. For the virtual operator, it can

either try to sense the idle spectrum in the primary band (as PCs’ activities

are stochastic during the time period of interest), or lease the spectrum from

the secondary band.

As a more concrete (hypothetical) example, we consider the spectrum

trading between Consumer Cellular and AT&T (shown in Fig. 2.1). AT&T

is a spectrum owner, who provides wireless services to its PCs. However,

it cannot fully utilize its spectrum in some rural areas, so it will divide its

spectrum into the primary band (channel 1-8) and secondary band (channel

9-16) at those under-utilized locations. Consumer Cellular wants to provide

spectrum services to its own customers, but it does not own any spectrum.

As a result, Consumer Cellular senses for spectrum holes (not used by the

PCs) in the primary band (channel 3-8) without explicit payment to AT&T,

and can also choose to lease spectrum in the secondary band (channel 9-11)

with explicit payment to AT&T.

From the virtual operator’s point of view, sensing is often a cheaper way to

obtain spectrum than leasing, because the energy and time overhead involved
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Primary Band  Secondary Band  

𝐵𝑠 𝐵𝑙 

    1      2      3     4     5     6     7      8 

AT&T 
 (Spectrum Owner) 

Consumer Cellular 
 (Virtual Operator) 

Channels  obtained   
through  sensing 

Channels  obtained   
through  leasing 

 Idle 

  Occupied 
     9    10   11   12   13   14  15   16 

     9    10   11   4                      7 

Stage I Stage II 

Figure 2.1: An Example of Consumer Cellular and AT&T.
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in sensing is often much lower than the explicit cost of spectrum leasing

[16]. However, the available amount of spectrum obtained through sensing is

uncertain due to the spectrum owner PCs’ stochastic activities over time. We

would like to understand the virtual operator’s optimal spectrum investment

decisions in every time slot that strike the best tradeoff between the cost and

the risk2.

2.2.2 Two-Stage Decision Model

We formulate the virtual operator’s spectrum investment problem as a two-

stage sequential optimization problem in each time slot.

In Stage I (i.e., the sensing stage), the virtual operator determines its

sensing decision Bs (measured in Hz). For simplicity, we assume a linear

sensing cost cs per unit of sensed bandwidth, which represents the time and

energy overhead for sensing [41]. Due to the stochastic nature of PCs’ traffic,

only a fraction α ∈ [0, 1] of the sensed spectrum is temporarily available and

can be utilized by the virtual operator’s own customers. Hence, the virtual

operator obtains a bandwidth of Bsα at the end of the stage. In other words,

a large α corresponds to a high sensing realization, and a small α corresponds

to a low sensing realization. As an example in Fig. 2.1, Consumer Cellular

senses six channels in Stage I (i.e., channel 3-8), and only channels 4 and 7 are

available. Hence, α = 1/3 in this case. We assume that the virtual operator

knows the distribution of α through historical sensing results. Notice that in

the sensing stage, the virtual operator has uncertainty of sensing realization,

and its optimal decision will be influenced by balancing the expected profit

and its risk preference on the sensing uncertainty. We will discuss the PT

modeling on this aspect in more details in Section III-D.

In Stage II (i.e., the leasing stage), the virtual operator determines the

2We choose the length of time slot such that the primary customers’ activities remain unchanged within
a time slot [16].
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leasing decision Bl (measured in Hz) after knowing the available amount of

spectrum through sensing, Bsα. We consider a linear leasing cost cl, which is

determined through negotiation between the virtual operator and spectrum

owner and is considered to be a fixed parameter in our model. As an example

in Fig. 2.1, after Consumer Cellular acquires two channels from sensing (i.e.,

channels 4 and 7), it further leases three more channels in Stage II (i.e.,

channel 9-11). As there is no uncertainty involved in Stage II, there is no

difference between EUT and PT modeling in terms of results3.

2.2.3 Virtual Operator’s Profit

When serving its customers, the virtual operator can obtain a revenue of

π per unit of sold spectrum. We assume that the price π is exogenously

given and cannot be changed by the virtual operator, due to the intensive

market competition [35]. Under a fixed usage-based price π, we assume that

the virtual operator’s secondary customers’ maximum spectrum (bandwidth)

demand is D4. However, the demand may not be fully satisfied if the virtual

operator does not have enough spectrum obtained through sensing and leasing

discussed before. Hence, the profit of the virtual operator is

R (Bs, Bl, α) = πmin{D,Bl +Bsα} − (Bscs +Blcl) , (2.1)

where the revenue (first term on the right hand side) depends on the minimum

of the demand D and the spectrum supply Bl + Bsα, and the cost (second

term on the right hand side) depends on both the sensing decision Bs and

leasing decision Bl. As α is a random variable before making the sensing

decision Bs, we will incorporate the operator’s risk preference towards such

3In fact, as long as λ = β = α = 1, choosing a non-zero value of Rp will just induce a constant shift
of the EUT utilities, without affecting the optimal decision under EUT. The reference point affects the
analysis of PT, and our analysis shows the impact of reference point in Section V-B.

4We do not assume any specific relationship between price π and demand D in this chapter. Please
refer to [35] for some further discussions along this line.
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uncertainty through the modeling based on prospect theory.

2.2.4 Prospect Theory Modeling in Sensing Decision

To model the virtual operator’s decision under spectrum sensing uncertainty,

we consider the following three key features of PT: reference point Rp, s-

shaped value function v (x), and probability distortion function w (p).

First, the choice of reference point Rp will significantly affect the evaluation

of profit R (Bs, Bl, α) in PT. More specifically, we define the net gain as

x = R (Bs, Bl, α)−Rp. (2.2)

The reference point is a benchmark to evaluate the payoff, where x ≥ 0 means

a gain, while x < 0 means a loss. The virtual operator will have different

decision mechanisms (to be explained in the next paragraph) when dealing

with a gain or a loss in PT. A higher reference point means that the operator

expects a higher profit (at the benchmark), which implies the operator is

more risk-seeking.

Second, as shown in Fig. 2.2(a), the value function v (x) is concave for

a positive argument (gain), and is convex for a negative argument (loss).

Moreover, the impact of loss is usually larger than the gain of the same

absolute value. A common choice of value function [23,31,56] is

v(x) =

xβ, if x ≥ 0,

− λ(−x)γ, if x < 0,
(2.3)

where λ > 1, 0 < β < 1, and 0 < γ < 1. The parameter λ is the loss

penalty parameter, where a larger λ indicates that the virtual operator is

more concerned of loss, and hence is more risk-averse. The parameters β and

γ are the risk parameters, where the value function of the gain part is more
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Figure 2.2: The s-shaped asymmetrical value function v(x) and the probability distortion
function w(p) in PT.

concave (i.e., the virtual operator is more risk-averse) when β approaches

zero, and the value function of the loss part is more convex (i.e., the virtual

operator is more risk-seeking) when γ approaches zero. The impact of β

and γ can be interpreted by the risk-seeking behavior in loss and risk-averse

behavior in gain. As an example, a gambler will be more addicted into the

gambling when it loses money, and will be less willing to continue when he

wins money.

We note that EUT is a special case if we choose λ = 1 and γ = β = 1.

The result under the case γ = β has been discussed in the conference version

of this work in [65], and we focus on the more complicated case of β < γ in

this chapter5, which models the scenario that the marginal utility in gain is

diminishing faster than the marginal disutility in loss [51].

Assumption 2.1. The risk parameter for gain is less than the risk parameter

for loss (i.e., β < γ).

5The analysis can be readily extended to the case of β > γ, although there are no additional new
insights in that case. Hence we omit the discussion of β > γ here.
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Third, as shown in Fig. 2.2(b), the probability distortion function w(p)

models the fact that virtual operator overweighs a small probability event

and underweighs a large probability event. A common choice of probability

distortion function (e.g., [23, 31,56]) is

w(p) = exp (− (− ln p)µ) , 0 < µ ≤ 1, (2.4)

where p is the objective probability of high sensing realization, and w(p) is the

virtual operator’s corresponding subjective probability. Here the probability

distortion parameter µ reveals how a virtual operator’s subjective evaluation

distorts the objective probability, where a smaller µ means a larger distortion.

In the next section, we will study the virtual operator’s optimal sensing

and leasing decisions that maximize its profit6.

2.3 Solving the Two-stage Optimization Problem

In this section, we use backward induction [44] to solve the two-stage sequen-

tial optimization problem. In Section IV-A, we derive the operator’s optimal

leasing decision in Stage II. In Section IV-B, we obtain the operator’s optimal

sensing decision in Stage I under sensing uncertainty by the PT model7.

2.3.1 Optimal Leasing Decision in Stage II

In Stage II, given a fixed value of sensing bandwidth Bs determined in Stage

I, the operator’s leasing optimization problem is

max
Bl≥0

R(Bs,Bl,α)=πmin{D,(Bl+Bsα)}−Bscs−Blcl. (2.5)

In our analysis, we make the following assumptions.

6We will simply use “operator” to denote “virtual operator” for the rest of the chapter.
7It should be noted that the models under EUT and PT share the same Stage II (i.e., the leasing stage),

because uncertainty only appears in Stage I (i.e., the sensing stage).
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Assumption 2.2. (a) The sensing cost is less than the leasing cost (i.e.,

cs < cl); (b) The leasing cost is less than the operator’s usage-based price

(i.e., cl < π).

Both parts of Assumption 2.2 allow us to focus on the non-trivial case

in our analysis.8 When cs ≥ cl, we can show that the operators’ optimal

decision of the two-stage process is always B∗s = 0 and B∗l = D for any

type of risk preferences, because leasing is both cheaper and risk-free. When

cl ≥ π, we can show that the operator will always choose B∗l = 0 for any

type of risk preferences. Hence, we can focus on Assumption 2.2 without loss

of generality. Under Assumption 2.2, we can show that the optimal leasing

decision that solves Problem (2.5) is

B∗l = max{D −Bsα, 0}, (2.6)

which is the difference between the total demand D and the available spec-

trum through sensing, Bsα. If Bsα exceeds D, then B∗l = 0. Under (2.6), the

operator’s profit in (2.1) can be written as a function of Bs and α:

R(Bs, B
∗
l , α) = πD −Bscs −max{D −Bsα, 0}cl. (2.7)

2.3.2 Optimal Sensing Decision in Stage I

We assume that the sensing realization factor α follows a discrete distribution

with I possible outcomes9, hence has a finite number of sensing realization

outcomes [38,71]. The corresponding probability mass function is denoted as

p(αi) , P(α = αi) = pi, i ∈ I = {1, ..., I}. (2.8)

8For the case cl ≥ cs, the operator will note sense any spectrum because leasing is cheaper and with
certainty. For the case cl ≥ π, the operator will not lease any spectrum because the cost of providing
service through leasing is greater than the revenue.

9Since the spectrum is usually divided into a finite number of channels in practical systems, it is
reasonable to consider a discrete distribution of α. Mathematically, when we choose the number of possible
realizations I to be large, then the discrete distribution can well approximate a continuous distribution.
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Table 2.1: Optimal Sensing and Leasing Decision under PT

Condition
Optimal Sensing Optimal Leasing

Decision B∗s Decision B∗l
D ≤Mı̂+1 B∗s = D

αı̂+1
B∗l = max{0, D − Dα

αı̂+1
}

Mj < D < Hj B∗s = g−1j (0) B∗l = max{0, D − αg−1j (0)}
for j = ı̂+ 1, ..., I − 1
Hj ≤ D < Mj+1 B∗s = D

αj+1
B∗l = max{0, D − Dα

αj+1
}

for j = ı̂+ 1, ..., I − 1

D ≥MI B∗s = MI

αI
B∗l = D − MIα

αI

Without loss of generality, we assume that αi < αj if i < j. By substituting

(2.2), (2.3), (2.4) and (2.8) into (2.7), we obtain the expected utility of the

operator under PT as

U (Bs) =
I∑
i=1

v [R (Bs, B
∗
l , αi)−Rp]w (p (αi))

=
I∑
i=1

v[πD−Bscs−max{D−Bsαi, 0}cl−Rp]w(p(αi)). (2.9)

The operator’s spectrum sensing optimization problem in Stage I with

sensing uncertainty is

max
Bs≥0

U(Bs). (2.10)

2.3.2.1 Optimal Sensing Decision under a Risk-free Reference Point Rp =

D(π − cl)

Problem (2.10) is a non-convex optimization problem, because it involves the

s-shaped value function in (2.3). Hence, it is challenging to analytically char-

acterize the closed-form optimal solution. However, we can show that there

exists a unique global optimal solution by exploiting the special unimodal

structure of the problem.
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In problem (2.10), a common choice of reference point is the risk-free

profit10. For example, in finance, investors naturally choose the risk-free

return as a benchmark to evaluate their investment performances [23]. Here,

we choose the maximum profit that the operator can achieve without sensing

(hence a risk free choice) as the reference point. This corresponds to the

operator leasing a bandwidth Bl = D and choosing Bs = 0, which leads to

the profit of

Rp = D(π − cl). (2.11)

Substituting (2.11) into (2.10), we solve problem (2.10) and summarize

the key result in Table 2.1. To understand Table 2.1, we first define some

notations. We define ı̂ ∈ I as the unique index that satisfies both the con-

straints αı̂ ≤ cs
cl

and αı̂+1 >
cs
cl

11. We define Mj (for j = ı̂+ 1, ..., I) in (2.12)

and (2.13) and Hj in (2.14) (for j = ı̂+ 1, ..., I − 1) in Table 2.1 as decision

indicators as follows.

MI ,


I∑

i=ı̂+1

(clαi−cs)β w(pi) β

ı̂∑
i=1

λγ (cs−clαi)γ
(

1
αI

)γ−β
w(pi)


1

γ−β

, (2.12)

Mj,


j∑

i=ı̂+1

(clαi−cs)βw(pi)β−βcs(clαj−cs)β−1
I∑

i=j+1

w(pi)

ı̂∑
i=1

λγ (cs − clαi)γ
(

1
αj

)γ−β
w(pi)


1

γ−β

,

j = ı̂+1, ı̂+2, ..., I−1, (2.13)

10A complete analysis for an arbitrary reference point is challenging because of the non-convexity in
Problem (2.10). In Section V, we will further look into the impact of reference point in a simplified model
with binary sensing results.

11Both the case α1 ≥ cs
cl

and the case αI ≤ cs
cl

are trivial, and the discussion under these two cases are

covered in the discussions under the case α1 <
cs
cl
< αI .
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Hj,


j∑

i=ı̂+1

(clαi−cs)βw(pi)β−βcs(clαj+1−cs)β−1
I∑

i=j+1

w(pi)

ı̂∑
i=1

λγ (cs − clαi)γ
(

1
αj+1

)γ−β
w(pi)


1

γ−β

,

j = ı̂+1, ı̂+2, ..., I−1. (2.14)

These decision indicators are increasing functions of the leasing cost cl and

the risk parameter for gain β, and decreasing functions of the sensing cost

cs, the risk parameter for loss γ, and the loss penalty parameter λ. In other

words, when the sensing cost cs is higher or when the operator is more risk-

averse (e.g., with a larger λ, a smaller β, or a larger γ), the decision indicators

Hj and Mj decrease. The function gj(Bs) in Table 2.1 (for j = ı̂+1, ..., I−1)

is a decreasing function in Bs defined as follows.

gj(Bs) ,

ı̂∑
i=1

−λ(cs−clαi)γBγ−β
s

j∑
i=ı̂+1

(clαi−cs)βw(pi)β

+1−
cs

(
Dcl
Bs
−cs
)β−1 I∑

i=j+1

w(pi)

j∑
i=ı̂+1

(clαi−cs)βw(pi)

,

j = ı̂+1, ı̂+2, ..., I−1. (2.15)

Theorem 2.1. Under Assumptions 2.1 and 2.2, the optimal sensing decision

B∗s for problem (2.10) and the optimal leasing decision B∗l for problem (2.5)

are summarized in Table 2.1.

By using the unimodal structure of Problem (2.10), we show that there

is at most one inner local maximum point, and hence the global optimum is

either at the local maximum point or at the boundaries [15]. For the detailed

proof of Theorem 2.1, please refer to Section 2.7.1. As shown in Table 2.1,

the operator’s optimal sensing and leasing decisions depend on the decision

indicators Hj and Mj. Notice that Mj < Hj < Mj+1 for every j, and all Hj

(for j = ı̂+ 1, ..., I − 1) and Mj (for j = ı̂+ 1, ..., I) are increasing in cl and
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β, and are decreasing in cs, γ, and λ. For a more risk-averse operator (with

larger λ, smaller β, and larger γ), it has smaller decision indicators Hj and

Mj (which refers to a lower row in Table 2.1), hence it leads to a smaller B∗s .

To better illustrate the insights behind Table 2.1, we further characterize

the impact of sensing cost cs and the risk parameters λ, β and γ on B∗s in the

following corollaries.

Corollary 2.1. The optimal sensing decision B∗s for problem (2.10) is de-

creasing in the loss penalty parameter λ in (2.3) and the risk parameter for

loss γ in (2.3).

The proof of Corollary 2.1 is given in Section 2.7.2. Corollary 2.1 indicates

that if an operator is more risk-averse (with a larger loss penalty parameter

λ or a larger risk parameter for loss γ), it will sense less, as it prefers avoiding

loss due to a low sensing realization to achieving gain due to a high sensing

realization.

Corollary 2.2. When the demand is greater than the I th decision indica-

tor (i.e., D > MI), the optimal sensing decision B∗s for problem (2.10) is

increasing in the risk parameter for gain β in (2.3).

The proof of Corollary 2.2 is given in Section 2.7.3. Corollary 2.2 indicates

that for the case of a large demand (i.e., D > MI), a more risk-seeking

operator (with a larger risk parameter for gain β) will sense more to achieve

a larger gain.

However, in the small demand case (i.e., D ≤ MI), as long as the total

available spectrum from sensing can satisfy the demand (i.e., Bsα ≥ D), a

larger sensing decision Bs leads to a constant revenue Dπ but a larger total

sensing cost Bscs, hence a less profit. Therefore, the optimal sensing decision

B∗s is not always increasing with β when D ≤MI .
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Corollary 2.3. The optimal sensing decision B∗s for problem (2.10) is de-

creasing in the sensing cost cs.

The proof of Corollary 2.3 is given in [64]. Corollary 2.3 indicates that the

operator is more willing to sense when the sensing cost decreases.

For comparison, we also consider the operator’s optimal sensing and leasing

decisions under the EUT model. The detailed discussion is given in [64].

2.4 Special Case: Optimal Sensing Decision with Bi-

nary Outcomes

In Section IV, we have focused on the discussion of the impact of the parame-

ters of the s-shaped value function. In this section, we consider a special case

with binary sensing outcomes (i.e., I = 2), to further illustrate the impact

of reference point and probability distortion on the sensing decision. More

specifically, the binary results are α1 = 0 and α2 = 1 with probabilities p1

and p2 as in (2.8) respectively, where p1 + p2 = 1.

A practical motivation of this case is the spectrum utilization at those areas

such as the subway stations or overpasses, where the traffic patterns of PCs

follow a very high peak-valley ratio [57,58]. In these areas, there is hardly any

spectrum left for the virtual operator when the traffic is at its peak, but the

situation completely changes during the off-peak hours. Another example is

the spectrum used by a rotating radar system [52], where the radar antenna

gain and radiation pattern seen by the operator vary in a very high peak-

valley ratio with the rotation of main beam. Hence, there are periods of time

where the sensing realization is very high, and other periods of time when the

sensing realization is very low. To better illustrate the impact of reference

point and probability distortion, we consider the case β = γ in this section
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Table 2.2: Optimal Sensing Decision under different µ

Condition Optimal Sensing Decision B∗s
cl
cs
≤
(
w(p1)
w(p2)

) 1
β

+ 1 B∗s = 0

cl
cs
>
(
w(p1)
w(p2)

) 1
β

+ 1 B∗s = D

to simplify the analysis12. Hence, by plugging I = 2 into (2.9), we can obtain

the utility function:

U(Bs) = w(p1)v(πD −Bscs −Dcl −Rp)

+w(p2)v(πD−Bscs−max{0, D−Bs}cl−Rp). (2.16)

2.4.1 Impact of Probability Distortion

First, we discuss the impact of probability distortion on the operator’s optimal

sensing decision B∗s . To compute B∗s , we consider the same reference point

Rp = D(π − cl) as in Section IV-B, and obtain the following theorem.

Theorem 2.2. For the case of binary outcomes, under Assumptions 2.1 and

2.2, the optimal sensing decision B∗s for problem (2.10) is summarized in

Table 2.2.

The proof of Theorem 2.2 is given in [64]. The results in Table 2.2 depend

on the ratio w(p1)/w(p2). The operator will sense B∗s = D when the leasing

and sensing cost ratio cl/cs exceeds the sensing threshold [w (p1) /w (p2)]
1
β +

1, and will sense B∗s = 0 otherwise. Since p1 + p2 = 1, according to the

probability distortion effect in PT, the larger probability is underweighed

and the smaller probability is overweighed. From Table 2.2, for the case

p1 < p2, p1 is overweighted and p2 is underweighted in PT (i.e., w(p1)/w(p2) >

p1/p2), where the operator underestimates the chance of having a high sensing

realization. Thus, the PT operator is more risk-averse and will sense less than
12We do not obtain additional new insights on reference point and probability distortion in the case

β 6= γ, hence we omit the discussion of β 6= γ here.
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or equal to an EUT operator because it has a higher sensing threshold. On

the other hand, when p1 > p2, p2 is overweighted (i.e., w(p1)/w(p2) < p1/p2),

where the operator overestimates the chance of a high sensing realization.

Thus, the PT operator is more risk-seeking and will sense greater than or

equal to that of an EUT operator because the PT operator has a lower sensing

threshold.

2.4.2 Impact of Reference Point

Next, we discuss the impact of reference point Rp on the operator’s optimal

sensing decision B∗s . A high reference point Rp indicates that the operator

has a high expectation on the profit, and it is more likely to experience a loss

since the outcome is often less than its expectation. On the other hand, a

low reference point Rp indicates that the operator has a low expectation, and

it is more likely to experience a gain since the outcome is often beyond its

expectation. As we will see in the following, whether an outcome is considered

as a loss or a gain can significantly affect the operator’s subjective valuation

of the outcome, and hence its sensing decision.

To better illustrate the impact of reference point, we focus on two choices:

(i) A high reference point Rhigh
p = D(π − cs), which reflects the operator’s

expectation of realizing all the sensing spectrum D. (ii) the low reference

point Rlow
p = D(π − cl − cs), which reflects the operator’s expectation of not

realizing any of the sensing spectrum D. In other words, the same outcome

is more likely to be considered as a loss under the high reference point than

under the low reference point.

From (2.16), we obtain the utility under the high reference point as

URPH (Bs)=− λw (p1) (Bscs +Dcl −Dcs)β

− λw (p2) [D (cl−cs)−Bs (cl−cs)]β , (2.17)
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Table 2.3: Optimal Sensing Decision B∗s under Rhigh
p = D(π−cs) and Rlow

p = D(π−cl−cs)

Condition
B∗s under Rhigh

p B∗s under Rlow
p

(i.e., Risk-Seeking) (i.e., Risk-Averse)
cl
cs
<1+ w(p1)

w(p2)
B∗s = U

′−1
RPH(0) B∗s = 0

cl
cs
≥1+ w(p1)

w(p2)
B∗s = D B∗s = U

′−1
RPL(0)
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(a) β = 0.8, Rp = (π − cl)D
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(b) β = 1, Rp = (π − cl)D
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(c) β = 1, Rp = (π − cs)D

Figure 2.3: Optimal sensing decision B∗s versus γ and λ for different β and Rp. Other
parameters are cl = 5, cs = 2, and D = 10. (The color represents optimal sensing decision
B∗s .)

and the utility under the low reference point as

URPL(Bs)=w(p1)(Dcs−Bscs)
β+w(p2) [Bs (cl−cs)+Dcs]β. (2.18)

By studying the first order derivatives under the two reference points

U ′RPH(Bs) and U ′RPL(Bs), we can compute the optimal sensing decision that

solves problem (2.10) in the following theorem.

Theorem 2.3. For the case of binary outcomes, under Assumptions 2.1 and

2.2, the optimal sensing decision B∗s for problem (2.10) under different refer-

ence points Rhigh
p = D(π − cs) and Rlow

p = D(π − cl − cs) are summarized in

Table 2.3.

The proof of Theorem 2.3 is given in [64]. Theorem 2.3 indicates that

B∗s under Rhigh
p is always greater than B∗s under Rlow

p . This means that an

operator with Rhigh
p is more willing to sense compared to an operator with
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Rlow
p . When an operator has a high expectation (due to a high reference

point), it is more likely to encounter losses than gains under uncertainty.

Since the operator’s valuation function v(x−Rp) is convex in the loss region,

it will sense more in order to gain more in the case of high sensing realization

(i.e., α = 1). In contrast, when an operator has a low expectation (due to a

low reference point), it is more likely to encounter gains than losses. Since the

operator’s valuation function v(x − Rp) is concave in terms of gains, it will

sense less, in order to avoid the risk of low sensing realization (i.e., α = 0).

To summarize, an operator who expects a higher profit is more risk-seeking,

and an operator who expects a lower profit is more risk-averse.

2.5 Performance Evaluations

In this section, we illustrate the operator’s optimal sensing decision and the

corresponding expected profit under different system parameters. The key

insights under the PT modeling include: (a) A risk-averse operator will sense

less and lease more, which leads to a smaller profit with a lower risk of loss;

while a risk-seeking operator will sense more and lease less, which leads to a

larger profit with a higher risk of loss. (b) Risk preference changes with the

probability of high sensing realization. When the probability of high sensing

realization changes from very high to very low, the operator changes from risk-

averse to risk-seeking. (c) Both risk-averse and risk-seeking operators face

a tradeoff between satisfying their risk preferences and maximizing expected

profit. A risk-averse operator achieves a better tradeoff in a high sensing

cost scenario than in a low sensing cost scenario, while a risk-seeking operator

achieves a better tradeoff in a low sensing cost scenario than in a high sensing

cost scenario.
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2.5.1 Evaluation of the Optimal Sensing Decision

We first evaluate the impact of the three characteristics of PT on the opera-

tor’s optimal decision.

2.5.1.1 Impact of s-shaped Value Function

First, we illustrate the operator’s optimal sensing decision under different

parameters of s-shaped value function (i.e., γ, β, and λ), assuming reference

point Rp = (π − cl)D and linear probability distortion (i.e., µ = 1). We

compare the optimal sensing decision and the corresponding expected profit

with the EUT benchmark, where λ = β = γ = 1.

First, in Fig. 2.3(a) and Fig. 2.3(b), we study the optimal sensing decision

B∗s against the loss penalty parameter λ and the risk averse parameter for

loss γ. To illustrate the impact of β, we set β = 0.8 in Fig. 2.3(a) and β = 1

in Fig. 2.3(b). The other system parameters are fixed at cl = 5, cs = 2,

and D = 10. We observe the behaviors of both risk-averse and risk-seeking

operators in Fig. 2.3(a) and Fig. 2.3(b). The upper right parts of the figures

correspond to the risk-averse operators, and the lower left parts of the figures

are risk-seeking operators. The EUT benchmark corresponds to the case of

λ = β = γ = 1 (i.e., upper left corners of Fig. 3(b) and Fig. 3(c)). We

observe that risk-averse operators sense less and risk-seeking operators sense

more.

Impact of γ on B∗s : We can see that for fixed β and λ, the operator

senses more when γ decreases (see y-axis in Fig. 2.3(a) and Fig. 2.3(b)),

as stated in Corollary 2.1. The intuition is that when γ decreases from 1

(hence the operator is more risk-seeking than an EUT operator), the operator

experiences less marginal disutility from loss. In order to win a potentially

large gain, the operator is more willing to take risk and sense more. An

example to illustrate this impact is that a gambler, who has already lost a



CHAPTER 2. BEHAVIORAL ECONOMICS IN SPECTRUM INVESTMENT 32

lot, cares less of losing an additional $1 than a gambler who just starts to

gamble.

Impact of λ on B∗s : As stated in Corollary 2.1, for fixed γ and β, the

operator senses less when λ increases (see the x-axis in Fig. 2.3(a) and Fig.

2.3(b)). The intuition is that when λ is larger, the penalty of loss to the oper-

ator is larger (hence the operator is more risk-averse than an EUT operator).

In order to avoid a potential loss, the operator will sense less.

Impact of β on B∗s : By comparing Fig. 2.3(a) and Fig. 2.3(b), we can

observe that the operator senses more when β increases for fixed λ and γ,

which verifies Corollary 2.2. The intuition is that when β decreases from 1

(hence the operator is more risk-averse than an EUT operator), the operator

experiences less marginal utility from the same gain. Hence, the operator will

sense less to achieve a certain gain, rather than taking risk for a very large

gain. An example to illustrate this impact is that a rich man is less willing

to earn an additional $1 than a poor man if doing so requires a fixed amount

of effort.

2.5.1.2 Impact of Reference Point

In Fig. 2.3(b), we have considered the reference point of Rp = D(π−cl). Next,

we further illustrate the operator’s optimal sensing decision under another

high reference point of Rp = D(π−cs). As stated in Section V-B, whether an

outcome is considered a loss and gain will significantly affect the operator’s

subjective valuation of the outcome, hence will affect its sensing decision.

In Fig. 2.3(c), we consider the case of Rp = D(π − cs), which reflects the

operator’s expectation of realizing all of the sensing spectrum D. Hence the

same outcome is more likely to be considered as a loss under Rp = D(π− cs)

than under Rp = D(π− cl). We plot the optimal sensing decision of the risk-

seeking and risk-averse operators for different values of λ and γ. The other
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system parameters are the same as those in Fig. 2.3(b). By comparing Fig.

2.3(b) with Fig. 2.3(c), we observe that the operator with a low reference

point Rp = D(π − cl) senses less. The intuition is that when an operator

has a low reference point, it has a low expectation, so it is more likely to

encounter gains than losses. Due to the concavity of its valuation function

v(x − Rp) in gain, the operator will become more risk-averse and will sense

less to avoid the risk of low sensing realization.

2.5.1.3 Impact of Probability Distortion

Then, we illustrate the operator’s optimal sensing decision under different

probability distortion parameters µ for the case of binary sensing outcomes

(i.e., I = 2). We compare the result with the non-distorted benchmark, where

µ = 1. The PT operator is risk-seeking when the probability of low sensing

realization p1 is high, and it is risk-averse when p1 is low.

We notice that the operator’s decisions can be characterized by a threshold

r related to the leasing and sensing cost ratio cl
cs

. When cl
cs
≥ r, meaning that

leasing is expensive, the operator will choose to sense for all the demand D.

Otherwise, when cl
cs
< r, the operator will sense less than the demand D and

lease for part of the demand13. Hence, a larger r means that the operator is

less willing to sense.

In Fig. 2.4, we plot the sensing threshold r against p1 for different values of

µ, where we assume β = γ = λ = 1, and Rp = D(π− cl). We can see that the

threshold r decreases in µ when p1 < 0.5, and increases in µ when p1 > 0.5.

As a smaller µ means that the operator will overweigh the low probability

more, it becomes more risk-averse when p1 is small. Similarly, since a smaller

µ means that the operator will underweigh the high probability more, it is

13Notice that the threshold r is different under different scenarios. For example, with Rp = D(π − cl)
for binary sensing outcomes, we have r = [w (p1) /w (p2)]

1
β + 1 from Theorem 2.2. On the other hand,

with Rp = D(π − cs) for binary sensing outcomes, we have r = 1 + w(p1)/w(p2) from Theorem 2.3.
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cl = 4, π = 8, and D = 10.

more risk-seeking when p1 is large.

2.5.2 Expected Profit and Risk Preference Tradeoff

We then evaluate the tradeoff between the expected profit and risk preference

of an operator. A risk-seeking operator is aggressive and mainly interested in

earning a high maximum profit, while a risk-averse operator is conservative

and mainly interested in guaranteeing a high minimum profit. Given the

system parameters (i.e., cs, cl, π, and D) and risk perference parameters (i.e.,
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λ, β, and γ), we let B∗s and B∗l be the optimal sensing and leasing decisions

discussed in Section IV. The optimal expected profit Eα[R(B∗s , B
∗
l , α)] is the

averaged profit over different sensing realizations. The maximum possible

profit R(B∗s , B
∗
l , 1) is the profit with α = 1, and the minimum possible profit

R(B∗s , B
∗
l , 0) is the profit with α = 0.

Tradeoff of a risk-seeking operator: In Fig. 2.5(a), we plot the tradeoff

between the expected profit and the maximum possible profit for β = 1 under

different cs and γ. Since an EUT operator (γ = 1) makes decision only by

maximizing expected profit, we can see from Fig. 2.5(a) that it can achieve

the highest expected profit. On the other hand, a PT operator makes decision

by taking into account both the expected profit and its risk preference. More

specifically, although a risk-seeking PT operator (i.e., γ < 1) achieves a lower

expected profit comparing to an EUT operator, it can earn a higher maximum

possible profit than an EUT operator. Notice in Fig. 5(a), when the operator

is very risk-seeking (γ → 0), the expected profit and maximum possible profit

both decrease. This is because the operator can achieve the maximum possible

profit when the sensed spectrum is fully realized. However, when the sensing

decision B∗s is greater than demand D (hence the maximum realized spectrum

is greater than D), being more risk-seeking (which leads to a larger sensing

decision B∗s ) will not lead to a larger maximum possible profit, but will only

lead to a larger probability of achieving that maximum possible profit. This

explains the “bending” in the figure. From Fig. 2.5(a), we also observe that

the tradeoff varies with sensing cost cs. We can see that under the three cases

of cs, an EUT operator has the same expected profit and maximum possible

profit, because it has the same optimal sensing decision (B∗s = 0). However,

a risk-seeking operator will have a smaller loss in expected profit but a larger

gain in maximum possible profit than an EUT operator (γ = 1) when the

sensing cost cs decreases. In other words, a risk-seeking operator achieves a
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better tradeoff when the sensing cost decreases.

Tradeoff of a risk-averse operator: In Fig. 2.5(b), we plot the tradeoff

between optimal expected profit and minimum possible profit for γ = 1 under

different cs and β. We can see from Fig. 2.5(b) that a risk-averse operator

(β < 1) achieves a lower expected profit comparing to an EUT operator

(β = 1), but guarantees a higher minimum possible profit than an EUT

operator. For example, an extremely risk-averse operator (β → 0) has a

similar expected profit and minimum possible profit under any sensing cost

cs, because its optimal sensing decision B∗s is always close to zero. We can

also observe that a risk-averse operator will have a smaller loss in expected

profit but a larger gain in minimum possible profit than an EUT operator

when the sensing cost cs increases. In other words, a risk-averse operator

achieves a better tradeoff when the sensing cost increases.

2.6 Chapter Summary

In this chapter, we considered a spectrum investment problem with sensing

uncertainty, where an operator decides its spectrum sensing and leasing de-

cisions by considering both expected profit and its risk preference based on

prospect theory. This is the first work that studied the optimal decisions

based on all three characteristics of prospect theory in the wireless commu-

nication literature, and compared and contrasted these decisions with those

under the more widely used expected utility theory. Our results suggested

that a risk-averse operator can achieve a large expected profit while guaran-

teeing a satisfactory level of minimum possible profit when the sensing cost

is high. On the other hand, a risk-seeking operator can achieve both a large

expected profit and maximum possible profit when the sensing cost is low.
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2.7 Appendix

2.7.1 Proof of Theorem 2.1

In this proof, we divide the feasible range of Bs into three intervals,
[
0, D

αI

]
,[

D
αI
, Dcl
cs

]
, and

(
Dcl
cs
,∞
)

, and analyze the optimal decision B∗s in each interval.

By this division, in the interval
[
0, D

αI

]
, Bsαi ≤ D for all i ∈ I, so that we do

not need to consider the possibility of sensing realization exceeds the demand.

In the interval (Dcl
cs
,∞), we have Dcl < Bscs, which means that the total cost

of sensing Bscs will be larger than the cost of leasing only Dcl. Hence the

optimal solution will not be in this range. The above reason leads to the

division of three intervals.

We will use the following notations in the proof:

MI ,


I∑

i=ı̂+1

(clαi−cs)β w(pi) β

ı̂∑
i=1

λγ (cs−clαi)γ
(

1
αI

)γ−β
w(pi)


1

γ−β

, (2.19)

Mj,


j∑

i=ı̂+1

(clαi−cs)βw(pi)β−βcs(clαj−cs)β−1
I∑

i=j+1

w(pi)

ı̂∑
i=1

λγ (cs − clαi)γ
(

1
αj

)γ−β
w(pi)


1

γ−β

,

j = ı̂+1, ı̂+2, ..., I−1, (2.20)
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and

Hj,


j∑

i=ı̂+1

(clαi−cs)βw(pi)β−βcs(clαj+1−cs)β−1
I∑

i=j+1

w(pi)

ı̂∑
i=1

λγ (cs − clαi)γ
(

1
αj+1

)γ−β
w(pi)


1

γ−β

,

j = ı̂+1, ı̂+2, ..., I−1. (2.21)

Next, we analyze the optimal decision B∗s within each interval.

Case I: Bs ∈
[
0, D

αI

]
. We first compute the optimal decision B∗s in this

interval using the first order condition. In this case, Bsαi ≤ D for all i ∈ I,

so the optimal leasing decision B∗l = D − Bsαi ≥ 0. From (2.7), the revenue

is

R (Bs, B
∗
l , αi) = (π − cl)D −Bscs +Bsclαi. (2.22)

Since αi follows a discrete distribution in [0, 1], we can plug (2.18) into

(2.9), and get (2.19) by taking the proper expectation.

U(Bs)=
I∑

i=ı̂+1

(Bsclαi−Bscs)
βw(pi)−

ı̂∑
i=1

λ(Bscs−Bsclαi)
γw(pi)

=
I∑

i=ı̂+1

(clαi−cs)β w(pi)B
β
s−

ı̂∑
i=1

λ(cs −clαi)γw(pi)B
γ
s . (2.23)

We consider the first order derivative of (2.23) with respect to Bs:

U ′(Bs)=
I∑

i=ı̂+1

(clαi−cs)βw(pi)βB
β−1
s −

ı̂∑
i=1

λγ(cs−clαi)γw(pi)B
γ−1
s

=Bβ−1
s

[
I∑

i=ı̂+1

(clαi−cs)βw(pi)β−
ı̂∑
i=1

λγ(cs−clαi)γw(pi)B
γ−β
s

]
. (2.24)
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We can obtain

U ′ (Bs) > 0⇔
ı̂∑
i=1

−λγ (−clαi + cs)
γ w(pi)B

γ−β
s

+
I∑

i=ı̂+1

(clαi − cs)β w(pi) β > 0

⇔ Bs <

[∑I
i=ı̂+1 (clαi−cs)β w(pi) β∑ı̂
i=1 λγ (cs−clαi)γ w(pi)

] 1
γ−β

=
MI

αI
, (2.25)

where MI is defined in (2.15). Since the second order derivative U ′′(Bs)<0,

we know that U ′(Bs) in (2.20) decreases in Bs. Hence, we only need to

compare the right boundary D
αI

and the critical point MI

αI
. From (2.25), we

have

B∗s =


MI

αI
, if

MI

αI
<
D

αI
,

D

αI
, if

MI

αI
≥ D

αI
.

(2.26)

Intuitively, when the leasing cost cl is high (and hence every Hj in (2.17) is

large), the utility increases when the operator senses more (and leases less).

Case II: Bs ∈
[
D
αI
, Dcl
cs

]
. We compute the optimal decision B∗s in this

interval by capturing the unimodal structure. In this case, profit R (Bs, B
∗
l , α)

can be represented as a piecewise function as follows.

R (Bs, B
∗
l , α) =


πD −Bscs, if α >

D

Bs

,

Bsclα−Bscs, if 0 < α <
D

Bs

.

(2.27)



CHAPTER 2. BEHAVIORAL ECONOMICS IN SPECTRUM INVESTMENT 40

We substitute (2.23) into (2.9), and the utility function becomes

U(Bs)=
ı̂∑
i=1

−λ[Bs(cs−clαi)]γw(pi)

+

j∑
i=ı̂+1

[Bs(clαi−cs)]βw(pi)+
I∑

i=j+1

(Dcl−Bscs)
βw(pi). (2.28)

The value of j in (2.24) varies when Bs belongs to different sub-intervals.

The utility function U (Bs) in (2.24) is a continuous function in the whole

interval, and is differentiable in each of the I− ı̂ sub-intervals, D
αj+1
≤ Bs ≤ D

αj
,

j = ı̂ + 1, ..., I − 1, and D
αı̂+1
≤ Bs ≤ Dcl

cs
. Although the utility function is

not globally differentiable, we can evaluate the derivative of each sub-interval,

and find the optimal point for each of the I− ı̂ sub-intervals. Then we can find

the optimal solution of the whole interval by comparing the optimal points

in the I − ı̂ sub-intervals.

We conclude the optimal sensing decision B∗s,j in the interval D
αj+1
≤ Bs ≤

D
αj

, j = ı̂+ 1, ..., I − 1 in Proposition 2.1.

Proposition 2.1. The maximum utility value U
(
B∗s,j

)
in each sub-interval

among D
αj+1
≤ Bs ≤ D

αj
, j = ı̂+ 1, ..., I − 1 is achieved at

B∗s,j =



D

αj
, if D ≤Mj,

g−1
j (0) , if Mj < D < Hj,

D

αj+1

, if Hj ≤ D < Mj+1.

(2.29)

Proof. We prove Proposition 2.1 by capturing the unimodal structure of (2.24)

in each sub-interval D
αj+1

≤ Bs ≤ D
αj

. For a unimodal problem, the optimal

point is either at the unique local maximum point or the boundaries. For

D
αj+1
≤ Bs ≤ D

αj
, we consider the first order derivative of (2.24) with respect
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to Bs:

U ′(Bs)=
ı̂∑
i=1

−λ (cs−clαi)γ w(pi)γB
γ−1
s

+

j∑
i=ı̂+1

β(clαi−cs)βw(pi)B
β−1
s −cs

I∑
i=j+1

β(Dcl−Bscs)
β−1w(pi)

=

j∑
i=ı̂+1

β (clαi−cs)β w(pi)B
β−1
s

[ ı̂∑
i=1

−λ (cs−clαi)γ Bγ−β
s

j∑
i=ı̂+1

(clαi − cs)β w(pi)β

+1−
cs

I∑
i=j+1

(
Dcl
Bs
−cs

)β−1

w(pi)

j∑
i=ı̂+1

(clαi−cs)β w(pi)

]
, (2.30)

where we define

gj (Bs) ,

ı̂∑
i=1

−λ (cs−clαi)γ Bγ−β
s

j∑
i=ı̂+1

(clαi−cs)β w(pi) β

+1

−
cs

(
Dcl
Bs
−cs

)β−1 I∑
i=j+1

w(pi)

j∑
i=ı̂+1

(clαi−cs)β w(pi)

, j = ı̂+1, ı̂+2, ..., I−1. (2.31)

With (2.27), we can rewrite U ′ (Bs) as

U ′ (Bs) =

j∑
i=ı̂+1

β (clαi − cs)β w(pi)B
β−1
s gj (Bs) , (2.32)

where
∑j

i=ı̂+1 β (clαi − cs)β w(pi)B
β−1
s > 0. The function gj (Bs) in (2.27) is

a strictly decreasing function of Bs, which means the first order derivative

U ′ (Bs) in (2.28) will only be zero at most once, thus there is at most one
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local maximum point14.

We then consider the two boundary points: Bs = D
αj+1

and Bs = D
αj

.

1) When Bs = D
αj+1

, we have:

gj

(
D

αj+1

)
=

∑ı̂
i=1−λ (−clαi+cs)γ

(
D

αj+1

)γ−β
γw(pi)∑j

i=ı̂+1 (clαi−cs)β w(pi) β
+1

−
cs
∑I

i=j+1(clαj+1−cs)β−1w(pi)∑j
i=ı̂+1 (clαi−cs)β w(pi)

. (2.33)

We can obtain

gj

(
D

αj+1

)
> 0⇔ D < Hj. (2.34)

2) When Bs = D
αj

, we have:

gj

(
D

αj

)
=

∑ı̂
i=1−λ (−clαi + cs)

γ
(
D
αj

)γ−β
γw(pi)∑j

i=ı̂+1 (clαi − cs)β w(pi) β
+ 1

−
cs
∑I

i=j+1 (clαj−cs)β−1w(pi)∑j
i=ı̂+1 (clαi − cs)β w(pi)

. (2.35)

We can obtain

gj

(
D

αj

)
> 0⇔ D < Mj. (2.36)

We can see that gj (Bs) and U ′ (Bs) in (2.28) have the same sign within the

interval
[

D
αj+1

, D
αj

]
. From (2.30), we have that U ′

(
D

αj+1

)
≥ 0 when D ≥ Hj

and U ′
(

D
αj+1

)
< 0 when D < Hj. From (2.32), we have that U ′

(
D
αj

)
≥ 0

when D ≥ Mj and U ′
(
D
αj

)
< 0 when D < Mj. Thus U ′ (Bs) can be either

negative within the entire interval
[

D
αj+1

, D
αj

]
, or positive within the entire

14If this point is local minimum, then there is no local maximum point, and the maximum point in this
sub-interval is at the boundaries.
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interval, or first positive and then negative within that interval based on the

value of demand parameters Hj and Mj.

To sum up, the optimal solution B∗s,j in each sub-interval Bs ∈
[

D
αj+1

, D
αj

]
,

j = ı̂ + 1, ..., I − 1 depends on the value of demand parameters Hj and Mj

as in (2.25).

Then we are going to study the cases at the boundaries of the interval[
D
αI
, Dcl
cs

]
. The case of left boundary (Bs = D

αI
) is included in Proposition 2.1.

When Bs >
D
αı̂+1

, we can show the utility U (Bs) in (2.24) is decreasing in Bs,

hence the optimal B∗s ≤ D
αı̂+1

.

We then study the relation between the adjacent sub-intervals. Since (i)

U (Bs) is continuous, (ii) gj (Bs) > gj−1 (Bs) for all j, and (iii) gj (Bs) is

decreasing in Bs for all j, we know in
[
D
αI
, Dcl
cs

]
,

B∗s =


D

αj
, if gj

(
D

αj

)
≥ 0 and gj−1

(
D

αj

)
≤ 0,

g−1
j (0) , if gj

(
D

αj

)
< 0 and gj

(
D

αj+1

)
> 0.

(2.37)

Based on (2.30), (2.32) and (2.33), we can have the following summary.

B∗s =


D

αj
, if Hj ≤ D ≤Mj+1,

g−1
j (0) , if Mj < D < Hj,

(2.38)

where j = ı̂, ..., I − 1.

Case III: Bs ∈
(
Dcl
cs
,∞
)

. In this case, Dcl − Bscs < 0. From (2.7) and

(2.11), we know

R (Bs, B
∗
l , α)−Rp = Dcl −Bscs −max{D −Bsα, 0} < 0, (2.39)

which means the total cost of sensing Bscs will be larger than the cost of

only using spectrum leasing Dcl. However, the amount of revenue Dπ from
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sensing or leasing is the same, since the total demand is limited. Hence it is

impossible to choose the optimal B∗s in this range to maximize the utility.

By summarizing the analysis of the above three cases, we obtain Table 2.1.

2.7.2 Proof of Corollary 2.1

From (2.26), we obtain

hλ (λ) ,
∂U ′ (Bs)

∂λ
=

ı̂∑
i=1

−γw(pi) (cs − clαi)γ Bγ−1
s < 0, (2.40)

and

hγ (γ) ,
∂U ′ (Bs)

∂γ
=

ı̂∑
i=1

−λw(pi) (cs − clαi)γ Bγ−1
s

+
ı̂∑
i=1

−λw(pi) γ ln (cs − clαi) (cs − clαi)γ

−Bγ−1
s

ı̂∑
i=1

λw(pi) γ lnBs (cs−clαi)γ Bγ−1
s < 0. (2.41)

If λ1 > λ2, then hλ (λ1) < hλ (λ2) for every Bs, which means U ′ (Bs) with

λ = λ1 is less than U ′ (Bs) with λ = λ2 for every Bs, and U ′ (Bs) with λ = λ1

will become zero with a smaller Bs. Hence B∗s decreases in λ.

If γ1 > γ2, then hγ (γ1) < hγ (γ2) for every Bs, which means U ′ (Bs) with

γ = γ1 is less than U ′ (Bs) with γ = γ2 for every Bs, and U ′ (Bs) with γ = γ1

will be zero with a smaller Bs. Hence B∗s decreases in γ when D > MI .
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2.7.3 Proof of Corollary 2.2

From (2.21), we obtain

hβ (β) ,
∂U ′(Bs)

∂β
=

I∑
i=ı̂+1

w(pi) (clαi−cs)β Bβ−1
s

−
I∑

i=ı̂+1

λw(pi) β ln (clαi−cs) (clαi−cs)β

−Bβ−1
s

I∑
i=ı̂+1

λw(pi) β lnBs(clαi−cs)βBβ−1
s <0. (2.42)

If β1 > β2, then hβ (β1) < hβ (β2) for every Bs, which means U ′ (Bs) with

β = β1 is less than U ′ (Bs) with β = β2 for every Bs, and U ′ (Bs) with β = β1

will be zero with a smaller Bs. Hence B∗s decreases in β.

2.7.4 Proof of Corollary 2.3

From (2.26), we obtain

hcs (cs) ,
∂U ′ (Bs)

∂cs
=

ı̂∑
i=1

−λγ2w(pi) (cs − clαi)γ−1Bγ−1
s

+ cs

I∑
i=j+1

Bsβ (β − 1)w(pi) (Dcl−Bscs)
β−2

−
I∑

i=j+1

β (Dcl−Bscs)
β−1w(pi)

−
j∑

i=ı̂+1

β2w(pi) (clαi −cs)β−1Bβ−1
s <0. (2.43)

If c1
s > c2

s, then hcs (c1
s) < hcs (c2

s) for every Bs, which means U ′ (Bs) with

cs = c1
s is less than U ′ (Bs) with cs = c2

s for every Bs, and U ′ (Bs) with cs = c1
s

will be zero with a smaller Bs. Hence B∗s decreases in cs.
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Table 2.4: Optimal Sensing Decision and Leasing Decision under EUT

Condition
Optimal Sensing Optimal Leasing

Decision B∗s Decision B∗l

cl
cs
≤
(

I∑
i=1

piαi

)−1
B∗s = 0 B∗l = D(

j+1∑
i=1

piαi

)−1
< cl
cs
<

(
j∑
i=1

piαi

)−1
B∗s = min{ D

αj+1
, Dclcs }

B∗l =max{0,

for j = 1, ..., I−1 D−αmin{ D
αj+1

, Dclcs }}
cl
cs
≥ (α1p1)

−1
B∗s = D

α1
B∗l = D − α D

α1

2.7.5 The EUT Benchmark in Section 2.3

For comparison, we also consider the operator’s optimal sensing and leasing

decisions under the EUT model. As mentioned in Section 2.2, EUT model is

a special case of the PT model with β = 1, γ = 1, λ = 1, and µ = 1. Under

the EUT model, we can obtain the solution of problem (2.10) analytically.

Theorem 2.4. The optimal sensing decision B∗s for problem (2.10) and the

optimal leasing decision B∗l for problem (2.5) under EUT are summarized in

Table 2.4.

Proof. In the proof, we divide the feasible range of Bs into two intervals,[
0, D

α1

]
, and

[
D
α1
,∞
)

.

1) Case I: Bs ≤ D
α1

. We first compute the optimal decision B∗s in this

interval. In this case, Bsα is not always larger than D, thus by (2.9), we

can write the expectation of revenue R (Bs, B
∗
l , α) with respect to α. In each
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sub-interval 0 ≤ Bs ≤ D
αI

15 and D
αj+1
≤ Bs ≤ αj, j = 1, ..., I − 1, we can write

U (Bs) =Eα [R (Bs, B
∗
l , α)]

=(πD−Bscs)
I∑

i=j+1

pi+

j∑
i=1

[(π−cl)D−Bs(cs−clαi)]pi

=πD −
j∑
i=1

piDcl +

[(
j∑
i=1

αipi

)
cl − cs

]
Bs. (2.44)

From (2.40), we know that U (Bs) is continuous and piecewise linear in Bs.

Since
j∑
i=1

αipicl in (2.41) is increasing in j, we know that there is at most one

local maximum point. Hence, the optimal B∗s is either at the local maximum

point or the boundaries, depending on the value of cl
cs

,

B∗s =



0, if
cl
cs
≤

(
I∑
i=1

αipi

)−1

.

D

αj
, if

(
j+1∑
i=1

αipi

)−1

<
cl
cs
<

(
j∑
i=1

αipi

)−1

, j=1, 2, ..., I−1,

D

α1

, if
cl
cs
≥ (α1p1)−1 .

(2.45)

From the analysis of Case III in Section 2.7.1, we know that the optimal

B∗s ∈
[
0, Dcl

cs

]
. By comparing the value of Dcl

cs
with the optimal B∗s in (2.40),

we obtain the results in the first two rows of Table 2.4.

3) Case II: Bs ∈
[
D
α1
,∞
)

.

In this case, Bsα ≥ D. From (2.9), we know

U (Bs) = E [R (Bs, B
∗
l , α)] = πD −Bscs. (2.46)

Since R (Bs) is decreasing in Bs in this case, the optimal sensing decision

15In the case 0 ≤ Bs ≤ D
αI

, the utility function U (Bs) is equivalent to U (Bs) in (2.40) with j = I.
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B∗s = D
α1

, and the corresponding utility U (B∗s ) = πD − D
α1
cs

Since U (Bs) is continuous, we combine the optimal utilities from Case I

and Cases II, and obtain the optimal B∗s with different values of cl
cs

as in Table

2.4.

The results in Table 2.4 also depend on the cost ratio cl
cs

. When cl
cs
≤(∑I

i=1 piαi

)−1

, the leasing is cheap enough so that the operator will choose to

lease only (B∗s = 0). For the case cl
cs
≥ (p1α1)−1 (hence leasing is significantly

more expensive), we have B∗s = D
α1

. The threshold value
(∑j

i=1 piαi

)−1

is

based on the distribution of α, as the expected “effective cost” of getting one

unit of idle spectrum through sensing is cs

(∑j
i=1 piαi

)−1

.

2.7.6 Proof of Theorem 2.2

From (2.12), when Bs > D, U (Bs) is decreasing in Bs, so B∗s ∈ [0, D]. Hence,

we obtain

U (Bs) = −λw (p1) (Bscs)
β + (cl − cs)β Bβ

sw (p2)

=
[
w (p2) (cl − cs)β − λw (p1) cs

β
]
Bβ
s . (2.47)

From (2.43), we find that U (Bs) is a monotonic function of Bs. Hence, we

can find the optimal sensing decision

B∗s =

 0, if w (p2) (cl − cs)β < λw (p1) cs
β,

D, if w (p2) (cl − cs)β ≥ λw (p1) cs
β.

(2.48)

2.7.7 Proof of Theorem 2.3

From (2.13) and (2.14), when Bs > D, both URPH (Bs) and URPL (Bs) are

decreasing in Bs, so B∗s ∈ [0, D]. We prove Theorem 2.3 by capturing the

unimodal structure of (2.13) and (2.14). For a unimodal problem, the optimal
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point is either at the unique local maximum point or the boundaries. We first

compute the first order derivatives of URPH and URPL with respect to Bs:

∂URPH(Bs)

∂Bs

=− λcsw (p1) β [Bscs +D (cl − cs)]β−1

+ λw (p2) β (cl − cs)β [(D −Bs)]
β−1 , (2.49)

and

∂URPL(Bs)

∂Bs

=−csβ (−Bscs +Dcs)
β−1w (p1)

+β (cl−cs) [Bs (cl−cs)+Dcs]
β−1w (p2) . (2.50)

Since the second order derivatives ∂2URPH (Bs) /∂B
2
s is larger than zero and

∂2URPL (Bs) /∂B
2
s is less than zero, the function ∂URPH/∂Bs is a strictly

increasing function of Bs, and the function ∂URPL (Bs) /∂Bs is a strictly de-

creasing function of Bs, which means ∂URPH (Bs) /∂Bs and ∂URPL (Bs) /∂Bs

will only be zero at most once, thus at most one local maximum point for

both URPH (Bs) and URPL (Bs).

We then consider the two boundary points (a) Bs = 0 + ε and (b) Bs =

D− ε, with ε being a small positive number approaching zero (i.e., ε→ 0), to

see if the optimal point is at the local maximum point or at the boundaries.

(a) When Bs = 0 + ε, we have:

lim
ε→0

U ′RPH(ε)=βλ [D(cl−cs)]β−1[w(p2)(cl−cs)−w(p1)cs] , (2.51)

and

lim
ε→0

U ′RPL(ε) = βDcβ−1
s [−w (p1) cs + (cl − cs)w (p2)] . (2.52)
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(b) When Bs = D − ε, we have:

lim
ε→0

U ′RPH (D − ε) =∞, (2.53)

and

lim
ε→0

U ′RPL (D − ε) = −∞. (2.54)

We can obtain

lim
ε→0

U ′RPH (ε) < 0⇔− w (p1) cs + (cl − cs)w (p2) < 0

⇔ lim
ε→0

URPL (ε) < 0. (2.55)

Since U ′RPH (ε) and U ′RPL (ε) have the same sign from (2.47) and (2.48), either

U ′RPH (Bs) is first negative then positive and U ′RPL (Bs) is all negative within

the range (0, D), or U ′RPH (Bs) is all positive and U ′RPL (Bs) is first positive

then negative within the range (0, D).

Since U (Bs) is continuous in Bs ∈ [0, D], the optimal solution B∗s under

the two reference points depends on the value of cl and cs as in Table 2.3.



Chapter 3

Behavioral Economics in

Mobile Data Trading

3.1 Introduction

3.1.1 Background and Motivation

In 2014, China Mobile Hong Kong (CMHK) launched the first 4G data trad-

ing platform in the world, called the 2nd exChange Market (2CM), which

allows its users to trade their monthly 4G mobile data quota directly with

each other. In this platform, a seller can sell some of his remaining data

quota of the current month on the platform with a desirable price set by

himself. If a buyer wants to buy some data at the listed price, the platform

will help complete the transaction and transfer the proper data amount from

the seller’s quota to the buyer’s quota of that month.

However, there is a shortcoming of the current one-sided 2CM mechanis-

m. More specifically, 2CM is a sellers’ market, where a buyer cannot list

his desirable buying price and quantity. This means that a buyer needs to

frequently check the platform to see whether the current (lowest) selling price

is acceptable, while a seller does not know whether he can sell the data at his

51
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proposed price immediately. In other words, both buyers and sellers suffer

from the incomplete information of this one-sided market.

To improve the existing CMHK mechanism, we apply the widely used Wal-

rasian auction in the stock markets [20,54]. In such a mechanism, both sellers

and buyers can submit their selling and buying prices and quantities to the

platform. The platform clears some transaction whenever the highest buying

price among buyers is no smaller than lowest selling price among sellers. We

are interested in understanding how a user should participate in such a mar-

ket under the uncertainty of his future data usage, given his remaining data

quota of the current month and the current prices and quantities of other

sellers and buyers. More specifically, we would like to answer the following

questions: (i) Should a user choose to be a seller or a buyer? (ii) How much

should he sell or buy?

The key feature of the user’s decision problem is the future data demand

uncertainty, as there will be a satisfaction loss if the user’s realized demand

exceeds his monthly data quota (after incorporating the results of data trad-

ing), and there will be a waste of money if the user’s realized demand is

less than his monthly data quota (if the user purchases too much data). A

typical approach of solving a user’s decision problem with uncertainty is to

maximize the user’s expected utility, i.e., the expected utility theory (EU-

T) (e.g., [53]). Empirical evidences [30, 56], however, have shown that the

EUT model can deviate from real world observations significantly due to the

complicated psychological aspect of human decision-making. Alternatively,

researchers in behavioral economics have shown that prospect theory (PT),

which establishes a more general theoretical model that includes EUT as a

special case, provides a psychologically more accurate description of the de-

cision making under uncertainty, and explains some human behaviors that

seem to be illogical under EUT [30].
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As PT has been shown to be more accurate than EUT in predicting human

behaviors [30, 45, 56], it has been applied to gain better understandings of

financial markets [27] and labor markets [6]. However, there does not exist

any PT-based studies in understanding the users’ decisions in the mobile data

trading market.

3.1.2 Contributions

In this chapter, we aim to understand a user’s realistic trading behavior in a

mobile data market, considering his future data demand uncertainty.

In the first part of the chapter, we focus on deriving the optimal trading

decision of a user based on his remaining quota and possible demand till the

end of the billing cycle, without considering future possible tradings.1 Specif-

ically, we formulate the problem as a two-stage optimization problem, where

the user decides whether to be a seller or a buyer in Stage I (at a particular-

ly given trading time), and then determines his selling quantity (as a seller)

or buying quantity (as a buyer) in Stage II. Besides considering the optimal

decision of a risk-neutral user in the EUT framework, we will also consider

the impact of the user’s risk preferences on the decision. To be more specific,

a risk-seeking decision maker is aggressive and wants to achieve a high max-

imum profit even with the risk of a low minimum profit, while a risk-averse

decision maker is conservative and wants to guarantee a satisfactory level

of minimum profit. The PT provides a comprehensive analytical framework

for understanding the optimal decisions of different types of decision makers.

However, the corresponding optimization is non-convex hence is challenging

to solve. Nevertheless, by exploiting the unimodal structure in each sub-

interval of the feasible set, we can obtain the globally optimal solution of the

non-convex optimization problem. We further discuss the practical insight-

1For example, the billing cycle of a monthly data plan is a month.
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s by comparing the analysis under PT and EUT for the case with binary

outcomes.

In the second part of the chapter, we introduce an algorithm for au-

tonomous and adaptive data trading based on the theory developed in the

first part. In such an algorithm, a user can trade multiple times during a

billing cycle, with each trading decisions being made in a “myopic” fashion

without considering the possible future trading opportunities. Since a user’s

risk preference will significantly impact the result of this algorithm, we design

another algorithm to estimate the user’s risk preference. We implement the

algorithms on an Android app2 and evaluate our algorithm’s performances

under different risk preferences through numerical examples.

Our key contributions are summarized as follows:

• Behavioral economics modeling of uncertainty : We use prospect theory

to model the user’s trading behavior under future data demand uncer-

tainty. We consider all three key characteristics of PT and derive key

insights that characterize the optimal selling and buying decisions.

• Characterization of the optimal trading solution: Although the user’s

decision problem is not convex, we are able to obtain the globally optimal

solution by exploiting the convexity and unimodality in different sub-

intervals of the feasible set. We further evaluate how different behavioral

characteristics (i.e., reference point, probability distortion, and s-shaped

valuation) affect this optimal decision.

• Engineering insights on risk preferences : Comparing with the bench-

mark EUT result, we show that a PT user with a low reference point

is more willing to buy mobile data and less willing to sell mobile da-

2Notice that the app is based on the real CMHK market, hence it is different from our theory in two
aspects. First, there is no buyer’s market, and the seller will make decision at the price slightly lower than
the minimum selling price. Second, a user can make several decisions during a billing cycle, based on his
current quota and future data demand uncertainty.
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ta. Moreover, a PT user is even more willing to buy mobile data when

the probability of high future data demand is small, mainly due to the

probability distortion.

• Evaluation of algorithms : We evaluate the user’s profit under our pro-

posed algorithm numerically. Based on this, we show that a risk-averse

user can achieve the highest minimum profit, a risk-seeking user can

achieve the highest maximum profit, and a risk-neutral user can achieve

the highest average profit.

In Section 3.2, we formulate the user’s utility functions under both EUT

and PT. In Section 3.3, we compute the optimal user decision, and illustrate

the insights through a special case of binary outcomes. In Section 3.4, we

explain the implementation of our multi-trade algorithm on an Android app,

which estimates the user’s risk preferences and compute the optimal trading

decisions accordingly. In Section 3.5, we numerically evaluate the user’s op-

timal decision based on several model parameters, and compute the overall

profit that our algorithm can achieve in a billing cycle under different risk

preferences. We summarize the chapter in Section 3.6.

3.2 System Model

In this chapter, we consider the trading decision of a single user3 in a mobile

data trading platform. We first introduce the mobile data trading market in

Section 3.2.1. Then we discuss the user’s profile in Section 3.2.2 and his risk

preferences model in Section 3.2.3. In Section 3.2.4, we formulate the user’s

two-stage trading decision problem.

3Note that there are many users in the market, and a single user’ decision will not significantly impact
on the market. So from a single user’s point of view, the market can be viewed as exogenously given and
stochastically changing.
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User Profile: 
Quota: 𝑄 GB/Month 
Demand: 𝑑𝑖 , 𝑝𝑖 , 𝑖 ∈ 
Preference: v 𝑥 ,𝑤 𝑝 ,𝑅𝑝 
 

Stage I: Sell or Buy? 
Stage II: How many GB? 

Buyers’ Market Sellers’ Market 

Price (per GB) Available (GB) Price (per GB) Available (GB) 

𝜋𝑏 𝑚𝑚𝑥 = $16 3000 𝜋𝑠 𝑚𝑖𝑖 = $20 4000 

$13 1000 $21 500 

$11 600 $24 800 

… … … … 

Figure 3.1: An example of the trading decision with the data trading platform.

3.2.1 Mobile Data Trading Market

We consider a two-sided mobile data trading platform as shown in Fig. 3.1.

The seller’s market lists the sellers’ proposed prices and the corresponding

amount of data available for sale at each price. If a buyer wants to purchase

some data quota immediately, he can choose to purchase at the minimum

selling price πmin
s in the seller’s market. In Fig. 3.1, we have πmin

s = $20.4

Similarly, the buyer’s market lists buyers’ proposed prices and the correspond-

ing amount of data demand at each price. If a seller wants to sell some data

quota immediately, he can choose to sell at the maximum buying price πmax
b .

In Fig. 3.1, we have πmax
b = $16.

Note that in Fig. 3.1, the maximum buying price (πmax
b = $16) is lower

than the minimum selling price (πmin
s = $20). This is because those selling

offers with prices less than $16 have already been cleared by the market, so

are those buying requests with prices higher than $20.

4As evidenced in the real CMHK market, we assume that the quantity associated with the minimum
selling price is large enough, such that a single buyer who wants to complete the trade immediately can
simply consider a single price πmin

s . Similar to the buying decision, we assume that the quantity associated
with the maximum buying price is large enough such that a single seller who wants to sell his data
immediately can simply consider a single price πmax

b .
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3.2.2 User’s Profile

Remaining Data Quota: For the analytical model in Sections III and IV, we

assume that the user makes the trading decision without considering potential

future tradings in the same billing cycle. We use Q to denote his remaining

data quota at the time of decision. For example, if the user subscribes to a

data plan of 5 GB per month and he has consumed 2 GB so far, then Q = 3

GB for the remaining time of the billing cycle.

Demand Uncertainty: The user has an uncertainty regarding his future

data demand from now till the end of the billing cycle. We assume that his

future data demand d follows a discrete distribution over the set of I possible

values, {di: i ∈ I = {1, . . . , I}, d1 < . . . < dI}, with the corresponding

probability mass function P(d = di) = pi with
∑I

i=1 pi = 1. To avoid the

trivial case, we assume that d1 < Q and dI > Q. We further define ı̂ as the

index that dı̂ < Q and dı̂+1 ≥ Q.

Satisfaction Loss: The user’s data plan has a two-part pricing tariff, where

the user pays a fixed fee for the data consumption up to a monthly quota (5

GB in the previous example), and a linear high usage-based cost for any extra

data consumption. Such a pricing model is widely used by major operators

like AT&T in US and CMHK in Hong Kong [72]. Specifically, the user needs

to pay a price of κ ($/GB)5 if the user’s future data demand d exceeds his

remaining data quota Q. We define the satisfaction loss of the user as the

additional payment (which is a non-positive term) for exceeding the monthly

quota:

L(y) =

 0, if y ≥ 0,

κy, if y < 0,
(3.1)

where y < 0 means that the quota is exceeded. Without data trading, y =

Q− d.

5For example, for a 4G CMHK user, κ = 60.
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3.2.3 Risk Preferences

To model the user’s data trading problem under future data demand un-

certainty, we consider the following three features of PT, namely reference

point Rp, s-shaped value function v(x), and probability distortion function

w(p) [30, 49] as indicated in Chapter 2. Here for the value function, we as-

sume β = γ for simplicity.

Recall that the function v(x) is s-shaped, which is concave in the gain

region (i.e., x > 0, when the outcome is greater than the reference point) and

convex in the loss region (i.e., x < 0, when the outcome is smaller than the

reference point). Moreover, the impact of loss is greater than the gain, i.e.,

|v(−x)| > v(x) for any x > 0. A commonly used value function in the PT

literature is [30]

v(x) =

xβ, if x ≥ 0,

− λ(−x)β, if x < 0,
(3.2)

where 0 < β ≤ 1 and λ ≥ 1. Here β is the risk parameter, where a smaller

β means that the value function is more concave in the gain region, hence the

user is more risk-averse in gains. Meanwhile, a smaller β also means that

the value function is more convex in the loss region, hence the user is more

risk-seeking in losses. Under a high reference point Rp, the user is more likely

to encounter losses, hence a smaller β means that the user is more risk-seeking

dominant. Under a low reference point Rp, however, a smaller β means that

the user is more risk-averse dominant. The valuation of the loss region is

further characterized by the loss penalty parameter λ, where a larger λ

indicates that the user is more loss averse.

The probability distortion function is shown as follows.

w(p) = exp(−(− ln p)µ), 0 < µ ≤ 1, (3.3)
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Stage I 

The user chooses to be a buyer or a seller (i.e., problem (3.4)). 

Stage II 

Buyer chooses his buying 
quantity 𝑞𝑏 with buying price 
𝜋𝑠𝑚𝑚𝑚 (i.e. problem (3.5)). 

Stage II 

Seller chooses his selling 
quantity 𝑞𝑠 with selling price 
𝜋𝑠𝑚𝑚𝑚 (i.e. problem (3.6)). 

Figure 3.2: Two-Stage Optimization.

where p is the objective probability of an outcome and w(p) is the correspond-

ing subjective probability. Here µ is the probability distortion parame-

ter, which reveals how a person’s subjective evaluation distorts the objective

probability. A smaller µ means a larger distortion.

3.2.4 Two-Stage Decision Problem

Next we derive the user’s expected utilities of being a buyer and a seller,

respectively, with the remaining data quota Q and a probability distribution

of the future data demand d.

Fig. 3.2 shows how each user makes the trading decision in two stages.

In Stage I, he decides whether to sell or to buy in the market. In Stage II,

he decides the price and quantity as a seller or as a buyer, depending on his

choice in Stage I.

3.2.4.1 Stage I’s Problem

In Stage I, a user makes a decision a ∈ A = {s, b}, where s and b correspond

to being a seller and a buyer, respectively. We use u(a) to denote the user’

maximum utility that can be achieved under the choice of a (through the

optimized decisions in Stage II), as defined in (3.5) and (3.6). Then, the
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user’s Stage I optimization problem is

max
a∈{s,b}

u(a). (3.4)

3.2.4.2 Stage II’s Problem

A buyer in Stage II needs to decide his buying quantity qb, given the minimum

selling price πmin
s as discussed in Section 3.2.1. Thus, the buyer’s problem is

to maximize his expected utility:6

u(b) = max
qb≥0

U(b, qb) =
I∑
i=1

w(pi)v(−πmin
s qb

+ L(Q+ qb − di)−Rp), (3.5)

where πmin
s qb is the cost for buying the data at the price πmin

s , and L(Q+qb−di)

is the satisfaction loss after trading if the future data demand is di.

On the other hand, a seller in Stage II needs to decide his selling quantity

qs, given the maximum buying price πmax
b :

u(s) = max
qs≥0

U(s, qs) =
I∑
i=1

w(pi)v(πmax
b qs

+ L(Q− qs − di)−Rp), (3.6)

where πmax
b qs is the revenue obtained from selling the data at the price πmax

b ,

and L(Q − qs − di) is the satisfaction loss after trading if the future data

demand is di.

In the next section, we will solve the user’s two-stage optimal trading

problems (3.4), (3.5), and (3.6) by backward induction.

6For all the optimization problems discussed in this chapter, we will consider the three features of PT as
discussed in Section 3.2.3, and EUT is a special case under proper parameter choices. We will not repeat
this point later on.
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3.3 Solving The Two-stage Optimization Problem

In this section, we first derive the user’s optimal selling or buying decision in

Stage II. Then, we consider whether the user chooses to be a seller or a buyer

in Stage I by comparing his maximum achievable utilities under both cases.

Problems (3.5) and (3.6) are challenging analytically due to the non-

convexity of the s-shaped value function v(x), especially under an arbitrary

reference point. To obtain clear engineering insights, we focus on two choices

of reference points in the following analysis:

• High reference point Rp = 0: It reflects the user’s expectation of ob-

serving the lowest possible demand level d1 hence having no excessive

demand.

• Low reference point Rp = κ(Q−dI) < 0: It reflects the user’s expectation

of observing the highest possible demand level dI and paying for the

corresponding excessive demand (without trading).

The high reference point refers to the best case scenario without trading,

while the low reference point refers to the worst case scenario without trading.

Best case and worst case scenarios are widely used concepts in risk manage-

ment [3], and are frequently used as benchmarks for evaluating investment

performances [27]. For a particular given outcome, it is more likely to be

considered as a gain under Rp = κ(Q− dI) than under Rp = 0.

To get around the non-convexity issue of problems (3.5) and (3.6), we

partition the whole feasible range of the decision variable into several sub-

intervals based on the piece-wise linearity of the satisfaction loss function L(y)

in (3.1), such that the objective function in each sub-interval is either convex

or unimodal. We then compute the unique optimal solution by confining

the problem to each sub-interval, and finally identify the global optimum by

comparing the optimal objective function values of all sub-intervals.



CHAPTER 3. BEHAVIORAL ECONOMICS IN MOBILE DATA TRADING 62

In order to understand the impact of the risk parameters on the optimal

trading decisions, we further consider a special case with binary possible

demand I = 2, in which case we are able to characterize the user’s optimal

decision in closed-form.

3.3.1 Stage II: Solving Buyer’s Problem (3.5)

3.3.1.1 General Case of I ≥ 2

The way of solving problem (3.5) will depend on the choice of reference point.

Under the high reference point Rp = 0, we will partition the whole feasible

range of qb into I − ı̂+ 1 sub-intervals based on I possible realizations of di.

We will show that U(b, qb) is convex in each sub-interval, which implies that

the optimal q∗b for each sub-interval is one of the two boundary points. An

example of U(b, qb) under Rp = 0 is shown in Fig. 3.3(a). In this example,

we assume I = 3, where d1 < Q and Q < d2 < d3, so that ı̂ = 1. As we can

see from Fig. 3.3(a), the feasible range of qb can be divided into three sub-

intervals: [0, d2−Q], [d2−Q, d3−Q], and [d3−Q,∞). The function U(b, qb)

is convex in each sub-interval, so that we can find the global optimal qb by

comparing the function values at the boundary points of the sub-intervals

(i.e., U(b, 0), U(b, d2 −Q), and U(b, d3 −Q)).

Under the low reference point Rp = κ(Q− dI), we can show that U(b, qb)

is a concave function in each sub-interval. Thus, the optimal q∗b for each sub-

interval is either at one of the boundary points or at the critical point (where

the first order derivative equals zero). As long as we obtain the optimal

solution for each sub-interval, we can compute the globally optimal solution

by comparing the I − ı̂+ 1 sub-intervals’ optimal points.

Before introducing the following theorem, we first define

Xb = {qb :
∂U(b, qb)

∂qb
= 0 under Rp = κ(Q− dI)}, (3.7)
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𝑑2 − Q  𝑑3 − Q  

𝑈
(𝑏

,𝑞
𝑏

) 

0 

𝑞𝑏 

(a) U(b, qb)

Q − d2  Q − d1  

𝑈
(𝑠

,𝑞
𝑠)

 

0 

𝑞𝑠 

(b) U(s, qs)

Figure 3.3: Examples of (a) U(b, qb) in (3.5) under Rp = 0 and (b) U(s, qs) in (3.6) under
Rp = 0.

which is the set of critical points (the points at which the first order derivative

of the user’s utility equals zero). We can also prove that there are at most I

critical points in the whole feasible range (i.e., |Xb| ≤ I) in [64].

Theorem 3.1. The buyer’s optimal buying quantity by solving problem (3.5)

under the high reference point Rp = 0 is

q∗b = arg max
qb∈{Q−di,i=ı̂+1,...,I}∪{0}

{U(b, qb)}, (3.8)

and that under the low reference point Rp = κ(Q− dI) is

q∗b = arg max
qb∈{Q−di,i=ı̂+1,...,I}∪Xb∪{0}

{U(b, qb)}. (3.9)

The proof of Theorem 3.1 is given in Section 3.7.1.

Next, we show the impact of the value function, probability distortion,

and reference point in the special case of binary outcomes.

3.3.1.2 Special Case of I = 2

To better illustrate the impact of various parameters on the buyer’s optimal

decision, we next consider the buyer’s optimization problem with I = 2 pos-

sible demands. More specifically, there are two possible realizations of the
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future data demand: d1 = dl and d2 = dh, with 0 < dl < Q < dh. The prob-

ability of observing a high demand dh is p, and the probability of observing

low demand dl is 1− p.

We first define buyer’s threshold price under different reference points.

As we will show in Theorem 3.2, the optimal buying amount equals dh − Q

when the minimum selling price πmin
s is below the buyer’s threshold price:

π̄EUTb , κp, π̄PThb , κ

[
w(p)

w(p) + w(1− p)

] 1
β

,

π̄PT lb ,
κw(p)

w(1− p) + w(p)
. (3.10)

Theorem 3.2. The buyer’s optimal buying solution by solving problem (3.5)

under EUT is

q∗b =

 dh −Q, if πmin
s < π̄EUTb ,

0, if πmin
s ≥ π̄EUTb .

(3.11)

His optimal buying solution by solving problem (3.5) under PT with high

reference point Rp = 0 is

q∗b =

 dh −Q, if πmin
s < π̄PThb ,

0, if πmin
s ≥ π̄PThb ,

(3.12)

and that with low reference point Rp = κ(Q− dh) is

q∗b =


dh −Q, if πmin

s < π̄PT lb ,

0, if πmin
s ≥ π̄PT lb and β = 1,

κ(Q−dh)[
w(p)(κ−πmin

s )β

w(1−p)πmin
s

] 1
β−1

+πmin
s

, if πmin
s ≥ π̄PT lb and β < 1.

(3.13)

Theorem 3.2 is a special case of Theorem 3.1, and the proof is given in

Section 3.7.2. The result in (3.11) follows directly from (3.12) and (3.13) by
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setting β = µ = λ = 1.

In (3.11) and (3.12), we observe that the optimal buying quantity is dis-

continuous at the buyer’s threshold price. This is due to the linearity of utility

function in the EUT case and the convexity of utility function in the PT case

with Rp = 0. Details are given in [64].

From Theorem 3.2, we have the following observations on the impact of

reference point when we fix the probability distortion parameter µ = 1 (hence

removing the impact of probability distortion).

Observation 3.1. (PT vs EUT under the high reference point) When µ = 1

and Rp = 0, we have π̄PThb < π̄EUTb . This means that under a high reference

point, a PT buyer is less willing to purchase mobile data than an EUT buyer.

Observation 3.2. (PT vs EUT under the low reference point) When µ = 1

and Rp = κ(Q − dh), we have π̄PT lb = π̄EUTb . However, the optimal buying

quantity q∗b of the PT buyer in (3.13) is no smaller than that of the EUT

buyer in (3.11) under the same price πmin
s . This means that under a low

reference point, a PT buyer is more willing to purchase mobile data than an

EUT buyer.

Notice that buying data reduces the risk that the future data

demand exceeds the quota. As we have mentioned in Section III-C, a

smaller β means that the buyer is more risk-seeking in losses and more risk-

averse in gains. Under a high expectation (e.g., Rp = 0), the buyer with a

smaller β (in the PT case) is more risk-seeking dominant and will not buy

data. Under a low expectation (e.g., Rp = κ(Q − dh) < 0), the buyer is

more risk-averse dominant, and will buy an amount equal to dh − Q, which

will completely eliminate the risk that the future data demand exceeds the

updated quota dh.
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3.3.2 Stage II: Solving Seller’s Problem (3.6)

3.3.2.1 General Case of I ≥ 2

To solve problem (3.6) under both Rp = 0 and Rp = κ(Q− dI), we partition

the whole interval of qs into ı̂+ 1 sub-intervals. We show that U(s, qs) has a

special unimodal structure in each sub-interval. Since the first order derivative

of a unimodal function will cross zero at most once in each sub-interval, and

thus the optimal q∗s for each sub-interval is either at one of the boundary points

or at the critical point (where the first order derivative equals zero). Then, by

comparing the ı̂ + 1 optimal points, we can find the global optimal solution.

An example of U(s, qs) under Rp = 0 is shown in Fig. 3.3(b). In this example,

we assume I = 3, where d1 < d2 < Q and Q < d3, so that ı̂ = 2. As we can

see from Fig. 3.3(b), the feasible range of qs can be divided into three sub-

intervals: [0, Q− d2], [Q− d2, Q− d1], and [Q− d1,∞). The function U(s, qs)

is unimodal in each sub-interval, so that we can find the global optimal q∗s

by comparing the boundary function values of the sub-intervals (i.e., U(s, 0),

U(s,Q − d2), and U(s,Q − d1)) and the function values of critical points if

they exist (i.e., U(s, qs), qs ∈ {qs : ∂U(s,qs)
∂qs

= 0 under Rp = 0}).

Before introducing the following theorem, we first define

Xsh = {qs :
∂U(s, qs)

∂qs
= 0 under Rp = 0}

and

Xsl = {qs :
∂U(s, qs)

∂qs
= 0 under Rp = κ(Q− dI)}, (3.14)

which are the sets of critical points (the points at which the first order deriva-

tives of the user’s utility equal zero). We can also prove that there are at

most I critical points in the whole feasible range under both Rp = 0 and

Rp = κ(Q− dI) (i.e., |Xsh| ≤ I and |Xsh| ≤ I) in [64].
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Theorem 3.3. The seller’s optimal selling quantity q∗s of problem (3.6) under

PT with the high reference point Rp = 0 is

q∗s = arg max
qs∈{Q−di,i=1,...,̂ı}∪Xsh∪{0}

{U(s, qs)}, (3.15)

and that with the low reference point Rp = κ(Q− dI) is

q∗s = arg max
qs∈{Q−di,i=1,...,̂ı}∪Xsl∪{0}

{U(s, qs)}. (3.16)

The proof of Theorem 3.3 is given in Section 3.7.3. Next, we show the

impact of the value function, probability distortion, and reference point for

the special case of binary outcomes.

3.3.2.2 Special Case of I = 2

To better illustrate the insights, we next consider the seller’s optimization

problem with I = 2 possible demands.

We first define seller’s threshold price under different risk preferences.

As we will show in Theorem 3.4, the optimal selling amount equals Q − dl
when the maximum buying price πmax

b is above the seller’s threshold price.

The seller’s threshold prices π̄EUTs , π̄PThs , and π̄PT ls are the unique7 solutions

of the following three equations:

π̄EUTs = κp, (3.17)

λ(κ− π̄PThs )βw(p)

(π̄PThs )βw(1− p)

(
1 +

κ(dh −Q)

(κ− π̄PThs )(Q− dl)

)β−1

= 1, (3.18)

w(1− p){[(π̄PT ls − κ)Q+ κdh − π̄PT ls dl]
β − [κ(dh −Q)]β}

= λw(p)[(κ− π̄PT ls )(Q− dl)]β. (3.19)

7The proof of the uniqueness is in Section 3.7.6.
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Theorem 3.4. The seller’s optimal selling quantity in problem (3.6) under

EUT is

q∗s =

 Q− dl, if πmax
b > π̄EUTs ,

0, if πmax
b ≤ π̄EUTs .

(3.20)

His optimal selling quantity in problem (3.6) under PT with the high reference

point Rp = 0 is

q∗s =


Q− dl, if πmax

b > π̄PThs ,

0, if πmax
b ≤ π̄PThs and β = 1,

κ
κ−πmax

b
(dh−Q)(

w(1−p)πmax
b

β

w(p)λ(κ−πmax
b

)β

) 1
β−1
−1

, if πmax
b ≤ π̄PThs and β < 1,

(3.21)

and that with the low reference point Rp = κ(Q− dh) is

q∗s =

 Q− dl, if πmax
b > π̄PThs ,

0, if πmax
b ≤ π̄PThs .

(3.22)

Theorem 3.4 is a special case of Theorem 3.3, and the proof of Theorem

3.4 is given in Section 3.7.4. The result in (3.20) follows directly from (3.21)

and (3.22) by setting β = µ = λ = 1.

In (3.20) and (3.22), we observe that the optimal selling quantity q∗s is

discontinuous at the seller’s threshold price. This is due to the linearity of

utility function in the EUT case and the unimodality of utility function in

the PT case with Rp = κ(Q− dh). Details are given in [64].

From Theorem 3.4, we have the following observations on the impact of

reference point when we fix the probability distortion parameter µ = 1.

Observation 3.3. (PT vs EUT under the high reference point) When µ = 1

and Rp = 0, we have π̄PThs < π̄EUTs . This means that under a high reference

point, a PT seller is more willing to sell mobile data than an EUT seller.
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Observation 3.4. (PT vs EUT under the low reference point) When µ = 1

and Rp = κ(Q − dh), we have π̄PT ls > π̄EUTs . This means that under a low

reference point, a PT seller is less willing to sell mobile data than an EUT

seller.

Contrary to buying data, selling data increases the risk that the

future data demand exceeds the quota. Under a high expectation (e.g.,

Rp = 0), the seller with a smaller β is more risk-seeking dominant and will sell

a large amount (Q−dl). Under a low expectation (e.g., Rp = κ(Q−dh) < 0),

the seller with a smaller β is more risk-averse dominant and will not sell data.

In Stage I, the user decides whether to be a seller or a buyer by comparing

the maximum utilities that he can achieve in both cases.

3.4 Implementation of Mobile Data Trading

Building upon our theoretical analysis in Sections III and IV, here we consider

several issues related to the practical implementations. We first discuss the

mobile data trading algorithm that allows a user to trade multiple times

during a billing cycle to adjust his trading decision in Section 3.4.1. Then

we introduce a practical algorithm to estimate the user’s risk preferences in

Section 3.4.2.

Since a user’s prediction of his future data demand may not be accurate,

the user may want to make multiple data trading decisions as the time passes

by. Hence, we design a mobile data trading algorithm to facilitate a user to

make smart decisions over time in a semi-automatic fashion, which reduces

the user’s need of frequently checking the market prices and estimating the

future data demand. The mobile data trading algorithm relies on Algorithm

1 (to be discussed in Section 3.4.2) to estimate the user’s risk preferences,

and can provide trading suggestions at any time based on the current market
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(a) (b) (c) 

Figure 3.4: Screenshots of the app: (a) Homepage, (b) Market Information, and (c) Set-
tings.

price, the user’s current usage, and his risk preferences. Our algorithm is

implemented as an Android app, the interface of which is shown in Fig. 3.4.

Fig. 3.4(a) shows the homepage screen of the Android app, which involves four

areas: calculator, market history, usage history, and setting. Fig. 3.4(b) shows

the current CMHK market information, which includes the selling prices and

quantities. Fig. 3.4(c) shows various system parameters that can be changed

by the user, such as the trading notification frequency.8

3.4.1 Mobile Data Trading Algorithm Design

Fig. 3.5 illustrates the key function modules of the mobile app:

• Market Information: The app retrieves the CMHK mobile data trading

market information, in order to determine the minimum selling price

8The user may not want to be disturbed by frequent notifications. He can adjust this by either turning
off the notification alarm, or reduce the notification frequency to a low level, e.g., once per 24 hour.
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Figure 3.5: Flowchart of the algorithm (Android app).

πmin
s and the maximum buying price πmax

b .9

• Trading Frequency: We assume that the app will make T trading decision

in a billing cycle10. In the following discussions, for the ease of exposition

we assume the trading frequency is once a day, i.e., the user makes T = 30

trading decisions during a monthly billing cycle.11

• Usage: The app records the user’s usage everyday. We denote the actual

data usage of day ̂ in month m̂ as δm,j, where month m̂ has Tm̂ days.

• Demand Prediction: We use an adaptive model for the user’s future data

demand prediction. Specifically, assuming that we are on day ̂ of month

m̂, we aim to estimate the distribution of the future data demand of the

remaining time (i.e., from day ̂ to day Tm̂) of month m̂ by considering

the previous I month’s (denoted as month m̂− 1, ..., m̂− I) data usage

during the same time period (i.e., from day ̂ + 1 to day Tm̂). The

9Recall from Section 3.1.2 that there is no buyer’s market in the actual CMHK platform, so πmax
b in

problem (3.6) is not well defined. To address this issue, we note that although different sellers can set
different prices in the CMHK market, the system will always try to satisfy the buyers’ demands with the
lowest selling price. Based on the fact that the selling quantity at the minimum selling price is often very
large (e.g., 4740 GB in Fig. 3.4(b) on June 22, 2016), the seller is not able to sell his data at a price higher
than the minimum selling price, so we can assume that the maximum buying price is the same as minimum
selling price, i.e., πmax

b = πmin
s .

10By default setting, the app will send every trading suggestion as a notification. The user can change
the notification frequency as shown in Fig. 3.4(c).

11The optimal trading decision may be not to sell or buy any data, i.e., skipping some of the trading
opportunities.
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predicted data usage of the last Tm̂ − ̂ days in month m̂ for i ∈ I is

di :=

Tm̂−i∑
j=̂+1

δm̂−i,j. (3.23)

We will use them to predict the future data demand of the rest of month

m̂ with an equal probability. That is, pi = 1/I for i ∈ I.

• Quota: The remaining quota from day ̂ to the end of month m̂ is Q̂,

which corresponds to Q in Sections III and IV. The value of Q̂ is an

input to the utility maximization problem in (3.5) and (3.6), which is

updated every day as follows:

Q̂ :=

 Q̂−1 + q∗̂−1 − δm̂,̂−1, if ̂ ≥ 2,

Q̂, if ̂ = 1.
(3.24)

Here q∗̂−1 is the trading quantity on day ̂−1 that we will discuss below,

and it can be zero if no trading happens on that day. Thus, the first line

of (3.24) means that the quota is updated based on the trading quantity

q∗
ĵ−1

and usage δm̂,̂−1, while the second line means the initialization of

the month quota to Q̂ on the first day of the month.

• Risk Parameters: The risk parameters include the value function param-

eters β and λ in (3.2), the probability distortion parameter µ in (3.3),

and the reference point Rp in (3.5) and (3.6).

• Utility Maximization Problem: The app solves problem (3.4), which in-

volves solving (3.5) and (3.6), based on the market information (πmax
b

and πmin
s ), the user’s current quota Q̂, the risk parameters, usage, and

future data demand prediction in (3.23). The output of the utility max-

imization problem on day ̂ is the optimal buying or selling quantity q∗̂ ,

which in turn will update the quota as in (3.24). Note that a positive
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Algorithm 1: Estimation of Value Function Parameters λ and β

1 Input: Quota (Q̂), risk parameters (µ, Rp),
usage(δm̂−i,j , i = 0, . . . , I, j = 1, . . . , Tm̂−i), market information (πmin

s , πmax
b ).

2 for ̂ = 1 to Tm̂ do
3 for i = 1 to I do

4 di :=
Tm̂−i∑
j=̂+1

δm̂−i,j and pi := 1/I

5 dmin := arg mini∈I di and dmax := arg maxi∈I di
6 Users input the indifference prices (πbind and πsind)

7 Substitute dmin, dmax, πbind, and πsind into (3.25) and (3.26), and solve them for λ
and β

8 Set λ̂ := λ and β̂ := β
9 Update Q̂ according to (3.24)

10 Output: λ :=
∑Tm̂
̂=1 λ̂

Tm̂
and β :=

∑Tm̂
̂=1 β̂

Tm̂

q∗j means the optimal buying quantity (i.e., output of (3.5)), while a

negative q∗j means the optimal selling quantity (i.e., the output of (3.6)

multiplied by (−1)).

The detailed algorithm for computing the data trading decisions with us-

er’s specific risk preferences is shown in [64].

3.4.2 Risk Parameter Estimation

Since the trading decision is user-dependent, we need to estimate each us-

er’s specific risk preferences. In particular, we want to estimate the user’s

value function parameters λ and β in (3.2), which are problem-specific. For

example, the parameters in making financial investments and enjoying enter-

tainment may be quite different even for the same user.

Algorithm 1 presents the pseudo code of our algorithm to estimate the

user’s value function parameters λ and β. The basic idea is to solve the two
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indifference equations below [30,56] for λ and β in the value function in (3.2).

I∑
i=1

w(pi)v
(
−πbind(dI −Q̂) + L(dI − di)

)
=

I∑
i=1

w(pi)v (L(Q̂ − di)) , and (3.25)

I∑
i=1

w(pi)v (πsind(Q̂ − d1) + L(d1 − di))

=
I∑
i=1

w(pi)v (L(Q̂ − di)) . (3.26)

Here, πbind and πsind are the user’s indifference prices, where πbind corresponds

to the price below which he is willing buy data at dmax −Q̂, and πsind is the

price above which he is willing to sell data at Q̂− dmin, where dmax and dmin

are defined in line 5.

In [64], we establish that every pair of indifference equations (3.25) and

(3.26) of Algorithm 1 has a unique solution of λ and β.

When estimating the indifference price, the user may not have an exact

value in mind. Hence, to improve the estimation accuracy of Algorithm 1,

we have an estimation period of Tm̂ days (line 2 to 9), and have Tm̂ pairs of

difference equations with different demand predictions. Then, we choose the

average values among the solutions of the equations (line 10).

3.5 Performance Evaluation

In Section 3.5.1, we first illustrate the impact of the PT model parameters

on the user’s optimal decision of a single trading in the billing cycle. Then

we evaluate the performance of our algorithm by numerically simulating the

case of making multiple decisions in a billing cycle in Section 3.5.2.

The simulations illustrate the following insights for a PT user’ optimal
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trading decision (by comparing with an EUT user): (i) risk-seeking dominant

under a high reference point: Without considering the effect of probability

distortion, a PT buyer is risk-seeking and is less willing to buy mobile data

and more willing to sell mobile data than an EUT buyer. (ii) Probability

distortion: For the case of binary demand realizations, when the probability

of high demand is small, a PT buyer is risk-averse and is more willing to

buy mobile data. On the other hand, when the probability of high demand

is large, a PT buyer is risk-seeking and is less willing to buy mobile data.

(iii) Profit: A PT user achieves a lower average profit than an EUT user.

However, a risk-seeking dominant user can achieve a higher maximum profit,

while a risk-averse dominant user can guarantee a higher minimum profit.

3.5.1 Impact of PT Model Parameters

In this subsection, we illustrate the impact of the PT model parameters (λ, β,

and µ) and market parameters (πmins and πmaxb ) on the user’s optimal decision

with I = 20 possible outcomes in Figs. 3.6, 3.7, and 3.8, and then illustrate

the impact of the demand uncertainty parameter (p) with binary outcomes

(I = 2) in Fig. 3.9. Due to space limitations, we will only consider the high

reference point Rp = 0 for the PT case.

Impact of the loss penalty parameter λ and the risk parameter

β on a buyer’s threshold price π̄PThb in (3.10): Here we assume µ = 1

and p1 = p2 = . . . = p20 = 0.05. Fig. 3.6 shows that the buyer threshold price

π̄PThb is increasing in β for a fixed value of λ, and does not change in λ for

a fixed value of β. Note that a higher threshold price means that the buyer

is more willing to buy mobile data. This is because under the high reference

point Rp = 0, the buyer will consider any possible outcome as a loss. In this

case, a smaller β means that the user is more risk-seeking in losses, so he

does not need to purchase mobile data to reduce the risk that the future data
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Figure 3.6: Buyer’s threshold price π̄PThb

versus loss penalty parameter λ with dif-
ferent β.
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Figure 3.7: Seller’s selling quantity q∗s ver-
sus maximum buying price πmax

b with dif-
ferent λ.

demand exceeds the quota. Meanwhile, notice that λ is used for differentiate

the value function in the loss region and gain region in (3.2). As the user will

never encounter a gain in this case, the threshold price is independent of λ.

Impact of the loss penalty parameter λ on a seller’s optimal sell-

ing quantity q∗s : Fig. 3.7 illustrates how the seller’s selling quantity q∗s

changes with the maximum buying price πmax
b and λ. Here we assume that

p1 = p2 = . . . = p20 = 0.05, µ = 1, and β = 0.8. Fig. 3.7 shows that q∗s

increases in πmax
b . This is because as πmax

b increases, the seller gains more

revenue from the trade, hence he wants to sell more. Fig. 3.7 also shows that

under the same value of πmax
b , q∗s is non-increasing in λ. This is because, as λ

increases, the seller becomes more loss averse, hence he will sell less in order

to avoid a heavy loss when the future data demand is high.

Impact of the risk parameter β on a seller’s optimal selling quan-

tity q∗s : Fig. 3.8 illustrates how the seller’s selling quantity q∗s changes with

the maximum buying price πmax
b and β. Here we assume that µ = 1 and

λ = 2. Fig. 3.8 shows that q∗s is decreasing in β under a small πmax
b , and is

increasing in β under a large πmax
b . This is because under the high reference

point Rp = 0, the seller will encounter either a small gain or a large loss. In

this case, a smaller β means that the user is more risk-averse dominant, hence
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Figure 3.8: Seller’s selling quantity q∗s ver-
sus maximum buying price πmax

b with dif-
ferent β.
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Figure 3.9: Buyer’s threshold price π̄PThb

versus probability distortion parameter µ
with different p.

becomes more willing to sell mobile data. However, when πmax
b is large, the

seller will encounter a large gain from selling data. In this case, a smaller β

means that the user is more risk-seeking dominant, hence becomes less willing

to sell mobile data.

Impact of the probability distortion parameter µ on a buyer’s

threshold price π̄PThb in (3.10): To illustrate the impact of the probability

distortion parameter, we assume binary outcomes with I = 2. Fig. 3.9 con-

siders three different probabilities of high demand: high (p = 0.8), medium

(p = 0.5), and low (p = 0.2). Here we assume β = 0.8 and λ = 2. We can

see that π̄PThb decreases in µ when p = 0.2, is independent of µ when p = 0.5,

and increases in µ when p = 0.8. As a smaller µ means that the buyer will

overweigh the low probability more, he becomes more risk-averse (i.e., π̄PThb

decreases) when p is small. Similarly, since a smaller µ means that the buyer

will underweigh the high probability more, he is more risk-seeking (i.e., π̄PThb

increases) when the p is large.
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3.5.2 Evaluation of The Mobile Data Trading Algorithm

We then evaluate the total profit generated by our algorithm’s trading deci-

sions (introduced in Section 3.4) in a billing cycle. For each simulation, we

consider a billing cycle of T = 30 time slots. In the simulation settings, we

assume that across two consecutive time slots, the prices πmax
b and πmin

s in-

crease by one unit (i.e., dollar) with probability pc, decrease by one unit with

probability pc, or remain unchanged with probability 1 − 2pc. The changes

of πmax
b and πmin

s are independent. We set the monthly quota Q̂ = 2 GB,

and randomly generate the previous I months’ total demand di (defined in

(3.23)) with a mean value of 2 GB12. The algorithm calculates the trading

decision in every time slot based on the user’s risk preferences under the high

reference point Rp = 0. Specifically, we define the profit13 Pm̂ of month m̂ as

Pm̂ =

Tm̂∑
̂=1

−q∗̂π̂ − L(Q+

Tm̂∑
̂=1

q∗̂ −
Tm̂∑
̂=1

dm̂,̂), (3.27)

which consists of two parts: the net revenue due to selling or buying data,

and the payment due to satisfaction loss. In (3.27), a positive q∗̂ means that

the user buys data quota in day ̂, while a negative q∗̂ means that the user

sells data quota in day ̂.

By repeatedly running the simulation for 1000 billing cycles with ran-

domly generated demands and prices, we first evaluate the impact of risk

preferences on the maximum profit, minimum profit, and the average profit.

We then compare the average profit achieved by the algorithm implemented

by our mobile app and several other benchmark strategies under different

price variations with different price variations. In the first benchmark strat-

egy “trade with certainty”, we assume that the user is not willing to trade

12In our simulation, we generate both uniformly distributed and normally distributed (with standard
deviation 1/3) demands.

13The profit may be negative, meaning that the total revenue due to selling data is lower than the
payment due to buying data plus the payment due to satisfaction loss.
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when he has uncertainty. This means that he will only trade once near the

end of his billing cycle, when he knows the exact value of his monthly usage.

In the second benchmark strategy “no data trading”, the user does not trade

at all. We compare these three strategies under the uniformly distributed

usage.

In Fig. 3.10, we assume pc = 0.1, and plot the profit of the user with

different risk preferences. The risk parameters of different users are: (a)

risk-averse dominant user: β = 1, λ = 2; (b) risk-neutral user (EUT user):

β = λ = 1; (c) risk-seeking dominant user: β = 0.8, λ = 1.14 Since an

EUT operator makes decision only by maximizing expected profit, we can see

from Fig. 3.10 that he can achieve the highest average profit. On the other

hand, a PT operator makes decision by taking into account both the expected

profit and its risk preferences. More specifically, although both risk-seeking

dominant and risk-averse dominant PT users achieve a lower expected profit

comparing to an EUT user, the risk-seeking dominant user can earn a higher

maximum possible profit, while the risk-averse dominant user can guarantee

a higher minimum possible profit. This is because the risk-seeking dominant

14A larger λ indicates that the user is more loss averse, hence is more risk-averse. Since we have assumed
a high reference point Rp = 0, a smaller β means the user is more risk-seeking dominant.
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user trades more quota, hence earns more when the price change is profitable,

and loses more when the price change is unprofitable.

In Fig. 3.11, we plot the profit of the risk-neutral user with different values

of the price variation probability pc under the uniformly distributed usage.

Fig. 3.11 shows that the gap between the profits generated by “our mobile

app” and the “trade with certainty” strategies increases with pc, e.g., the gap

at pc = 0.4 is 500% greater than the gap at pc = 0.1. This is because our

mobile app suggests users buy when the price is low and sell when the price is

high, hence takes advantage of the price variation. Comparing with the “no

data trading” strategy, the user significantly benefits from the data trading

market (i.e., reduces his net payment by 50%).

3.6 Chapter Summary

In this chapter, we have considered a mobile data trading market that is

motivated by the CMHK’s 2CM platform. We have analyzed the optimal

trading decision of a single user under a large market regime. We have com-

pared and contrasted the user’s optimal decisions under prospect theory (PT)

and expected utility theory (EUT), and have highlighted several key insights.

Comparing with an EUT user, a PT user with a high reference point is less

willing to buy mobile data and more willing to sell mobile data. Moreover,

when the probability of high demand is low, a PT user is more willing to

buy mobile data comparing with an EUT user. On the other hand, when

the probability of high demand is high, a PT user is less willing to buy mo-

bile data. In addition, we have designed a mobile data trading algorithm to

recommend multiple trading decisions based on the user’s current usage and

risk preferences. Our results suggested that a risk averse dominant user can

achieve the highest minimum profit, a risk-seeking dominant user can achieve
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the highest maximum profit, while a risk-neutral user can achieve the highest

average profit.

This study demonstrated that a more realistic behavioral modeling based

on PT can shed important insights in understanding user’s behavior on mobile

data trading. In the future work, we will use our app to collect data from the

real market to help us understand users’ real behaviors in data trading, and

study the trading decision equilibria among all the market users and consider

the service provider’s data plan optimization.

3.7 Appendix

3.7.1 Proof of Theorem 3.1

We divide the feasible interval of buying quantity qb into I−ı̂+1 sub-intervals,

[0, dı̂+1−Q], . . . , [dI−Q,∞), and analyze the optimal buying quantity q∗b that

maximizes U(b, qb) within each sub-interval. Such a division is based on (3.1)

that L(Q+ qb − di) = 0 when qb ≥ di −Q.

1) Buyer’s Problem in (3.5) Under PT with Rp = 0:

Case I: qb ∈ [dj−1−Q, dj−Q], j = ı̂+1, . . . , I. In this case, the satisfaction

loss under low demands is L(Q + qb − di) = 0 for i = 1, . . . , j − 1, and the

satisfaction loss under high demands is L(Q + qb − di) = κ(Q + qb − di) for
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i = j, . . . , I. Thus, from (3.2) and (3.5), we obtain

U(b, qb) =

j−1∑
i=1

w(pi)v[−πqb]

+
I∑
i=j

w(pi)v[κ(Q− di)− πqb + κqb]

=− λ
j−1∑
i=1

w(pi)(πqb)
β

− λ
I∑
i=j

w(pi)[(π − κ)qb + κ(di −Q)]β. (3.28)

The second order partial derivative of U(b, qb) with respect to qb is

∂U2(qb)

∂q2
b

= −
j−1∑
i=1

w(pi)(β − 1)λβπβqβ−2
b

−
I∑
i=j

w(pi)(π − κ)2λβ(β − 1)[(π − κ)qb + κ(di −Q)]β−2

> 0, (3.29)

which implies that U(b, qb) is a convex function in qb, and the optimal solution

must lie at one of the boundary points.

Hence, q∗b = arg maxqb∈{di−Q,i=j−1,j}{U(b, qb)}.

Case II: qb ∈ [0, dı̂+1 − Q]. In this case, the satisfaction loss under low

demands is L(Q+ qb − di) = 0 for i < ı̂, and the satisfaction loss under high

demands is L(Q + qb − di) = κ(Q + qb − di) for i ≥ ı̂. Thus, from (3.2) and
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(3.5), we obtain

U(b, qb) =
ı̂−1∑
i=1

w(pi)v(−πqb)

+
I∑
i=ı̂

v[−πqb + L(Q− di + qb)]. (3.30)

Similar to Case I, we can show that U(b, qb) is a convex function in qb, and

the optimal solution must lie at one of the boundary points. Hence, we can

obtain that q∗b = arg maxqb∈{0,dı̂+1−Q}{U(b, qb)}.

Case III: qb ∈ [dI − Q,∞]. In this case, the satisfaction loss is L(Q +

qb−di) = 0. Thus, the expected utility from (3.5) is decreasing in qb, and the

optimal qb in this range is q∗b = dI −Q.

Combining the analysis in Cases I, II, and III, we have

q∗b = arg maxqb∈{Q−di,i=ı̂+1,...,I}∪{0}{U(b, qb)}.

2) Buyer’s Problem in (3.5) Under PT with Rp = κ(Q − dI): Case I: qb ∈

[dj−1 − Q, dj − Q], j = ı̂ + 1, . . . , I. In this case, the satisfaction loss under

low demands is L(Q + qb − di) = 0 for i = 1, . . . , j − 1, and the satisfaction

loss under high demands is L(Q + qb − dl) = κ(Q + qb − dj) for i = j, . . . , I.

Thus, from (3.2) and (3.5), we obtain

U(b, qb) =

j−1∑
i=1

w(pi)V [−πqb − κ(Q− dI)]

+
I∑
i=j

w(pi)V [κ(Q− di)− πqb + κqb − κ(Q− dI)]

=

j−1∑
i=1

w(pi)[−πqb + κ(dI −Q)]β

+
I∑
i=j

w(pi)[(κ− π)qb + κ(dI − di)]β. (3.31)
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The second order partial derivative of U(b, qb) with respect to qb is

∂U2(qb)

∂q2
b

=

j−1∑
i=1

w(pi)(−π)2(β − 1)β[κ(dI −Q)− πqb]β−2

+
I∑
i=j

w(pi)(κ− π)2(β − 1)β[(κ− π)qb + κ(dI − di)]β−2

< 0, (3.32)

which implies that U(b, qb) is a concave function in qb, and the optimal solution

must lie at a critical point where U ′(b, qb) = 0 (if such a point exists in the

sub-interval) or one of the boundary points (if a critical point does not exist

in the sub-interval). Hence, q∗b = arg maxqb∈{Q−di,i∈I}∪Xb{U(b, qb)}.

Case II: qb ∈ [0, dı̂ − Q]. In this case, the satisfaction loss under low

demands is L(Q+ qb − di) = 0 for i < ı̂, and the satisfaction loss under high

demands is L(Q + qb − dl) = κ(Q + qb − di) for i ≥ ı̂. Thus, from (3.2) and

(3.5), we obtain

U(b, qb) =
ı̂−1∑
i=1

w(pi)V [−πqb − κ(Q− dI)]

+
I∑
i=ı̂

w(pi)V [κ(Q− di)− πqb + κqb − κ(Q− dI)]. (3.33)

Similar to Case I, we know that U(b, qb) is a concave function in qb, which

implies that U(b, qb) is a concave function in qb, and the optimal solution

must lie at a critical point where U ′(b, qb) = 0 (if such a point exists in the

sub-interval) or one of the boundary points (if a critical point does not exist

in the sub-interval). Hence, q∗b = arg maxqb∈{0,dı̂−Q}∪Xb{U(b, qb)}.

Case III: qb ∈ [dI − Q,∞]. In this case, the satisfaction loss is L(Q +

qb−di) = 0. Thus, the expected utility from (3.5) is decreasing in qb, and the

optimal qb in this range is q∗b = dI −Q.
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Combining the analysis in Case I, Case II, and Case III, we can obtain

that q∗b = arg maxqb∈{Q−di,i∈I}∪Xb{U(b, qb)}.

3.7.2 Proof of Theorem 3.2

For all three cases, we divide the feasible interval of buying quantity qb into

two sub-intervals, [0, dh−Q] and [dh−Q,∞), and analyze the optimal buying

quantity q∗b that maximizes U(b, qb) within each sub-interval. Such a division

is due to the fact that the satisfaction loss L(Q + qb − dh) = 0 when qb ∈

[dh −Q,∞).

3.7.2.1 Buyer’s Problem Under EUT

• Case I: qb ∈ [0, dh − Q]. In this case, from (3.1), the satisfaction loss

under low demand is L(Q+ qb − dl) = 0, and the satisfaction loss under

high demand is L(Q + qb − dh) = κ(Q + qb − dh). The expected utility

from (3.5) is

U(b, qb) = (κp− πmin
s )qb + κp(Q− dh), (3.34)

which is a linear function in qb. It is increasing in qb when πmin
s < κp,

and decreasing in qb when πmin
s > κp. The optimal buying quantity is

then q∗b = dh − Q when πmin
s < κp, and q∗b = 0 when πmin

s > κp. When

πmin
s = κp, the utility is independent of qb. Without loss of generality,

we assume that q∗b = 0 when πmin
s = κp.

• Case II: qb ∈ [dh−Q,∞). In this case, the satisfaction loss under both low

demand and high demand equals to 0, and the utility U(b, qb) = −πmin
s qb.

Since the utility function U(b, qb) is linearly decreasing in qb, we have

q∗b = dh −Q in this case.

Combing the above analysis, we obtain (3.11).
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3.7.2.2 Buyer’s Problem Under PT with Rp = 0

• Case I: qb ∈ [0, dh − Q]. In this case, from (3.1), the satisfaction loss

under low demand is L(Q+ qb − dl) = 0, and the satisfaction loss under

high demand is L(Q + qb − dh) = κ(Q + qb − dh). The expected utility

from (3.5) is

U(b, qb) =− λ(πmin
s qb − κ(Q+ qb − dh))βw(p)

− λ(πmin
s qb)

βw(1− p). (3.35)

The second order partial derivative of U(b, qb) with respect to qb is

∂U2(b, qb)

∂2qb
= −λβ(β − 1)

[
(πmin

s )β(qb)
βw(1− p)

+ (πmin
s − κ)2[(πmin

s − κ)qb − κ(Q− dh)]β−2w(p)
]

> 0, (3.36)

which implies that U(b, qb) is a convex function in qb, and the optimal

solution must lie at one of the boundary points.15 Hence q∗b = dh −Q if

U(b, 0) < U(b, dh −Q), and q∗b = 0 if U(b, 0) ≥ U(b, dh −Q).

• Case II: qb ∈ [dh − Q,∞). In this case, the satisfaction loss under both

low demand and high demand equals to 0, and the expected utility is

U(b, qb) = −λ[w(p) + w(1− p)](πmin
s qb)

β. (3.37)

Since the first order partial derivative ∂U(b, qb)/∂qb < 0, U(b, qb) is a

decreasing function of qb, and q∗b = dh −Q in this case.

Combing the above analysis, we obtain (3.12).

15In the case β = 1 and U(b, 0) = U(b, dh −Q), we will choose q∗b = 0 without loss of generality.
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3.7.2.3 Buyer’s Problem Under PT with Rp = κ(Q− dh)

• Case I: qb ∈ [0, dh − Q]. In this case, the satisfaction loss under low

demand is L(Q + qb − dl) = 0, and that under high demand is L(Q +

qb − dh) = κ(Q+ qb − dh). The expected utility is

U(b, qb) =− λ(πmin
s qb + κ(dh −Q))βw(1− p)

− λ((κ− πmin
s )qb)

βw(p). (3.38)

The second order partial derivative of U(b, qb) with respect to qb is

∂U2(b, qb)

∂2qb
= β(β − 1){w(p)(κ− πmin

s )βqβ−2
b

+ w(1− p)(πmin
s )2[κ(dh −Q)− πmin

s qb]
β−2}

< 0, (3.39)

so U(b, qb) is a strictly concave function of qb. As a result, the optimal

solution q∗b satisfies the first order condition or lies at one of the boundary

points.

We consider the first order partial derivative of U(b, qb) with respect to

qb:

∂U(b, qb)

∂qb
= β{w(p)(κ− πmin

s )βqβ−1
b

+ w(1− p)(πmin
s )[κ(dh −Q)− πmin

s qb]
β−1}. (3.40)

– If β = 1, ∂U(b, qb)/∂qb is independent of qb. When πmin
s < κw(p)

w(p)+w(1−p) ,

∂U(b, qb)/∂qb > 0, so q∗b = dh − Q. When πmin
s ≥ κw(p)

w(p)+w(1−p) ,

∂U(b, qb)/∂qb ≤ 0, so q∗b = 0.

– If 0 < β < 1, solving ∂U(b, qb)/∂qb = 0, we have



CHAPTER 3. BEHAVIORAL ECONOMICS IN MOBILE DATA TRADING 88

q̃b = κ(Q−dh)[
w(p)(κ−πmin

s )β

w(1−p)πmin
s

] 1
β−1

+πmin
s

> 0. If q̃b < dh − Q, then the optimal

solution q∗b = q̃b. Otherwise, q∗b = dh −Q.

• Case II: qb ∈ [dh−Q,∞). In this case, the satisfaction losses under both

low demand and high demand equal to 0, and the expected utility is

U(b, qb) = −λ[w(p) + w(1− p)](πmin
s qb + κ(dh −Q))β. (3.41)

Since the first order partial derivative ∂U(b, qb)/∂qb < 0, the utility

function U(b, qb) is a decreasing function of qb, so q∗b = dh − Q in this

case.

Combing the above analysis, we obtain (3.13).

3.7.3 Proof of Theorem 3.3

In the proof, we divide the feasible interval of selling quantity qs into ı̂ + 1

sub-intervals, [0, Q − dı̂], . . . , [Q − d2, Q − d1], [Q − d1,∞), and analyze the

optimal buying quantity q∗s that maximizes U(b, qs) within each sub-interval.

Such a division is based on the fact that the satisfaction loss L(Q+qs−di) = 0

when qs ≥ di −Q.

1) Seller’s Problem in (3.6) Under PT with Rp = 0:

Case I: qs ∈ [Q− dj, Q− dj−1], j = 2, . . . , ı̂. In this case, the satisfaction

loss under low demands is L(Q − qs − di) = 0 for i = 1, . . . , j, and the

satisfaction loss under high demands is L(Q − qs − di) = κ(Q − qs − di) for
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i = j + 1, . . . , I. The expected utility from (3.6) is

U(s, qs) =
I∑
i=1

w(pi)v[πqs + L(Q− qs − di)]

=

j∑
i=1

w(pi)v[πqs] +
I∑

i=j+1

w(pi)v[(π − κ)qs + κ(Q− di)]

=

j∑
i=1

w(pi)(πqs)
β +

ı̂∑
i=j+1

w(pi)v[(π − κ)qs + κ(Q− di)]

−
I∑

i=ı̂+1

w(pi)(λ)[(κ− π)qs + κ(di −Q)]β. (3.42)

Since the sign of function v[(π − κ)qs + κ(Q − di)] depends on the value

of qs, Q − dj, Q − dj−1,
κ(Q−dj+1)

κ−π , κ(Q−dı̂)
κ−π , we divide the discussion in the

following six cases:

(a)
κ(Q−dj+1)

k−π < Q−dj. In this case, qs ∈ (
κ(Q−dj+1)

κ−π , Q−dj−1], and we have

v[(π − κ)qs + κ(Q− di)] < 0, ∀i = j + 1, . . . , ı̂. The first order derivative

∂U(s, qs)

∂qs
=

ı̂∑
i=1

w(pi)π
ββqβ−1

s

−
I∑

i=ı̂+1

w(pi)λ(κ− π)β[(κ− π)qs + κ(di −Q)]β−1

=

j∑
i=1

w(p1)πββqβ−1
s

[
1−

I∑
i=j+1

w(pi)∑j
i=1w(pi)

λβ(
k

π

− 1)

[
k

π
− 1 +

k(di −Q)

πqs

]β−1]
, (3.43)

where
I∑

i=j+1

w(pi)∑j
i=1w(pi)

(−λ)β(
k

π
− 1)

[
k

π
− 1 +

k(di −Q)

πqs

]β−1

is increasing in qs. This indicates that the equation U ′(s, qs) = 0 has at

most one solution qs. Hence, we can find that the optimal q∗s is the solution
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of U ′(s, qs) = 0, or at one of the boundary points κ(Q − dj+1)/(κ − π) or

Q− dj−1.

(b) κ(Q−dı̂)
k−π < Q − dj <

κ(Q−dj+1)

k−π < Q − dj−1. In this case, without

loss of generality, we assume
κ(Q−d ˆm+1)

k−π < Q − dj <
κ(Q−dm̂)
k−π . When qs ∈

[κ(Q−dm+1)
κ−π , κ(Q−dm)

κ−π ],m = j + 1, . . . , m̂, we have v[(π − κ)qs + κ(Q − di)] ≤ 0

for i = m + 1, . . . , ı̂, and v[(π − κ)qs + κ(Q − di)] ≥ 0 for i = j + 1, . . . ,m.

From (3.42), we obtain

∂U(s, qs)

∂qs
=

j∑
i=1

w(pi)π
ββqβ−1

s

+
m∑

i=j+1

w(pi)β(π − κ)[(π − κ)qs + κ(Q− di)]β−1

−
I∑

i=m+1

w(pi)β(κ− π)λ[(κ− π)qs − κ(Q− di)]β−1

=

j∑
i=1

w(pi)π
ββqβ−1

s

[
1

+
m∑

i=j+1

w(pi)
j∑
i=1

w(pi)

(1− κ

π
)

[
1− κ

π
+
κ(Q− di)

πqs

]β−1

−
I∑

i=m+1

w(pi)
j∑
i=1

w(pi)

(
κ

π
− 1)λ

[
κ

π
− 1− κ(Q− di)

πqs

]β−1
]
, (3.44)

which follows a unimodal structure, and we can find that the optimal q∗s must

lie at the critical point (i.e., the solution of U ′(s, qs) = 0), or at one of the

boundaries κ(Q−dm+1)
κ−π or κ(Q−dm)

κ−π . When qs ∈ (
κ(Q−dj+1)

κ−π , Q − dj−1], we have
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v[(π − κ)qs + κ(Q− di)] < 0, ∀i = j + 1, . . . , ı̂. The first order derivative

∂U(s, qs)

∂qs
=

ı̂∑
i=1

w(pi)π
ββqβ−1

s

−
I∑

i=ı̂+1

w(pi)λ(κ− π)β[(κ− π)qs + κ(di −Q)]β−1

=

j∑
i=1

w(p1)πββqβ−1
s

[
−

I∑
i=j+1

w(pi)∑j
i=1w(pi)

λβ(
k

π

− 1)

[
k

π
− 1 +

k(di −Q)

πqs

]β−1

+ 1

]
, (3.45)

where
I∑

i=j+1

w(pi)∑j
i=1w(pi)

(−λ)β(
k

π
− 1)

[
k

π
− 1 +

k(di −Q)

πqs

]β−1

is increasing in qs. This indicates that the equation U ′(s, qs) = 0 has at

most one solution qs. Hence, we can find that the optimal q∗s is the solution

of U ′(s, qs) = 0, or at one of the boundary points κ(Q − dj+1)/(κ − π) or

Q− dj−1.

(c) Q − dj < κ(Q−dı̂)
k−π < Q − dj−1 <

κ(Q−dj+1)

k−π . In this case, without

loss of generality, we assume
κ(Q−d ˆm+1)

k−π < Q − dj−1 <
κ(Q−dm̂)
k−π . When qs ∈

[Q−dj, κ(Q−dı̂)
κ−π ), we have v[(π−κ)qs+κ(Q−di)] > 0, ∀i = j+1, . . . , ı̂. From

(3.42), we obtain

∂U(s, qs)

∂qs
=

ı̂∑
i=1

w(pi)π
ββqβ−1

s

+
I∑

i=ı̂+1

(−λ)(κ− π)β[(κ− π)qs + κ(di −Q)]β−1, (3.46)

which also follows a unimodal structure, and we can find that the optimal

q∗s must lie at the critical point (i.e., the solution of U ′(s, qs) = 0), or at one

of the boundaries Q − dj or κ(Q−dı̂)
κ−π . When qs ∈ [κ(Q−dm+1)

κ−π , κ(Q−dm)
κ−π ],m =
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m̂ + 1, . . . , ˆı− 1, we have v[(π − κ)qs + κ(Q − di)] ≤ 0 for i = m + 1, . . . , ı̂,

and v[(π− κ)qs + κ(Q− di)] ≥ 0 for i = j + 1, . . . ,m. From (3.42), we obtain

∂U(s, qs)

∂qs
=

j∑
i=1

w(pi)π
ββqβ−1

s

+
m∑

i=j+1

w(pi)β(π − κ)[(π − κ)qs + κ(Q− di)]β−1

−
I∑

i=m+1

w(pi)β(κ− π)λ[(κ− π)qs − κ(Q− di)]β−1

=

j∑
i=1

w(pi)π
ββqβ−1

s

[
1 +

m∑
i=j+1

w(pi)∑j
i=1w(pi)

(1

− κ

π
)

[
1− κ

π
+
κ(Q− di)

πqs

]β−1

−
I∑

i=m+1

w(pi)
j∑
i=1

w(pi)

(
κ

π
− 1)λ

[
κ

π
− 1− κ(Q− di)

πqs

]β−1
]
, (3.47)

which follows a unimodal structure, and we can find that the optimal q∗s must

lie at the critical point (i.e., the solution of U ′(s, qs) = 0), or at one of the

boundaries κ(Q−dm+1)
κ−π or κ(Q−dm)

κ−π .

(d) Q − dj < κ(Q−dı̂)
k−π <

κ(Q−dj+1)

k−π < Q − dj−1. When qs ∈ (
κ(Q−dj+1)

κ−π , Q −

dj−1], we have v[(π− κ)qs + κ(Q− di)] < 0, ∀i = j + 1, . . . , ı̂. The first order
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derivative

∂U(s, qs)

∂qs
=

ı̂∑
i=1

w(pi)π
ββqβ−1

s

−
I∑

i=ı̂+1

w(pi)λ(κ− π)β[(κ− π)qs + κ(di −Q)]β−1

=

j∑
i=1

w(p1)πββqβ−1
s

[
1−

I∑
i=j+1

w(pi)∑j
i=1w(pi)

λβ(
k

π

− 1)

[
k

π
1 +

k(di −Q)

πqs

]β−1 ]
,

where
I∑

i=j+1

w(pi)∑j
i=1w(pi)

(−λ)β(
k

π
− 1)

[
k

π
− 1 +

k(di −Q)

πqs

]β−1

is increasing in qs. This indicates that the equation U ′(s, qs) = 0 has at

most one solution qs. Hence, we can find that the optimal q∗s is the solution

of U ′(s, qs) = 0, or at one of the boundary points κ(Q − dj+1)/(κ − π) or

Q − dj−1. When qs ∈ [κ(Q−dm+1)
κ−π , κ(Q−dm)

κ−π ],m = j + 1, . . . , ı̂ − 1, we have

v[(π−κ)qs+κ(Q−di)] ≤ 0 for i = m+1, . . . , ı̂, and v[(π−κ)qs+κ(Q−di)] ≥ 0
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for i = j + 1, . . . ,m. From (3.42), we obtain

∂U(s, qs)

∂qs
=

j∑
i=1

w(pi)π
ββqβ−1

s

+
m∑

i=j+1

w(pi)β(π − κ)[(π − κ)qs + κ(Q− di)]β−1

−
I∑

i=m+1

w(pi)β(κ− π)λ[(κ− π)qs − κ(Q− di)]β−1

=

j∑
i=1

w(pi)π
ββqβ−1

s

[
1

+
m∑

i=j+1

w(pi)∑j
i=1 w(pi)

(1− κ

π
)

[
1− κ

π
+
κ(Q− di)

πqs

]β−1

+
I∑

i=m+1

w(pi)∑j
i=1w(pi)

(
κ

π
− 1)(−λ)

[
κ

π

− 1− κ(Q− di)
πqs

]β−1
]
, (3.48)

which follows a unimodal structure, and we can find that the optimal q∗s

must lie at the critical point (i.e., the solution of U ′(s, qs) = 0), or at one of

the boundaries κ(Q−dm+1)
κ−π or κ(Q−dm)

κ−π . When qs ∈ [Q − dj, κ(Q−dı̂)
κ−π ), we have

v[(π − κ)qs + κ(Q− di)] > 0, ∀i = j + 1, . . . , ı̂. From (3.42), we obtain

∂U(s, qs)

∂qs
=

ı̂∑
i=1

w(pi)π
ββqβ−1

s

+
I∑

i=ı̂+1

(−λ)(κ− π)β[(κ− π)qs + κ(di −Q)]β−1, (3.49)

which also follows a unimodal structure, and we can find that the optimal q∗s

must lie at the critical point (i.e., the solution of U ′(s, qs) = 0), or at one of

the boundaries Q− dj or κ(Q−dı̂)
κ−π .

(e) κ(Q−dı̂)
k−π < Q − dj < Q − dj−1 <

κ(Q−dj+1)

k−π . In this case, without loss
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of generality, we assume
κ(Q−d ˆm+1)

k−π < Q − dj <
κ(Q−dm̂)
k−π , and

κ(Q−d ˆl+1)

k−π <

Q− dj <
κ(Q−dl̂)
k−π . When qs ∈ [κ(Q−dm+1)

κ−π , κ(Q−dm)
κ−π ],m = ˆm+ 1, . . . , l̂, we have

v[(π−κ)qs+κ(Q−di)] ≤ 0 for i = m+1, . . . , ı̂, and v[(π−κ)qs+κ(Q−di)] ≥ 0

for i = j + 1, . . . ,m. From (3.42), we obtain

∂U(s, qs)

∂qs
=

j∑
i=1

w(pi)π
ββqβ−1

s

+
m∑

i=j+1

w(pi)β(π − κ)[(π − κ)qs + κ(Q− di)]β−1

−
I∑

i=m+1

w(pi)β(κ− π)λ[(κ− π)qs − κ(Q− di)]β−1

=

j∑
i=1

w(pi)π
ββqβ−1

s

[
1

+
m∑

i=j+1

w(pi)∑j
i=1w(pi)

(1− κ

π
)

[
1− κ

π
+
κ(Q− di)

πqs

]β−1

−
I∑

i=m+1

w(pi)λ∑j
i=1w(pi)

(
κ

π
− 1)

[
κ

π
− 1− κ(Q− di)

πqs

]β−1
]
, (3.50)

which follows a unimodal structure, and we can find that the optimal q∗s must

lie at the critical point (i.e., the solution of U ′(s, qs) = 0), or at one of the

boundaries κ(Q−dm+1)
κ−π or κ(Q−dm)

κ−π .

(f) κ(Q−dı̂)
k−π > Q − dj−1. In this case, qs ∈ [Q − dj, κ(Q−dı̂)

κ−π ), and we have

v[(π − κ)qs + κ(Q− di)] > 0, ∀i = j + 1, . . . , ı̂. From (3.42), we obtain

∂U(s, qs)

∂qs
=

ı̂∑
i=1

w(pi)π
ββqβ−1

s

+
I∑

i=ı̂+1

(−λ)(κ− π)β[(κ− π)qs + κ(di −Q)]β−1, (3.51)

which also follows a unimodal structure, and we can find that the optimal q∗s

must lie at the critical point (i.e., the solution of U ′(s, qs) = 0), or at one of
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the boundaries Q− dj or κ(Q−dı̂)
κ−π .

Hence, combining the above six cases, we have the optimal selling quantity

q∗s = arg max
qs∈{Q−di,i=1,...,̂ı}∪Xsh

{U(s, qs)}.

Case II: qs ∈ [Q− d1,∞). In this case, the expected utility from (3.6) is

decreasing in qs, hence the optimal qs in this range is q∗s = Q− d1.

Case III: qs ∈ [0, Q − dı̂]. In this case, the satisfaction loss under low

demands is L(Q− qs− di) = 0 for i = 1, . . . , ı̂, and the satisfaction loss under

high demands is L(Q − qs − di) = κ(Q − qs − di) for i = ı̂ + 1, . . . , I. The

expected utility from (3.6) is

U(s, qs) =
ı̂∑
i=1

w(pi)v[πqs]

+
I∑

i=ı̂+1

w(pi)v[(π − κ)qs + κ(Q− di)]

=
ı̂∑
i=1

w(pi)(πqs)
β

−
I∑

i=ı̂+1

w(pi)λ[(κ− π)qs + κ(di −Q)]β. (3.52)

The first order derivative ∂U(s, qs)/∂qs follows a unimodal structure, and we

can find that q∗s must lie at the critical point (i.e., the solution of U ′(s, qs) = 0),

or at one of the boundaries 0 or Q− dı̂.

Combining the analysis in Cases I, II, and III, we have

q∗s = arg maxqs∈{Q−di,i=1,...,̂ı}∪Xsh∪{0}{U(s, qs)}.

2) Seller’s Problem in (3.6) Under PT with Rp = κ(Q − dI): Case I: qs ∈

[Q − dj, Q − dj−1], j = 2, . . . , ı̂. In this case, the satisfaction loss under low

demands is L(Q + qs − di) = 0 for i = 1, . . . , j − 1, and the satisfaction loss

under high demands is L(Q+ qs − dl) = κ(Q+ qs − dj) for i = j, . . . , I. The
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expected utility from (3.6) is

U(s, qs) =

j−1∑
i=1

w(pi)V [−πqs − κ(Q− dI)]

+
I∑
i=j

w(pi)V [κ(Q− di)− πqs + κqs − κ(Q− dI)]

=

j−1∑
i=1

w(pi)[−πqs + κ(dI −Q)]β

+
I∑
i=j

w(pi)[(κ− π)qs + κ(dI − di)]β. (3.53)

The second order partial derivative of U(s, qs) with respect to qs is

∂U2(qs)

∂q2
s

=

j−1∑
i=1

w(pi)(−π)2(β − 1)β[κ(dI −Q)− πqs]β−2

+
I∑
i=j

w(pi)(κ− π)2(β − 1)β[(κ− π)qs + κ(dI − di)]β−2

< 0, (3.54)

which implies that U(s, qs) is a concave function in qs, and the optimal solu-

tion must lie at the critical point, where U ′(s, qs) = 0, or one of the boundary

points.

Hence, q∗s = arg maxqs∈{Q−di,i∈I}∪Xsl{U(s, qs)}.

Case II: qs ∈ [Q− d1,∞). In this case, the expected utility from (3.6) is

decreasing in qs, hence the optimal qs in this range is q∗s = Q− d1.

Case III: qs ∈ [0, Q − dı̂]. In this case, the satisfaction loss under low

demands is L(Q+ qs − di) = 0 for i < ı̂, and the satisfaction loss under high

demands is L(Q + qs − dl) = κ(Q + qs − di) for i ≥ ı̂. The expected utility
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from (3.6) is

U(s, qs) =

ˆı−1∑
i=1

w(pi)V [−πqs − κ(Q− dI)]

+
I∑
i=ı̂

w(pi)V [κ(Q− di)− πqs + κqs − κ(Q− dI)]. (3.55)

Similar to Case I, we know that U(s, qs) is a concave function in qs, and

the optimal solution must lie at the critical point, where U ′(s, qs) = 0, or one

of the boundary points.

Hence, q∗s = arg maxqs∈{0,Q−dı̂}∪Xsh∪{0}{U(s, qs)}.

Combining the analysis in Case I, Case II, and Case III, we have

q∗s = arg maxqs∈{Q−di,i∈I}∪Xsh∪{0}{U(s, qs)}.

3.7.4 Proof of Theorem 3.4

In the proof of all three cases, we divide the feasible set of selling quantity qs

into two subsets, [0, Q− dl] and [Q− dl,∞), and analyze the optimal selling

quantity q∗s that maximizes U(s, qs) within each subset. Such a division is

due to the fact that the satisfaction loss L(Q− qs−dl) = κ(Q− qs−dl) when

qs ∈ [Q− dl,∞) which simplifies our analysis.

3.7.4.1 Seller’s Problem under EUT

• Case I: qs ∈ [0, Q − dl]. In this case, the satisfaction loss under low

demand is L(Q − qs − dl) = 0, and the satisfaction loss under high

demand is L(Q− qs − dh) = κ(Q− qs − dh). The expected utility is

U(s, qs) = (πmax
b − κp)qs + κp(Q− dh), (3.56)

which is a linear function in qs, hence increasing in qs when πmax
b > κp

and decreasing in qs, when πmax
b < κp. The optimal selling quantity is
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then q∗s = Q − dl when πmax
b > κp and q∗s = 0 when πmax

b < κp. When

πmax
b = κp, the utility is independent of qs. Without loss of generality,

we assume that q∗s = 0 when πmax
b = κp.

• Case II: qs ∈ [Q − dl,∞). In this case, the satisfaction loss under low

demand is L(Q−qs−dl) = κ(Q−qs−dl), and the satisfaction loss under

high demand is L(Q− qs− dh) = κ(Q− qs− dh). The expected utility is

U(s, qs) = (πmax
b − κ)qs + κQ− κdhp− κdl(1− p). (3.57)

Since the utility function U(s, qs) is linearly decreasing in qs, we have

q∗s = Q− dl in this case.

Combing the above analysis, we obtain (3.20).

3.7.4.2 Seller’s Problem under PT with Rp = 0

• Case I: qs ∈ [0, Q − dl]. In this case, the satisfaction loss under low

demand is L(Q − qs − dl) = 0, and the satisfaction loss under high

demand is L(Q− qs − dh) = κ(Q− qs − dh). The expected utility is

U(s, qs) =− λ((κ− πmax
b )qs + κ(dh −Q))βw(p)

+ (πmax
b qs)

βw(1− p). (3.58)

Proposition 3.1. There is at most one local maximum point of U(s, qs)

in the case qs ∈ [0, dh−Q]. When 1 >
λ(κ−πmax

b )βw(p)

πmax
b

βw(1−p) (1+ κ(Q−dh)
(κ−πmax

b )(Q−dl)
)β−1,

the local maximum point is at the right boundary point qs = dh−Q. When

1 ≤ λ(κ−πmax
b )βw(p)

πmax
b

βw(1−p) (1 + κ(Q−dh)
(κ−πmax

b )(Q−dl)
)β−1, the local maximum point is at

an interior point qs =
κ

κ−πmax
b

(Q−dh)

(
w(1−p)πmax

b
β

w(p)λ(κ−πmax
b

)β
)

1
β−1−1

.
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Proof. The first order partial derivative of U(s, qs) with respect to qs is

∂U(s, qs)

∂qs
= β(πmax

b qs)
β−1πmax

b w(1− p)

− λβ(κ− πmax
b )((κ− πmax

b )qs + κ(dh −Q))β−1w(p). (3.59)

We define

g(qs) = 1− w(p)λ(κ− πmax
b )β

w(1− p)πmax
b

β
(1 +

κ(Q− dh)
qs

)β−1, (3.60)

and we can rewrite

∂U(s, qs)/∂qs = w(1− p)πmax
b

βqβ−1
s βg(qs),

where w(1 − p)πmax
b

βqβ−1
s β > 0. The function g(qs) is a strictly de-

creasing function of qs, which means the first order partial derivative

∂U(s, qs)/∂qs will only be zero at most once, thus at most one local

maximum point.

We then consider the two boundary points: qs = ε and qs = Q− dl − ε,

with ε being a small positive number approaching zero (i.e. ε→ 0+).

1) When qs = ε, we have

lim
ε→0+

g(ε) = lim
ε→0+

1

− w(p)λ(κ− πmax
b )β

w(1− p)πmax
b

β
(1 +

κ(Q− dl)
ε

)β−1

=∞. (3.61)
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2) When qs = Q− dl − ε, we have:

lim
ε→0+

g(ε) = lim
ε→0+

1

− w(p)λ(κ− πmax
b )β

w(1− p)πmax
b

β
(1 +

κ(Q− dl)
Q− dl − ε

)β−1. (3.62)

We can obtain

lim
ε→0+

g(Q− dl − ε) > 0

⇔ 1 >
λ(κ− πmax

b )βw(p)

πmax
b

βw(1− p)
(1

+
κ(Q− dh)

(κ− πmax
b )(Q− dl)

)β−1. (3.63)

Since g(qs) and ∂U(s, qs)/∂qs have the same sign, from (3.63) we can

obtain that

∂U(s,Q− dl − ε)/∂qs ≥ 0

when

1 ≤ λ(κ− πmax
b )βw(p)

πmax
b

βw(1− p)
(1 +

κ(Q− dh)
(κ− πmax

b )(Q− dl)
)β−1,

and

∂U(s,Q− dl − ε)/∂qs < 0

when

1 >
λ(κ− πmax

b )βw(p)

πmax
b

βw(1− p)
(1 +

κ(Q− dh)
(κ− πmax

b )(Q− dl)
)β−1.

For the same reason, from (3.61) we can obtain that

∂U(s, ε)/∂qs > 0.

Thus ∂U(s, qs)/∂qs may be all positive within the interval [0, Q− dl] or

first positive then negative within that interval based on the value of

πmax
b , µ, β and λ.
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To sum up, the optimal selling amount q∗s in the case qs ∈ [0, Q − dl]

depends on the value of πmax
b , µ, β and λ as follows. (i) When 1 ≤

λ(κ−πmax
b )βw(p)

πmax
b

βw(1−p) (1 + κ(Q−dh)
(κ−πmax

b )(Q−dl)
)β−1, the local maximum point is at an

interior point q∗s =
κ

κ−πmax
b

(Q−dh)

(
w(1−p)πmax

b
β

w(p)λ(κ−πmax
b

)β
)

1
β−1−1

. (ii) When 1 >
λ(κ−πmax

b )βw(p)

πmax
b

βw(1−p) (1 +

κ(Q−dh)
(κ−πmax

b )(Q−dl)
)β−1, the local maximum point is at the right boundary

q∗s = Q− dl.

• Case II: qs ∈ [Q − dl,∞). In this case, the satisfaction loss under low

demand is L(Q−qs−dl) = κ(Q−qs−dl), and the satisfaction loss under

high demand is L(Q− qs− dh) = κ(Q− qs− dh). The expected utility is

U(s, qs) =− λ((κ− πmax
b )qs + κ(dh −Q))βw(p)

− λ((κ− πmax
b )qs + κ(dl −Q))βw(1− p). (3.64)

Since the first order partial derivative ∂U(s, qs)/∂qs < 0, U(s, qs) is a

decreasing function of qs, and q∗s = Q− dl in this case.

Combing the above analysis, we obtain (3.21).

3.7.4.3 Seller’s Problem under PT with Rp = κ(Q− dh)

• Case I: qs ∈ [0, Q − dl]. In this case, the satisfaction loss under low

demand is L(Q − qs − dl) = 0, and the satisfaction loss under high

demand is L(Q− qs − dh) = κ(Q− qs − dh). The expected utility is

U(s, qs) =− λ((κ− πmax
b )qs)

βw(p)

+ (πmax
b qs + κ(dh −Q))βw(1− p). (3.65)

Proposition 3.2. The maximum point of U(s, qs) in the case qs ∈

[0, Q− dl] lies at one of the boundary points. When U(s, 0) ≥ U(s,Q−
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dl), the maximum point is at the left boundary point q∗s = 0. When

U(s, 0) < U(s,Q−dl), the maximum point is at the right boundary point

q∗s = Q− dl.

Proof. The first order partial derivative of U(s, qs) with respect to qs is

∂U(s, qs)

∂qs
= −λβ(κ− πmax

b )βqβ−1
s w(p)

+ βπmax
b [πmax

b qs + κ(dh −Q)]β−1w(1− p). (3.66)

We define

g(qs) =
w(1− p)πmax

b

λw(p)
[
πmax
b

κ− πmax
b

+
κ(dh −Q)

(κ− πmax
b )qs

]β−1

− 1, (3.67)

and we can rewrite

∂U(s, qs)/∂qs = λβ(κ− πmax
b )βqβ−1

s w(p)g(qs),

where

λβ(κ− πmax
b )βqβ−1

s w(p) > 0.

The function g(qs) is a strictly increasing function of qs, which means the

first order partial derivative ∂U(s, qs)/∂qs will only be zero at most once,

and the point that satisfies the first order condition is a local minimum

point. Hence the maximum point of U(s, qs) in the case qs ∈ [0, Q−dl] lies

at one of the boundary points. We compare the corresponding U(s, qs)

with qs = 0 and qs = Q− dl to find the optimal solution in this case.

To sum up, the optimal selling amount q∗s in the case qs ∈ [0, Q − dl]

depends on the value of πmax
b , µ, β and λ as follows. (i) When λw(p)[(κ−

πmax
b )(Q−dl)]β ≥ w(1−p){[(πmax

b −κ)Q+κdh−πmax
b dl]

β− [κ(dh−Q)]β},
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the local maximum point is at the left boundary point qs = 0. (ii) When

λw(p)[(κ− πmax
b )(Q− dl)]β < w(1− p){[(πmax

b − κ)Q+ κdh− πmax
b dl]

β −

[κ(dh − Q)]β}, the local maximum point is at the right boundary point

qs = Q− dl.

• Case II: qs ∈ [Q − dl,∞). In this case, the satisfaction loss under low

demand is L(Q−qs−dl) = κ(Q−qs−dl), and the satisfaction loss under

high demand is L(Q− qs− dh) = κ(Q− qs− dh). The expected utility is

U(s, qs) = −λ((κ− πmax
b )qs)

βw(p)

− λ((κ− πmax
b )qs + κ(dh − dl − 2Q))βw(1− p). (3.68)

Since the first order partial derivative ∂U(s, qs)/∂qs < 0, the utility

function U(s, qs) is a decreasing function of qs, and q∗s = Q − dl in this

case.

Combing the above analysis, we obtain (3.22).

3.7.5 Detailed Dynamic Data Trading Algorithm

Next, we present an algorithm for computing the dynamic data trading de-

cisions starting at day ̂. At the beginning of each day, the user obtains the

demand prediction according to our sliding window method, and the remain-

ing quota since yesterday’s trade. The pseudo code is shown in Algorithm

2.
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Algorithm 2: Dynamic Trading Decision

1 Input: Remaining quota (Q̂), risk parameters (µ, β, λ, Rp), demand prediction
(di, pi, ∀i ∈ I), market information (πmin

s , πmax
b ).

2 // Initialize the risk parameters and personal profiles.
3 for j = J to T do
4 for i = 1 to I do
5 di := di−1 − δm̂−i,j−1; // Update the prediction of demand based on current

usage.

6 Calculate q∗b by solving Problem (3.5) and q∗s by solving Problem (3.6);
7 if U(q∗b ) > U(q∗s ) then
8 q∗j := q∗b and a∗ := b;

9 else
10 q∗j := −q∗s and a∗ := s;

11 Qj+1 := Qj + qj∗ − δm̂,̂; // Update the remained quota after every trade.

3.7.6 Proof of Unique solution by Indifference Equations (3.25)

and (3.26)

We show the unique solution of β by the indifference equations (3.25) and

(3.26) by the following theorem.

Theorem 3.5. Given 0 ≤ p ≤ 1, 1 < B < A < C, the curve fA(β) = Aβ

and the curve fBC(β) = pBβ + (1 − p)Cβ have at most one intersection in

the interval β ∈ (0, 1).

Proof. To show fA(β) and fBC(β) have at most one intersection, we need to

show the solution A(β) = (pBβ + (1− p)Cβ)
1
β is monotone in β.

We write

A(β) = (pBβ + (1− p)Cβ)
1
β . (3.69)

To find first order derivative of A(β), we first write

g(β) = ln(A(β)) =
1

β
ln(pBβ + (1− p)Cβ).
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Hence, the first order derivative of g(β)

g′(β) =
1

A(β)
A′(β),

which implies

A′(β) = g′(β)A(β)

=(pBβ + (1− p)Cβ)
1
β [− 1

β2
ln(pBβ + (1− p)Cβ)

+
1

β

1

pBβ + (1− p)Cβ
(pBβ lnB + (1− p)Cβ lnC)]

=
(pBβ + (1− p)Cβ)

1
β

β2(pBβ + (1− p)Cβ)
[β(pBβ lnB + (1− p)Cβ lnC)

− (pBβ + (1− p)Cβ) ln(pBβ + (1− p)Cβ)]

=
(pBβ + (1− p)Cβ)

1
β

β2(pBβ + (1− p)Cβ)
[(pBβ lnBβ + (1− p)Cβ lnCβ)

− (pBβ + (1− p)Cβ) ln(pBβ + (1− p)Cβ)]. (3.70)

Then we study the second order derivative of the function h(x) = x lnx:

h′′(x) > 0,

which implies

h(px1 + (1− p)x2) < ph(x1) + (1− p)h(x2).

Hence, we know that

− (pBβ + (1− p)Cβ) ln(pBβ + (1− p)Cβ)

+ (pBβ lnBβ + (1− p)Cβ lnCβ) > 0, (3.71)
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and then

A′(β) > 0.

Since A(β) is monotone in β, we prove Theorem 5.

From Theorem 3.5, we can find the unique β value by solving the indif-

ference equations. After we find the β value, we substitute this value into

(3.26) only to find the value of λ, because the λ in both sides of (3.25) can

be cancelled, and then (3.25) is not a function in λ. Since (3.26) is a linear

equation in λ, we can find the unique solution of λ.



Chapter 4

Economics of Mobile Data

Trading Market

4.1 Introduction

4.1.1 Background and Motivation

In last chapter, we have introduced that China Mobile Hong Kong (CMHK),

a Hong Kong mobile operator with the smallest market share [8], in 2014

launched the 2nd exChange Market (2CM) [9], which is a mobile data trading

platform that allows its users to trade their 4G mobile data quota with each

other. In this platform, a seller can list his desirable selling price on the

platform, together with the amount of data to be sold (up to his monthly

data quota). If there is a buyer who is willing to buy the data at the listed

price, the platform will clear the transaction and transfer the corresponding

amount of the data to the buyer’s monthly quota limit.

With such a data trading market, users can make better use of their quota

in their data plan. However, the operator faces tradeoff in deploying the data

trading market. On one hand, the data trading market helps the operator to

attract/retain customers by allowing them better control and ownership of

108
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their packages [7]. In addition, CMHK can benefit by charging the sellers an

operation fee for each GB of sold data in the form of “transaction tax” [9].

On the other hand, CMHK’s profit may be negatively affected because with

the data trading market, its revenue from users’ over-quota usage is lower.

Hence, it is not clear whether it is profitable for the operator to deploy this

market.

Apart from studying the profitability of the market, we are also interested

in the market mechanism. The current 2CM market mechanism is not effi-

cient, as only a seller can list his trading price and quantity. This means that

a buyer needs to frequently check the platform to see whether he is willing

to buy according to the current (lowest) selling price. This motivates us to

consider a multi-unit double auction mechanism based on the one adopted in

stock markets [20], [54]. With such a mechanism, in every time slot, a user

can choose his role (seller or buyer) and submit his (selling or buying) price

and quantity to the platform.1 The platform clears the market at a market

clearing price, when the buying price of some buyers is larger than the sell-

ing price of some sellers. The sellers with very high selling prices and the

buyers with very low buying prices may not get all their proposed quantities

transacted.

Under such a mechanism, the mobile network operator can obtain revenue

from the mobile data trading market in two ways. First, the operator profits

from the gap between the subscription fee and the service cost for each user.

Second, the operator charges the sellers an operation fee for each unit of sold

data. Hence, it needs to decide the optimal operation fee to maximize its

revenue.

In this chapter, we would like to understand three important questions in

such a market: (i) Why does the operator propose a data trading market? (ii)

1If a user is not willing to trade in a time slot, he can choose to be either a buyer with a very high
buying price or a seller with a very low selling price.
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With a data trading market, how should the operator set the operation fee to

maximize its profit? (iii) Given a fixed operation fee, what are the equilibrium

trading behaviors among the users?

4.1.2 Contributions

To answer the above questions in a coherent framework, we model the inter-

actions between the mobile operator and the users as a three-stage Stackelberg

game based on different time scales, as shown in Fig. 4.1. We assume that

there are multiple mobile operators, while only one operator proposes the

data trading market.2 We call this operator as Operator DTM, and its users

as DTM users. The operator and users make decisions in different time scales

(which will be discussed in details in Section 4.2). At the beginning of every

subscription horizon (Stage I), DTM optimizes its operation fee imposed on

the sellers to maximize its profit (e.g., the operator proposes the operation

fee once a year). After DTM proposes the operation fee (Stage II), each user

chooses his operator given the operation fee (e.g., users can change their oper-

ator once a year). At the beginning of every data trading horizon (Stage III),

the DTM users decide their roles as sellers or buyers and the corresponding

trading prices and quantities given the users choices of operators (e.g., the

users can trade within each month).

Solving the Stage III problem in such a two-sided market is very challeng-

ing, because it is difficult to guarantee the existence of the Nash equilibrium

(NE) due to the discontinuity of users’ utility functions (to be discussed in

details in Section 4.2) [5, 60]. Nevertheless, we are able to characterize the

unique NE for our problem in closed-form, and show that different types of

buyers and sellers propose the same price and the total supply matches the

total demand in the market at the NE. Next, we show that an operator with

2To the best of our knowledge, CMHK is the only operator in Hong Kong that deploys the data trading
market [9].
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User 𝒊’s Profile (𝒊 ∈    ): 
Quota: 𝑄 GB/Month 
Demand: 𝑑𝑖,ℎ,𝑑𝑖,𝑙 ,𝑝𝑖   
Operator: 𝑜𝑖 
 

Buyers’ Market Sellers’ Market 
Price (per GB) Available (GB) Price (per GB) Available (GB) 

$15 5 $13 10 

$14 15 $15 10 

$13 20 $16 20 

… … … … 

User 𝒊’s Decision: 
Operator: 𝑛𝑖 ∈ {0,1} 

… … 

CMHK (with a data trading market)’s Decision: 
Operation fee on sellers:  𝜃 

Stage I: 
Operator’s decision 

Stage II: 
Operator selection 

Other mobile operators 

𝑜𝑖 = 1 𝑜𝑖 = 0 

Stage III: 
Mobile data trading 

CMHK User 𝒊’s (𝑛𝑖 = 1)  
Decision: 
Role: 𝑎𝑖 
Price: 𝜋𝑖 
Quantity: 𝑞𝑖 

Figure 4.1: Stackelberg Model of the Operator and Users Interactions.

a small market share benefits from proposing a data trading market. Our

result is in line with the real-world observation in Hong Kong that CMHK,

which is the smallest mobile operator [8], is the only operator that deploys

the data trading market.

In summary, our key results and contributions are as follows.

• Two-sided data trading market formulation: Our model is novel and

captures several key practical issues, such as the users’ decision of trading

prices and quantities without knowing in advance how much data they

can sell or buy at the proposed prices. These issues have not been

considered before in the context of mobile data trading.

• Closed-form solution of the three-stage problem: Despite the discontinu-

ity in the user’s utility functions, we characterize the unique NE for the

users’ operator selection and mobile data trading game. In particular,

we show the unique NE in closed-form for uniform user-type distribu-

tion. These analytical results can help the operator achieve a balance
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between the obtaining revenue from each user and attracting users.

• Benefit of data trading market to a small operator : We show that all the

users who want to trade should propose the same price and the total de-

mand matches the total supply. We also show that it is beneficial for the

mobile operator to propose a data trading market when its market share

is less than a threshold, which is in line with the real-world observation.

The rest of the chapter is organized as follows. In Section 4.2, we introduce

the system model. In Section 4.3 and Section 4.4, we analyze the users’

mobile data trading game and operator selection game in Stages III and II,

respectively. In Section 4.5, we analyze the mobile operator’s operation fee

optimization problem in Stage I. We present the numerical results in Section

4.6, and conclude in Section 4.7.

4.2 System Model

In this work, we will study the operator’s operation fee optimization problem

and the users’ joint operator selection and mobile data trading problem com-

prehensively. We first introduce the three-stage sequential interactions model

in Section 4.2.1. Then, we introduce the users’ mobile data trading platfor-

m in Section 4.2.2. Finally, we will outline the solution of the three-stage

Stackelberg game model in Section 4.2.3.

4.2.1 Sequential Interactions Model

As illustrated in Figure 4.1, we consider a market consisting of multiple mobile

operators and a set I = {1, ..., I} of users, where one of the operators (i.e.,

DTM) chooses to deploy a mobile data trading market [9]. Among these I

users, a set I1 of users are DTM users. We assume that the number of users
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Data trading 
horizon 1 

Stage I: 
Operator decides operation fee 𝜃  

Time 

Stage II: 
Users choose operators 

Stage III: 
DTM users make data trading decisions 

… 

Subscription horizon 

Data trading 
horizon T 

Data trading 
horizon 2 

Figure 4.2: Timescale of the sequential decisions by the operator and the users.

in the market is very large (e.g., I →∞), hence the impact of a single user’s

action on the whole population can be ignored [47].

We model the interactions between the mobile operator and the users in

three stages as illustrated in Fig. 4.2, where the three stages are in different

time horizons. We assume that the subscription horizon is one year because

the unit cost of providing services usually varies annually, e.g., the annual

license fee for mobile spectrum [46]. According to [10], the period of CMHK’s

data plan contract is 12 months, hence users can only change operator at the

begining of every subscription horizon. We also assume that a data trading

horizon is a billing cycle (or a month). 3 Hence, one subscription horizon

can be divided into T = 12 data trading horizons. The three stages are as

follows:

• Stage I: At the beginning of every subscription horizon, DTM decides

the operation fee θ charged on the sellers for each unit of sold data at

the beginning of the subscription horizon.

• Stage II: After DTM proposes the operation fee θ, the users choose their

operators for the entire subscription horizon.

• Stage III: At the beginning of each data trading horizion, the DTM users
3We have conducted a survey of 51 CMHK users in January 2016 regarding the trading frequency. The

survey shows that about 60% of the users (31/51) only trade once during a billing cycle. We assume that
all the users trade at the beginning of the billing cycle.
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decide their trading decisions x = (x1, . . . ,xI). The users’ decisions on

choices of operators n = (n1, . . . , nI) are fixed within each subscription

horizon.

4.2.2 Mobile Data Trading Platform

4.2.2.1 Users’ Decisions

For user i, who is a subscriber of DTM (i.e., i ∈ I1 , {i ∈ I : ni = 1}),

his trading decision is defined as xi = (ai, πi, qi), which consists of three

components. First, user i needs to decide his role ai ∈ {s, b}, i.e., whether

to be a seller (ai = s) or a buyer (ai = b), or not participate in the market.4

Correspondingly, he has to determine his trading price πi and his trading

quantity qi. Specifically, if user i chooses to be a seller, the price πi and the

quantity qi refer to his selling price and selling quantity, respectively. On the

other hand, if user i chooses to be a buyer, the price πi and the quantity

qi refer to his buying price and buying quantity, respectively. In the data

trading market, the proposed prices must be smaller than the usage-based

price κ, otherwise no transaction will happen in the market. Hence, we have

πi ∈ Π = [0, κ] and qi ∈ [0,∞). We define the set of feasible strategies of user

i’s trading decisions as

Xi = {(ai, πi, qi) : ai ∈ {s, b}, πi ∈ [0, κ],

qi ∈ [0,∞)}. (4.1)

4.2.2.2 Sellers’ and Buyers’ Markets

We consider a two-sided mobile data trading platform for the DTM users in

set I1. It is based on the first-price multi-unit double auction mechanism [54],

which consists of four main steps:
4Note that if a user is not willing to trade in a data trading horizon, he can choose to be either a buyer

with a very high price or a seller with a very low price.
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• Step 1 (Bidding): At the beginning of every data trading horizon, all

users make their trading decisions and submit their bids, which include

their roles a = (ai,∀i ∈ I1), trading prices π = (πi,∀i ∈ I1), and trading

quantities q = (qi, ∀i ∈ I1), simultaneously to the platform.

• Step 2 (Prioritization): The platform sorts the bids of the users in the

sellers’ and buyers’ markets, respectively, according to their proposed

prices. For the example in Fig. 4.1, in the first row of the table, the total

demand in the buyers’ market at the highest buying price of $15 is 5

GB, which will be satisfied with the highest priority. The total supply

in the sellers’ market with the lowest selling price of $13 is 10 GB, which

will be sold with the highest priority.

• Step 3 (Allocation): The platform clears the markets by allocating the

bids through an auction mechanism with the priority orders. Notice

that the selling bids are only allocated to the buying bids whose buying

price is no smaller than the corresponding selling price. For example,

the platform first allocates the first row’s bids (5 GB data quota supply

with the selling price of $13 to 5 GB data quota demand with the buying

price of $15), and then allocates the remaining 5 GB supply with the

selling price of $13 on the first row to 5 GB demand with the buying

price of $14 on the second row. The remaining 10 GB demand with

the buying price of $14, however, is not satisfied, because the remaining

supply on the second row is with the selling price of $15.5

• Step 4 (Payment): Finally, the platform decides the payment of the

users. If there is a gap between the selling and buying prices of the

allocated data, then the price gap leads to the revenue of the operator.

For example, the operator gains $2 for allocating each GB with the selling

5If the 15 GB of demand with the buying price of $14 is from multiple buyers, we will discuss how to
decide the allocation among multiple buyers later in Section 4.2.2.3.
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price of $13 to that with the buying price of $15. The platform will also

charge a seller θ dollars of operation fee for each GB sold.

After each trading, all users can access the aggregate information on other

users’ decisions of the last data trading horizon, by checking the updated

market information on the platform.6

4.2.2.3 Realized Transaction

Note that a user may not be able to get all his proposed buying or selling

quantity transacted. For example, if a user chooses to be a buyer (ai = b)

with a proposed buying price πi lower than other buyers, then he may get

nothing transacted (e.g., the buyer who propose $13 in Fig. 4.1). In other

words, user i’s realized transaction quantity depends on other users’ decisions

x−i = (xj,∀j ∈ I1, j 6= i). This leads to the game theoretical interactions

among users in Stage III.

To help explain the realization rules, we first define several set notations

for user i as follows. First, let us define

LS i=

{(aj, πj, qj):aj=s and πj<πi,∀j 6= i, j∈I1}, if ai=s,

{(aj, πj, qj):aj=s and πj≤πi,∀j 6= i, j∈I1}, if ai=b.
(4.2)

If user i is a seller, then set LS i refers to the set of sellers, who have higher

priorities than user i. If user i is a buyer, then set LS i refers to the set of

sellers who are feasible to be matched with user i. Next, we define the set

Ei={(aj, πj, qj):aj=ai and πj =πi,∀j 6= i, j∈I1}. (4.3)

Set Ei refers to the set of users who have the same role and the same priority

6We assume that a user knows the distribution of user types in the market, which can be learnt from
the historical market information.
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as user i. Finally, we define

HBi=

{(aj, πj, qj):aj=b and πj≥πi,∀j 6= i, j∈I1}, if ai=s,

{(aj, πj, qj):aj=b and πj>πi,∀j 6= i, j∈I1}, if ai=b.
(4.4)

If user i is a buyer, then set HBi refers to the set of buyers who have higher

priorities than user i. If user i is a seller, then set LS i refers to the set of

buyers who are feasible to be matched with user i.

If the accumulated buying quantity proposed by the buyers within the set

HBi is smaller than the accumulated selling quantity proposed by the sellers

within the set LS i, then a seller i’s supply cannot be cleared. On the other

hand, if
∑

xj∈HBi qj ≥
∑

xj∈LSi qj, then the seller i will equally share the

demands with the sellers of the same priority (i.e., those in set Ei). The same

rule applies to the buyer’s case.

Specifically, user i’s transacted trading quantity under strategy profile

(xi,x−i) is7

ri(xi,x−i)=



[∑
xj∈HBiqj−

∑
xj∈LSiqj

|Ei|

]+

, if ai=s,[∑
xj∈LSiqj−

∑
xj∈HBiqj

|Ei|

]+

, if ai=b.

(4.5)

Based on the realization rule, among the sellers or buyers proposing the

same price, the users who propose a smaller quantity will get all their quantity

transacted before the users who propose a higher quantity. As an example

in Fig. 4.1, consider three buyers, 1, 2, and 3, proposing the same buying

price of $14, where q1 = 3 GB, q2 = 4 GB, and q3 = 8 GB. Hence their total

demand is 15 GB as shown on the second row, but there are only 5 GB left in

7If (
∑

xj∈HBi qj −
∑

xj∈LSi qj)/|Ei| > qi for some seller i (ai = s), then his ri(xi,x−i) = qi, and the

“burden left” is averaged over the other sellers with the same price. We will continue with this procedure
until each seller j has an rj(xj ,x−j) ≤ qj . Details of the procedure can be found in [24,60], and a similar
procedure also applies to the buyers.
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seller’s market (with the selling price of $13) that can be allocated to them.

According to the realization rule in (4.5), they will equally divide the 5 GB,

i.e., r1(x) = r2(x) = r3(x) = 5/3 GB. Consider a different scenario where

the three buyers’ demands are q1 = 1 GB, q2 = 6 GB, and q3 = 8 GB, then

the allocations are r1(x) = 1 GB and r2(x) = r3(x) = 2 GB. This is because

with the result under the equal division (5/3) exceeds user 1’s demand, hence

the exceeded part is equally shared by the remaining two buyers.

4.2.3 Outline of Backward Induction

To solve the three-stage game, we use the backward induction. We start

from the DTM users’ mobile data trading game in Stages III in Section 4.3,

and then study the users’ operator selection game in Stage II in Section 4.4.

Finally, we discuss the operator’s operation fee optimization problem in Stage

I in Section 4.5.

4.3 Stage III: Mobile Data Trading Game

In this section, we study the users’ mobile data trading game in Stage III,

given the operator’s operation fee θ and the users’ operator selection n =

(n1, . . . , nI). We first introduce the DTM user model in Section 4.3.1. Next,

we formulate the DTM users’ mobile data trading game in Section 4.3.2, and

analyze the DTM users’ game equilibrium in Section 4.3.3.

4.3.1 DTM User Model

4.3.1.1 Quota and Future Demand

We assume that all users in the entire market have the same monthly quota

Q, but different users have different values and probabilities of future data
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demands for the month in general.8 For the ease of exposition, we assume

that there are two possible realizations of a user i’s future data demand for

the month (or simply called demand): di ∈ {di,h, di,l}, with di,h > Q > di,l >

0.9 The probability for user i to observe a high demand di,h is pi, and the

probability of observing a low demand di,l is 1 − pi. We assume that the

distribution of pi, di,l, and di,h are mutually independent. Specifically, we

assume that the mean values of the distributions of di,l and di,h are Dl and

Dh, respectively.

4.3.1.2 Satisfaction Loss

Each user i will incur a satisfaction loss when his demand di ∈ {di,h, di,l}

exceeds his monthly data quota Q. We consider a linear satisfaction loss

function

L(Q− di) = −κ[di −Q]+, (4.6)

where [z]+ = max{0, z}. Here, [di − Q]+ is the amount of insufficient data.

When di − Q is positive, it means that the quota is exceeded. The linear

coefficient κ represents the extra usage-based pricing imposed by the mobile

operator in a two-part pricing tariff, where the user pays a fixed fee for the

data consumption up to a monthly quota and a linear usage-based cost for any

extra data consumption. Such a pricing model is widely used by major mobile

operators. For example, for a 4G CMHK user, κ = $60 with a monthly data

quota of 1 GB. By selling or buying data in the market, a user can change his

effective remaining data quota (for the current month only), and hence will

change his expected satisfaction loss.

8We make this assumption for analytical convenience. The consideration of heterogeneous monthly
quota adds another dimension in the user type. It will lead to a more complicated user type distribution,
and we will consider it later in the future work.

9The analysis for the case where both di,h and di,l are higher (or lower) than the monthly quota Q is
relatively trivial, and hence is omitted here due to space limitations.
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4.3.2 DTM Users’ Non-cooperative Game Formulation

First, we define a user i’s payoff if he chooses the DTM as his operator in Stage

II in (4.7) on the top of next page, which equals to his expected satisfaction

loss minus the net payment of the trade and the switching cost.10 For the

seller case (ai = s), the first term (πi−θ)ri((s, πi, qi),x−i) is the revenue from

selling data. The second and third terms correspond to the seller’s expected

satisfaction loss after selling qi data quota under the high and the low demand

realization, respectively. Notice that each seller has to pay the operation fee

of θ to the mobile operator for each unit of transacted data. In addition,

if user i is switching to another operator, he is going to pay an additional

switching cost ei(ni), as defined in (4.18). The buyer’s payoff function on the

last line of (4.7) is similar, except that the operator does not charge the buyer

an operation fee. Notice that the payoff function in (4.7) is discontinuous.

For example, if a seller’s supply is only partially cleared, he can clear all

his supply by decreasing his selling price by a unit ε11, and hence makes a

discontinuous increase in his payoff.

Ui,1(ri(xi,x−i)) = Ui,1 (ri ((ai, πi, qi),x−i))

=



(πi−θ)ri((s, πi, qi),x−i)+piL(Q−ri((s, πi, qi),x−i)−di,h)

+(1−pi)L(Q−ri((s, πi, qi),x−i)−di,l)−ei(1), if ai = s,

− πiri((b, πi, qi),x−i) +piL(Q+ri((b, πi, qi),x−i))−di,h)

+(1−pi)L(Q+ri((b, πi, qi),x−i))−di,l)−ei(1), if ai = b.

Next, we model the interactions among DTM users as the following non-

cooperative game:
10Since we assume the data plan by all operators are with same quota and same subscription fee, it will

not affect the users’ decisions. Hence, we omit the subscription fee in the user’s payoff function in (4.19)
and (4.7).

11We assume that ε is the smallest price unit used in the mobile data trading platform. For example,
ε = 1 HKD in 2CM.
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Definition 4.1. A mobile data trading game is a tuple Ω = (I1,X ,U1) de-

fined by

• Players: The set I1(n) of users, where user i ∈ I1 is associated with a

type (oi, pi, di,h, di,l).

• Strategies: Each player chooses an action xi = (ai, πi, qi) ∈ Xi, which

is his bid to the platform. The strategy profile of all the players is

x = (xi,∀i ∈ I1) and the set of feasible strategy profile of all the players

is X = X1 × . . .×XI1.

• Payoffs: The vector U1 = (Ui,1,∀i ∈ I1) contains all users’ payoffs as

defined in (4.7).

4.3.3 Nash Equilibrium Analysis

4.3.3.1 Best Response Analysis

Next, we investigate a user’s best response, which is the strategy that maxi-

mizes his payoff given the fixed strategies of other users.

Definition 4.2. User i’s best response is

xBRi (x−i) , (aBRi (x−i), π
BR
i (x−i), q

BR
i (x−i))

= arg max
xi∈Xi

Ui,1(ri(xi,x−i)).
(4.7)

In Proposition 1, we characterize user i’s best response based on the market

clearing price πr defined in Section 4.2.2.2 given other users’ strategies x−i

in the following proposition.

Before introducing Proposition 1, we first define the transaction selling

price π̂s and the transaction buying price π̂b for a given strategy profile x =

(xi,∀i ∈ I1) in Definitions 3 and 4, respectively. Here, we use ε > 0 to

denote the smallest price unit. When a user makes a decision, he does not
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Figure 4.3: An example of π̂s and π̂b.

need to know the choice of each of the other users, but only needs to know

the accumulated bids (e.g., the total demands and supplies in terms of GBs

at each price). This allows us to analyze the users’ best responses based on

π̂s and π̂b instead of x.

Definition 4.3. The transaction selling price12 π̂s corresponds to the mini-

mum price such that a seller, whose proposed selling price is one unit larger

than the transaction selling price, cannot get any of his selling quantity trans-

acted:

π̂s=min{πi :ri((s, πi + ε, qi),x−i) = 0,∀i ∈ I1}. (4.8)

Definition 4.4. The transaction buying price π̂b corresponds to the maxi-

mum price such that a buyer, whose proposed buying price is one unit smaller

than the transaction buying price π̂b, cannot get any of his buying quantity

transacted:

π̂b=min{πi :ri((b, πi − ε, qi),x−i) = 0,∀i ∈ I1}. (4.9)

12Based on the definition, the sellers who propose this price can get some or all of their selling quantities
transacted. The sellers who propose selling prices lower than this price will get all their selling quantities
transacted, because they have higher priorities. Notice that lower priority bids can only be cleared when
all the higher priority bids are cleared.
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An example of the definitions is shown in Fig. 4.3, based on the market

supply and demand shown in Fig. 4.1. The platform sorts user’s bids ac-

cording to their prices, then clears the bids with the highest priorities first.

In this example, the transaction selling price π̂s = 14 and the transaction

buying price π̂b = 14, because the users who propose a price of $14 can get

some quantity transacted, and the sellers who propose one unit higher ($15)

and the buyers who propose one unit lower ($13) cannot get any quantity

transacted.

Proposition 4.1. The best response xBRi (x−i) of user i with type (oi, pi, di,h, di,l)

is given in (4.10).

xBRi (x−i)

=(s, π̂s, Q−di,l), if pi≤
π̂s−θ
κ

and

∑
j∈HBiqj−

∑
j∈LSiqj−

∑
j∈{k:k∈Ei,qk<Q−di,l}qj

|{k : k ∈ Ei, qk ≥ Q− di,l}|
≥Q−di,l,

=(s, π̂s−ε, Q−di,l), if pi≤
π̂s−ε−θ

κ

and

∑
j∈HBiqj−

∑
j∈LSiqj−

∑
j∈{k:k∈Ei,qk<Q−di,l}qj

|{k : k ∈ Ei, qk ≥ Q− di,l}|
<Q−di,l,

=(b, π̂b, di,h−Q), if pi≥
π̂b
κ

and

∑
j∈LSiqj−

∑
j∈HBiqj−

∑
j∈{k:k∈Ei,qk<di,h−Q}qj

|{k : k ∈ Ei, qk ≥ di,h −Q}|
<di,h−Q,

=(b, π̂b+ε, di,h−Q), if pi≥
π̂b+ε

κ

and

∑
j∈LSiqj−

∑
j∈HBiqj−

∑
j∈{k:k∈Ei,qk<di,h−Q}qj

|{k : k ∈ Ei, qk ≥ di,h −Q}|
≥di,h−Q,

∈{(ai, πi, qi) :ai=b, πi∈ [0, π̂b), qi∈ [0,∞)}

∪ {(ai, πi, qi) :ai=s, πi∈(π̂s, κ], qi∈ [0,∞)}, otherwise.

(4.10)
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The proof of Proposition 4.1 is given in Appendix A.

First, Proposition 4.1 states that every user who wants to trade will either

choose to sell the quota at the quantity Q − di,l or choose to buy at the

quantity di,h − Q if they choose to join DTM, due to the piecewise linearity

of (4.7) in quantity qi.

Next, we discuss the five lines of equation (4.10) in details:

• The first and third lines: According to the realization function in (4.5),

if the supply is not enough, the users with the same price will equally

share the supply. In this case, the bids of users with a low qi will be fully

satisfied13, while the bids of users with a high qi will only be partially

satisfied. Hence, the users with a low pi and a low Q−di,l will choose to

sell with a lower price π̂s (as shown in the first line of (4.10)), and the

users with a high pi and a low di,h −Q will choose to buy with a higher

price π̂b (as shown in the third line of (4.10)).

• The second and fourth lines: To make their bids fully satisfied, the users

with a higher quantity can propose a price with a slightly higher priority.

Hence, the users with a low pi and a high Q−di,l will choose to sell with

a lower price π̂s− ε (as shown in the second line of (4.10)), and the users

with a high pi and a high di,h−Q will choose to buy with a higher price

π̂b + ε (as shown in the fourth line of (4.10)).

• The fifth line: The users who are not willing to participate will randomly

propose a high price as a seller or a low price as a buyer, and randomly

propose a quantity.

13By saying “the bid of a user is satisfied”, we mean that “his demand is satisfied” if the user is a buyer,
or “his supply is cleared” if the user is a seller.
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4.3.3.2 Unique NE Characterization

Next, we define the Nash equilibrium as the intersection of all the users’ best

response correspondences.

Definition 4.5. (Nash Equilibrium): A strategy profile x∗ is a Nash Equi-

librium (NE) if and only if

Ui,1(ri(x
∗
i ,x
∗
−i)) ≥ Ui,1(ri(x

′
i,x
∗
−i)),∀x′i ∈ Xi, i ∈ I1. (4.11)

If a strategy profile is an NE, none of the users has the incentive to change

his strategy, and the transacted prices will not change. To obtain the NE, we

first show the conditions that any NE should satisfy in Lemma 4.1.

Lemma 4.1. At any NE x∗, there exists a unique realization price π̂(n, θ)

such that for any fixed n and θ, the following conditions are satisfied.

∑
i∈{j:a∗j=s,π∗j≤π̂(n,θ)}

qi =
∑

i∈{j:a∗j=b,π∗j≥π̂(n,θ)}

qi, (4.12)

π∗i = π̂(n, θ),∀i ∈ {j ∈ I1 : pj <
π̂(n, θ)− θ

κ

or pj >
π̂(n, θ)

κ
}. (4.13)

Equation (4.12) implies that there exists an equilibrium price π̂(n, θ) such

that the market is cleared, where the total supply matches the total demand.

From (4.13), we observe that those who want to make a transaction in the

market will propose the same price in their best responses.14 The Proof of

Lemma 4.1 is in Appendix B.

By jointly solving equations (4.12) and (4.13) in Lemma 4.1, we obtain

14The users with type pi <
π̂(n,θ)−θ

κ
are sellers and the users with type pi >

π̂(n,θ)
κ

are buyers. The
sellers’ transaction selling price equals to the buyers’ transaction buying price.
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Table 4.1: The Equilibrium users’ decisions on roles, quantities, and prices

User Type pi Role a∗i Quantity q∗i Price π∗i
0 < pi ≤ PL(π̂(n, θ)) s Q− di,l π̂(n, θ)

PL(π̂) < pi < PH(π̂) s or b q∗i ∈ [0,∞)
π∗i ∈(piκ, κ] if a∗i =s
π∗i ∈ [0, piκ) if a∗i =b

PH(π̂(n, θ)) ≤ pi < 1 b di,h −Q π̂(n, θ)

the unique NE in Theorem 1. For notation convenience, we first define

PL(π) ,
π − θ
κ

, (4.14)

and

PH(π) ,
π

κ
, (4.15)

which are the boundary indicators of user types. With these indicators, we

can divide the users into different groups according to their types.

Theorem 4.1. The unique NE x∗ of Game Ω is shown in Table 4.1, where

the equilibrium price π̂(n, θ) is the unique solution of the following equation:

∑
i∈{j:pj≤PL(π̂(n,θ))}

(Q− di,l) =
∑

i∈{j:pj≥PH(π̂(n,θ))}

(di,h −Q). (4.16)

Theorem 4.1 states that at the NE, all the users who participate in the

market will propose the same price, and all their proposed quantities will

be transacted. This is because the sellers proposing higher prices cannot

get their selling quantities transacted, and the sellers proposing lower prices

receive lower payoffs. The same intuition applies to the buyers. The users

who are not willing to participate will randomly propose a high selling price

or a low buying price with random quantities, and will not affect the market

trading results. The proof of Theorem 4.1 is given in Appendix C.
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4.4 Stage II: Operator Selection Game

In this section, we study the users’ operator selection game in Stage II given

the operation fee θ. We introduce the user model in Section 4.4.1, and for-

mulate the operator selection game in Section 4.4.2. Finally, we characterize

the NE in Section 4.4.3.

4.4.1 User Model

Let oi be user i’s original choice of his operator for last subscription horizon.

If user i is a subscriber of Operator DTM, we denote it as oi = 1. Otherwise

user i is a subscriber of other operators, and we denote it as oi = 0. Thus,

DTM’s original market share is

α =
|{i : oi = 1}|

I
. (4.17)

At the beginning of a new subscription horizon, the user i’ needs to decide

an updated decision of operator ni, where ni ∈ {0, 1}. Notice that a user i

will incur a switching cost ei(ni) for the following subscription horizon linear

to his expected usage15 if he choose to switch an operator (i.e., ni 6= oi).

Specifically, we have

ei(ni) =

 e[pidi,h + (1− pi)di,l], if ni = oi,

0, if ni 6= oi.
(4.18)

4.4.2 Users’ Operator Selection Game Formulation

We first define user i’s payoff function if he chooses the other operators (i.e.,

ni = 0) in Stage II. In this case, since there is no data trading market available

15The switching cost can be interpreted as the “repeat purchase welfare” [34] [18]. According to [10], the
users who repeatedly purchase his data plan can enjoy a better service (e.g., 3G service upgraded to 4G
service, or a higher internet speed due to the technology development) with the service price unchanged. A
user with a higher usage can benefit more from the “repeat purchase welfare”. However, if the user switch
to the other operator, he can no longer enjoy the “repeat purchase welfare”.
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in the other operators, his payoff equals to his expected satisfaction loss minus

the switching cost:

Ui,0 = piL(Q−di,h) +(1−pi)L(Q−di,l)− ei(0). (4.19)

Then, by combining the cases of ni = 0 and ni = 1 (which is discussed in

Section 4.3), we can see that user i’s payoff Ui(ni,n−i) depends on the other

users’ decisions n−i = (nj,∀j ∈ I, j 6= i). As shown in Fig. 2, each user

makes operator selection decision to maximize the utility of one susbcription

horizon (i.e., the summation of utilities of T data trading horizons). Here we

assume that the users’ monthly usage does not change across months and the

data quota of a user remains the same for every month. In this case, we can

assume that user’s utilities of all the data trading horizons in a subscription

horizon are the same. Hence, the utility function for user i at Stage III can

be written as

Ui(ni,n−i) =

T · Ui,0, if ni = 0,

T · Ui,1(ri(xi,x−i)), if ni = 1.
(4.20)

Hence, we model the interactions among DTM users as the following non-

cooperative game:

Definition 4.6. An operator selection game is a tuple Ω0 = (I,N ,U) defined

by

• Players: The set I of users, where user i ∈ I is associated with a type

(oi, pi, di,h, di,l).

• Strategies: Each player chooses an action (pure strategy) ni as his choice

of operator. The strategy profile of all the players is n = (ni, ∀i ∈ I),

where ni ∈ N = {0, 1}.

• Payoffs: The vector U = (Ui,∀i ∈ I) contains all users’ payoffs as
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defined in (4.20).

4.4.3 Nash Equilibrium Analysis

4.4.3.1 Best Response Analysis

Next, we investigate a user’s best response.16 We assume that all the opera-

tors are the same, except that DTM has an additional data trading market.

The DTM users will not switch to other operators. In other words, ni = 1

is a dominant strategy for the players with oi = 1. For the players with

oi = 0, the users whose benefit from trade is larger than the switching cost

will choose to switch to DTM. Hence, we characterize user i’s best response

in the following proposition.

Proposition 4.2. The best response nBRi (n−i) of user i with type (oi, pi, di,h, di,l)

is given in (4.21).

nBRi (n−i)=



0, if
(π̂(n, θ)−θ)(Q−Dl)− e

2
(Dh+Dl)

κ(Q−Dl)
<pi<

π̂(n, θ)(Dh−Q)+ e
2
(Dh+Dl)

κ(Dh −Q)
and oi=0,

1, otherwise.

(4.21)

The proof of Proposition 4.2 is given in Appendix D.

4.4.3.2 Unique NE Characterization

Now we study the Nash equilibrium of the above operator selection game.

According to the analysis of the equilibrium price π̂(n, θ) in Theorem 1 and

the best response in Proposition 2, we can obtain the unique NE in Lemma

16Since the total number of users I →∞, we can approximate π̂(n, θ) = π̂((n̂i,n−i), θ) ∀n̂i ∈ N for any
n−i, i ∈ I.
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4.2. For notation convenience, we first define

P ′L(π) ,
(π−θ)(Q−Dl)− 1

2
e(Dh+Dl)

κ(Q−Dl)
, (4.22)

and

P ′H(π) ,
π(Dh−Q)+ 1

2
e(Dh+Dl)

κ(Dh−Q)
, (4.23)

which are the boundary indicators of user types. With these indicators, we

can divide the users into different groups according to their user types.

Lemma 4.2. At any NE n∗(θ) for fixed θ, there exists a unique realization

price π̂(n∗(θ), θ) such that the following condition is satisfied.

n∗i (θ) =


0, if P ′L(π̂(n∗(θ), θ))<pi<

P ′H(π̂(n∗(θ), θ)) and oi=0,

1, otherwise,

(4.24)

where the equilibrium price π̂(n∗(θ), θ) is the unique solution of the following

equation:

∑
i∈{j:pi≤PL(π̂(n∗(θ),θ))}

(Q−di,l) +
∑

i∈{j:pi≤P ′L(π̂(n∗(θ),θ))}

(Q−di,l) =

∑
i∈{j:pi≥PH(π̂(n∗(θ),θ))}

(di,h−Q) +
∑

i∈{j:pi≥P ′H(π̂(n∗(θ),θ))}

(di,h−Q). (4.25)

If we assume that both the DTM users’ pi for i ∈ I1 and the other operators’

users’ pi for i ∈ I\I1 follow independent uniform distributions in the interval

[0, 1], we can obtain a closed-form solution for equation (4.25) as

π̂(n∗(θ), θ) =
(Dh −Q)κ+ (Q−Dl)θ

Dh −Dl

. (4.26)

The proof of Lemma 4.2 is given in Appendix E.
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In the long-run, since user i’s operator selection decisions will in turn

change his user type oi, the NE of Stages II and III will further evolve. In

this chapter, we assume that the operator makes Stage I decision based on

a short-run user behavior, and study at what condition the operator will

propose a data trading market. In the next section, to better illustrate the

insights in the Stage I problem, we will continue with our assumptions in

Lemma 4.2. For writing convenience, in the later sections we will write the

equilibrium price π̂(n∗(θ), θ) as π̂(θ) for simplicity.

4.5 Stage I: Operation Fee Optimization

In this section, we first discuss DTM’s profit maximization problem in decid-

ing the initial optimal operation fee, given the NE of Stages II and III (i.e.,

NE of the users’ interactions) and DTM’s initial market share in Section 4.5.1.

Next, we discuss DTM’s benefit from proposing this data trading market in

Section 4.5.2.

4.5.1 Profit Maximization

The operator’s profit consists of three parts: (a) Base profit : the difference

between the subscription revenue and the cost of providing service from the

users, (b) the total operation fee charged on the sellers for the transacted

data quota, and (c) the over-quota charge on the users for their data usage

that exceeds their quota.

These three parts are functions of the unit operation fee θ, which should be

less than the usage-based unit price κ (i.e., 0 ≤ θ ≤ κ), or no transaction will

happen in the market. In addition, the operator has a cost of building and

maintaining the data trading market, which is denoted as Cb. The fractions

of sellers, buyers, and the users who do not trade are shown in Fig. 4.4.
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Figure 4.4: The operation and role selections by the users of both DTM and other operators.

First, the base profit in (a) can be calculated as the product of (a1) the

number of users and (a2) the difference between subscription revenue and the

cost of providing service for each user, which are described as follows:

• (a1) First, according to Table 4.1, the number of users is the original

number of DTM subscribers αI plus the number of users switched from

other operators (1−α)I(P ′L(π̂(θ))+1−P ′H(π̂(θ))) = (1−θ/κ−e/2(Dh+

Dl)/(κ(Q−Dl))− e/2(Dh +Dl)/(κ(Dh−Q)))(1−α)I, where P ′L(·) and

P ′H(·) are defined in (4.22) and (4.23), respectively.

• (a2) Second, the subscription revenue of each user is defined as β, and

the average service cost of each user equals to the product of unit cost c

and the average demand (Dh +Dl)/2.

Hence, the base profit in (a) is:

Pa(θ) =

(
β − c(Dh +Dl)

2

)(
αI + (1− θ

κ
− e(Dh +Dl)

2κ(Q−Dl)

− e(Dh +Dl)

2κ(Dh −Q)
)(1− α)I

)
. (4.27)

Second, the total operation fee is charged on the sellers, which includes the

original sellers of DTM and the sellers who are switched from other operators.

It can be calculated as the product of (b1) the total number of sellers, (b2)

the average trading quantity per seller, and the unit operation fee θ.
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• (b1) For the original sellers of DTM, according to a∗i in Table 4.1, the

total number of sellers with oi = 1 equals to αIPL(π̂(θ)), where PL(π̂(θ))

is the fraction of users who can successfully sell some data17 as defined in

(4.14). For the sellers who are switched from other operators, according

to Lemma 2, the total number of sellers with oi = 0 equals to (1 −

α)IP ′L(π̂(θ)), where P ′L(·) is defined in (4.22).

• (b2) Then, from q∗i in Table 4.1, every seller i with a type 0 ≤ pi ≤

PL(π̂(θ)) will propose a quantity Q − di,l. Thus, the average quantity

per seller equals to Q−Dl.

Hence, the total operation fee in (b) is

Pb(θ) =
αθI(π̂(θ)−θ)

κ
(Q−Dl)

+
(1−α)Iθ(π̂(θ)−θ)(Q−Dl)− e

2
(Dh+Dl)

κ(Q−Dl)
(Q−Dl). (4.28)

Third, based on Theorem 4.1, the over-quota charge in (c) are charged on

(c1) the sellers and (c2) the DTM users who do not trade.

• (c1) First, the over-quota charge on the sellers can be calculated as the

product of the total number of sellers (which is described in (b1)), the

expected over-quota usage of sellers, and the unit over-quota charge κ.

Since each original CMHK seller will propose Q−di,l and the users with

pi < PL(π̂(θ)) are sellers, their average over-quota demand is Dh − Dl,

and the average probability of high demand is PL(π̂(θ))/2 = (π̂(θ) −

θ)/(2κ). For the sellers who are switched from other operators, according

to Lemma 2, their average over-quota demand is also Dh−Dl, but their

average probability of high demand is P ′L(π̂(θ))/2 = ((π̂(θ) − θ)(Q −

Dl)− e/2(Dh +Dl))/(2κ(Q−Dl)). Hence, the over-quota charge on the

17Notice that some users with type PL(π̂(θ)) < pi < PH(π̂(θ)) may choose to be a seller but cannot sell
any data.
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sellers is

Pc1 =
αI(π̂(θ)− θ)

κ
κ (Dh −Dl)

(π̂(θ)− θ)
2κ

+
(1−α)Iκ(Dh−Dl)

2

(
(π̂(θ)−θ)(Q−Dl)− e

2
(Dh+Dl)

κ(Q−Dl)

)2

. (4.29)

• (c2) Second, the over-quota charge on the CMHK users who do not trade

can be calculated as the product of the total number of CMHK users

who do not trade, the expected over-quota usage of CMHK users who

do not trade, and the unit over-quota charge κ. According to the second

row in Table 1, the total number of users who do not trade is αIθ/κ.

For the users who do not trade, their average over-quota demand is

Dh−Q. According to the second row in Table 1, the average probability

of high demand is (PL(π̂(θ)) + PH(π̂(θ)))/2. Hence, the expected over-

quota usage of users who do not trade is (π̂(θ)− θ/2)(Dh −Q), and the

over-quota charge on the CMHK users who do not trade is

Pc2 = θαIκ(Dh −Q)
π̂(θ)− θ

2

κ
. (4.30)

In conclusion, the over-quota charge in (c) is

Pc(θ) = Pc1(θ) + Pc2(θ)

=
αI(π̂(θ)− θ)

κ
κ (Dh −Dl)

(π̂(θ)− θ)
2κ

+
(1−α)Iκ (Dh−Dl)

2

(
(π̂(θ)−θ)(Q−Dl)− 1

2
e(Dh+Dl)

κ(Q−Dl)

)2

+ θαIκ(Dh −Q)
π̂(θ)− θ

2

κ
. (4.31)

Hence, by combining the above three parts, we can write the operator’s
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profit maximization problem as

max
0≤θ≤κ

P (θ)= Pa(θ) + Pb(θ) + Pc(θ)− Cb. (4.32)

We can verify that P (θ) is a concave function of θ, so problem (4.32) is a

convex optimization problem. As a result, by the first order condition, we

can obtain the unique optimal operation fee in closed-form.

Theorem 4.2. The operator’s optimal seller’s operation fee θ∗ is shown in

(4.33).

θ∗ = max
{

0,min
{
κ,
κ

2

+

[
(β− c(Dh+Dl)

2
)(α−1)+ α

2
(Dh−Q)κ

]
(Q−Dl)

2− 1
2
(Dh−Q)2(Dh−Dl)κ

(2−α)(Dh−Q)(Q−Dl)2+2α(Dh−Q)2(Q−Dl)−(Dh−Q)2(Dh−Dl)

}}
.

(4.33)

4.5.2 Benefit of Data Trading Market

Next, we will discuss the conditions under which an operator can benefit from

proposing a data trading market.

To observe the benefit, we first discuss the operator’s profit without a

data trading market. The operator’s profit without a data trading market

consists of two parts, namely the base profit and the over-quota charge, which

are structurally similar to the part (a) and part (c) in Section 4.5.1. The

base profit is the product of the number of users and the difference between

subscription revenue and the cost of providng service for each user, so it is

equal to αIβ −αI(Dh +Dl)c/2. The over-quota charge is the product of the

number of users and the average expected demand among users, so it is equal

to αIκ(Dh − Q)/2. Notice that we do not have operation fee as in part (b)

in Section 4.5.1, because there is no data trading market. The profit without
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data trading market as P0 is thus:

P0 =
αIκ(Dh −Q)

2
− αI(Dh +Dl)c

2
+ αIβ. (4.34)

To study whether the operator will benefit from proposing a data trading

market, we establish the condition on the CMHK’s original market share α

under which P (θ∗) > P0 in the following proposition.

Proposition 4.3. If α < α̃ in (4.35), then we have P (θ∗) > P0.

α̃ =

(Dl −Q)(−2β + Cb(Dh +Dl) + 2κ(Q−Dh))

−2D2
hκ−2βDl+CbD2

l +2βQ+ (2κ−Cb)DlQ−4κQ2+Dh [(Cb−2κ)(Dl−Q)]
.

(4.35)

In other words, Proposition 4.3 establishes that an operator with a small

market share benefits from proposing a data trading market. Interestingly, it

is in line with the real-world observation in Hong Kong that CMHK, which

is the smallest mobile operator, is the only operator that deploys the data

trading market [8].

To better illustrate the insights, next we will show the impact of differ-

ent parameters on the benefit of proposing the data trading market through

numerical results in Section 4.6.

4.6 Performance Evaluation

In this section, we first provide simulation results to evaluate how the op-

erator can benefit from proposing a mobile data trading market, and how

different parameters impact on the benefit in Section 4.6.1. Then, we eval-

uate the impact of market share on the operation fee in Section 4.6.2 and

the equilibrium social welfare under different operation fees in Section 4.6.3.
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Figure 4.5: The mobile operator’s profit gain of proposing a data trading market P (θ∗)−P0

versus the operator’s initial market share α for different subscription fee β.

Finally we illustrate how users benefit from this mobile data trading market

in Section 4.6.4.

4.6.1 Mobile Data Trading Market’s Benefit to Operator

We evaluate the operator’s benefit by comparing its profits with and without

the data trading market.

In Fig. 4.5, we plot the profit increment P (θ∗)−P0 against the operator’s

initial market share α for different subscription fee β. In the simulation

settings, we choose the data quota Q = 22, the mean values of the high

and low demands Dh = 25 and Dl = 15, the unit service cost c = 20, the

user’s switching cost e = 50, and the data trading market maintenance cost

Cb = 100. We show that the profit increment is increasing in β. This is

because the operator can attract more users by proposing a data trading

market, hence its profit will increase if the benefit from attracting one more

user is larger. We can also see that the profit increment is decreasing in the

operator’s initial market share α, such that there exists a threshold value

α̃ (as defined in (4.35)), below which the operator is willing to propose a

data trading market. This is because when the initial market share is lower,
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Figure 4.6: The mobile operator’s profit gain of proposing a data trading market P (θ∗)−P0

versus the data quota Q for different α.

the operator can attract more users when proposing a data trading market.

However, if it cannot attract many users, the operator will not benefit because

there is maintenance cost for the data trading market. For example, when

β = 400, proposing the data trading market always reduce the profit. When

β = 600, the operator will propose a data trading market when α < 0.52.

In Fig. 4.6, we plot the profit increment P (θ∗)−P0 against the data quota

Q for different initial market share α. In the simulation settings, we choose

β = 500, Dh = 25, Dl = 15, c = 20, e = 50, and Cb = 100. From Fig.

4.6, we can see that when the data quota is small (Q < 20), the operator’s

profit increment P (θ∗)−P0 is non-decreasing in Q. On the other hand, when

the data quota is large (Q > 20), the operator’s profit increment P (θ∗)− P0

is decreasing in Q. It is because increasing data quota will make the sellers

more willing to trade but the buyers less willing to trade. When Dh − Q >

Q−Dl, the sellers’ average selling quantity is less than buyers’ average buying

quantity, hence a larger Q will lead to more trades and increase the operator’s

revenue. On the other hand, when Dh − Q < Q − Dl, the sellers’ average

selling quantity is more than buyers’ average buying quantity, hence a larger

Q will lead to less trades and decrease the operator’s revenue.
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Figure 4.7: The mobile operator’s optimal operation fee θ∗ versus the operator’s initial
market share α for different subscription fee β.

4.6.2 The Impact of parameters on Operation Fee

In Fig. 4.7, we plot the optimal operation fee θ∗ against the operator’s initial

market share α for different subscription fee β. We show that θ∗ is increasing

in both β and α. It is because when the benefit of attracting one more user

is higher or when proposing the data trading market can attract more users,

the operator is more willing to decrease its operation fee to better promote

the data trading market.

4.6.3 The Impact of parameters on Social Welfare

We define the total equilibrium user payoff Wu as the sum of all CMHK

users’ payoffs Wu =
∑I

i=1 Ui,1(x∗), and the equilibrium social welfare Wt as

the sum of all CMHK users’ payoffs plus CMHK’s maximal revenue Wt =∑I
i=1 Ui,1(x∗)+P (θ∗).

In Fig. 4.8, we show that both the total equilibrium user payoff Wu and

the equilibrium social welfare Wt decrease in the operation fee θ. This is

because when θ is larger, users need to pay more to CMHK, and as a result,

there are fewer tradings happening. Hence, an operation fee that is too large

hurts both the users’ payoffs and CMHK’s revenue.
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Figure 4.8: The mobile operator’s equilibrium revenue P (θ), the total payoff of users Wu,
and the equilibrium social welfare Wt versus the operation fee θ.

4.6.4 Mobile Data Trading Market’s Benefit to Users

We evaluate the users’ benefits by calculating the gap Gi between CMHK

user i’s payoffs with and without data trading market.

In Fig. 4.9, we plot the payoff increment Gi against the probability of high

demand pi, high demand di,h, and low demand di,l. We show that the users

with small pi and large pi will benefit from trading in the market, while those

with medium pi will not benefit. This is because the users with medium pi

are the most uncertain about whether their usage will exceed quota or not,

and hence will not trade data in the market. On the other hand, the users

who have less uncertainty about their usage (i.e., the users whose pi are close

to zero or one) will benefit a lot through trading.

In addition, the high pi (i.e., pi > 0.75) users will benefit more if they have

a larger di,h, and the low pi (i.e., pi < 0.25) users will benefit more if they

have a smaller di,l. This is because the users will benefit more when they

trade a larger quantity. Based on Theorem 1, a high pi user will be a buyer

and propose a demand of di,h − Q, while a low pi user will be a seller and

propose a supply of Q− di,l.
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Figure 4.9: The gap Gi between user i’s utilities with and without data trading market.

4.7 Chapter Summary

In this chapter, we studied the users’ choices of operators and their trading

behavior in a two-sided market, in which users decide their trading prices and

quantities without knowing in advance how much data they can sell or buy

at their proposed prices. Our analysis indicated that all the users who want

to trade should propose the same price, such that the total demand matches

the total supply. We also showed that the users of other operators with

certainty about their usages can benefit more from data trading and will

switch to CMHK. Our numerical results showed that when the operator’s

initial market is low, it is beneficial to propose a data trading market.

In the future, we would like to understand the countermeasure of other

operators in the market and the how the operators’ strategies evolve. Apart

from theoretical analysis, we would also conduct a market survey to under-

stand the users’ realistic responses to market dynamics.
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4.8 Appendix

4.8.1 Proof of Proposition 1

Given a strategy profile x, by (4.12) and (4.13), we can obtain the corre-

sponding transaction selling price π̂s and transaction buying price π̂b. We

first study the user i’s optimal decision of quantity, given his role and price,

and other users’ strategies. From (4.10), we can find the optimal proposed

quantity qBRi (x−i) for a user given his price πBRi (x−i) and aBRi (x−i), shown

as follows.

qBRi (x−i)


= di,h−Q, if pi≥ πBRi (x−i)

κ
,

= Q−di,l, if pi≤ πBRi (x−i)−θ
κ

,

∈ [0,∞), if
πBRi (x−i)−θ

κ
<pi<

πBRi (x−i)

κ
.

(4.36)

Then we study the decision of price and role. According to the utility

function in (4.10) and the division rule in (4.8), the low pi users will choose

to be a seller and the high pi users will choose to be a buyer, i.e.,

aBRi (x−i)


= b, if pi≥

πBRi (x−i)

κ
,

= s, if pi≤
πBRi (x−i)−θ

κ
.

(4.37)

Due to the discontinuity in the seller’s utility function on the first line of

(4.10), the utility Ui(ri(xi,x−i)) for a seller first increases in πi when πi ∈

[0, π̂s − ε), then has one or two discontinuous decreases (i.e., discontinuous

jump downwards) in πi when πi ∈ [π̂s − ε, π̂s + ε]18, and then stays flat in πi

when πi ∈ (π̂s + ε, κ]. Due to the equal division rule, the sellers with smaller

selling quantity Q − di,l (the sellers whose supplies satisfy the condition on

Line 1 in (4.15)) will be satisfied first, which means that their supplies will

18There is a discontinuous decrease in utility between πi = π̂s and πi = π̂s + ε, but we still need to
discuss whether there is a discontinuous decrease between πi = π̂s − ε and πi = π̂s.
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be cleared by proposing a selling price π̂s. Hence, the unique discontinuous

decrease is between the point πi = π̂s and the point πi = π̂s + ε, i.e.,

Ui(ri((a
BR
i , π̂s − ε, qBRi ),x−i))<Ui(ri((a

BR
i , π̂s, q

BR
i ),x−i)),

Ui(ri((a
BR
i , π̂s, q

BR
i ),x−i))>Ui(ri((a

BR
i , π̂s + ε, qBRi ),x−i)).

In this case, the optimal price is at the transaction selling price π̂s. On the

other hand, the sellers with a larger selling quantity Q−di,l (the sellers whose

supplies satisfy the condition on Line 2 in (4.15)) can decrease their price by a

small amount ε to beat the sellers who propose π̂s and fully get their quantity

transacted. In other words, there is also a discontinuous decrease between

the point πi = π̂s − ε and the point πi = π̂s, i.e.,

Ui(ri((a
BR
i , π̂s − ε, qBRi ),x−i))>Ui(ri((a

BR
i , π̂s, q

BR
i ),x−i)),

Ui(ri((a
BR
i , π̂s, q

BR
i ),x−i))>Ui(ri((a

BR
i , π̂s + ε, qBRi ),x−i)).

In this case, the optimal price is at π̂s − ε. By the above analysis, we obtain

the results on the first and second lines of (4.15).

Similarly, due to the discontinuity in the buyer’s utility function on the

second line of (4.10), the utility Ui(ri(xi,x−i)) for a buyer is first flat in πi

when πi ∈ [0, π̂b − ε), then has one or two discontinuous increases in πi when

πi ∈ [π̂b− ε, π̂b + ε], and then decreases in πi when πi ∈ (π̂b + ε, κ]. By similar

analysis, we can show that the buyers with smaller buying quantity dh,l −Q

(the buyers whose demands satisfy the condition on Line 3 in (4.15)) have

an optimal price at π̂b, and the buyers with larger buying quantity dh,l − Q

(the buyers whose demands satisfy the condition on Line 4 in (4.15)) have an

optimal price at π̂b + ε. Hence, we obtain the results on the third and fourth

lines of (4.15).
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Finally, for the users with type (π̂s − θ)/κ < pi < π̂b/κ, if they choose to

be a seller (aBRi = s), the utility Ui((s, πi, q
BR
i ),x−i) first increases in πi when

πi ∈ [0, π̂s], and then stays flat in πi when πi ∈ (π̂s, κ], hence the optimal

πBRi (x−i) can be any value in the range (π̂s, κ]. On the other hand, if they

choose to be a buyer (aBRi = b), the utility Ui((b, πi, q
BR
i ),x−i) first stays flat

in πi when πi ∈ [0, π̂b), and then decreases in πi when πi ∈ [π̂b, κ). Hence, the

optimal πBRi (x−i) can be any value in the range [0, π̂b), as shown in the fifth

line of (4.15).

By the above analysis, we obtain the results in (4.15).

4.8.2 Proof of Lemma 4.1

In this proof, we do not consider the users who are not willing to trade. In

other words, we only consider the user i ∈ Ĩ = {j : j ∈ I, rj(x) > 0}. First,

we show that the following lemma holds at the equilibrium.

Lemma 4.3. For any two sellers or two buyers proposing the same price,

both of them can get all their quantity transacted. That is, if a∗j = a∗k and

π∗j = π∗k, we have rj(x
∗) = q∗j and rk(x

∗) = q∗k.

Proof. We prove the lemma by contradiction. Assume that there exist j and

k such that

a∗j = a∗k = s, π∗j = π∗k, rj(x
∗) < q∗j ,

then based on (4.10), we have

Uj(rj((s, π
∗
j , q
∗
j ),x

∗
−j))

= (π∗j − θ)rj(x∗) + piκ(Q− rj((s, π∗j , q∗j )− dj,h), (4.38)
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and

Uj(rj((s, π
∗
j−ε, q∗j ),x∗−j)) =

(π∗j−ε−θ) min{q∗j , rj(x∗)+rk(x
∗)}

+ piκ(Q−min{q∗j , rj(x∗) + rk(x
∗)} − dj,h), (4.39)

where ε is an extremely small positive number.

According to (4.10), we have piκ < π∗i − θ for a seller. Hence, when ε→ 0,

we have

Uj(rj((s, π
∗
j − ε, q∗j ),x∗−j)) > Uj(rj((s, π

∗
j , q
∗
j ),x

∗
−j)),

which contradicts with (4.11) in Definition 5.

The buyer’s case is similar to seller’s case, hence we omit the proof here.

Next we prove that Lemma 4.4 also holds at the equilibrium.

Lemma 4.4. Any two users j and k who want to trade will propose the same

price, i.e.,

π∗j = π∗k, ∀j, k ∈ Ĩ. (4.40)

Proof. We prove the lemma by contradiction. We also start with the sellers’

case by proving

π∗j = π∗k, ∀j, k ∈ {i : i ∈ I, a∗i = s}. (4.41)

Assume that there exist j and k such that

a∗j = a∗k = s, π∗j < π∗k,

then we know that rj(x
∗) = q∗j , and have

Uj(rj((s, π
∗
j , q
∗
j ),x

∗
−j)) = (π∗j−θ)q∗j + piκ(Q−q∗j−dj,h)



CHAPTER 4. ECONOMICS OF MOBILE DATA TRADING MARKET 146

and

Uj(rj((s, π
∗
j +ε, q∗j ),x

∗
−j))=(π∗j + ε− θ)q∗j + piκ(Q− q∗j − dj,h).

Hence, we have

Uj(rj((s, π
∗
j + ε, q∗j ),x

∗
−j)) > Uj(rj((s, π

∗
j , q
∗
j ),x

∗
−j)),

which contradicts with (4.11) in Definition 4.5.

Similarly, we know that

π∗j = π∗k, ∀j, k ∈ {i : i ∈ I, a∗i = b}. (4.42)

Next, we prove that π∗j = π∗k, ∀j, k ∈ I, also by contradiction. When

π∗j < π∗k, a
∗
j = s, and a∗k = b, we have

Uj(rj((s, π
∗
j + ε, q∗j ),x

∗
−j)) > Uj(rj((s, π

∗
j , q
∗
j ),x

∗
−j))

and

Uj(rk((b, π
∗
k + ε, q∗k),x

∗
−k)) > Uj(rk((b, π

∗
k, q
∗
k),x

∗
−k)),

which contradicts with (4.11) in Definition 4.5.

By Lemma 4.3, we know that all users can get their proposed quantity fully

transacted, which will only happen when the total proposed buying quantity

equals the total proposed selling quantity. By (4.10), we know that the users

with type pi < (π̂(n, θ)− θ)/κ will trade as a seller, and the users with type

pi > π̂(n, θ)/κ will trade as a buyer. By Lemma 4.4, we know that all the

buyers and sellers will propose the same price. Combining the above analysis,

we obtain the result in (4.12) and (4.13).
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4.8.3 Proof of Theorem 4.1

First, by (4.15), (4.17), and (4.18), we can obtain the results in Table 4.1.

Then we try to obtain π̂(n, θ) in Table 4.1. According to (4.18), we know

that the proportion of sellers is (π̂(n, θ)−θ)/κ and the proportion of buyers is

1− π̂(n, θ)/κ. Based on (4.15), we know that every seller proposes a quantity

of Q− di,l and every buyer proposes a quantity of di,h −Q. Hence, the total

selling quantity

Qs =
∑

i∈{j:pj≤PL(π̂(n,θ))}

(Q− di,l), (4.43)

and the total buying quantity

Qb =
∑

i∈{j:pj≥PH(π̂(n,θ))}

(di,h −Q). (4.44)

Based on (4.12), we know that the total selling quantity equals to the total

buying quantity, i.e.,

Qs = Qb, (4.45)

which is equivalent to (4.16).

4.8.4 Proof of Proposition 4.2

First. for the users with oi = 1, according to (4.9) and (4.10), we have

Ui,1(ri((s, 0, 0),x−i)) > Ui,0

for all x−1. Hence, we have

nBRi (n−i) = 1 (4.46)

for all users with oi = 1.

Next, for each user i with oi = 0, according to Theorem 4.1, a user i
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with pi ∈ [0, PL(π̂(n, θ))] ∪ [PH(π̂(n), θ), 1] will trade if he switch to CMHK.

According to (4.10) and (4.9), the corresponding utility Ui,1(ri(x
∗(1,n−i))) >

Ui,0 only when

pi<
(π̂(n, θ)−θ)(Q−Dl)− e

2
(Dh+Dl)

κ(Q−Dl)

or pi>
π̂(n, θ)(Dh−Q)+ e

2
(Dh+Dl)

κ(Dh−Q)
. (4.47)

For every other user i with oi = 0, his utility Ui,0 is higher than the value of

Ui,1(ri(x
∗(1,n−i))). Hence, by combining the two we can obtain the results

in Proposition 4.1.

4.8.5 Proof of Lemma 4.2

First, according to the analysis in Theorem 4.1, all the sellers and buyers will

propose a same market price π̂(n∗(θ), θ) satisfying (4.26). By substituting

(4.23) and (4.24) into (4.22), we can obtain (4.25).

Then, since the LHS of (4.26) is increasing in π̂(n∗(θ), θ) and the RHS

of (4.26) is decreasing in π̂(n∗(θ), θ), we can see that there exists a unique

solution for (4.26).

Next, if both the CMHK users’ pi for i ∈ I1 and the other operators’ users’

pi for i ∈ I\I1 follow independent uniform distributions in the interval [0, 1],

the equation (4.26) can be rewritten as

α
π̂(n∗(θ), θ)− θ

κ
(Q−Dl)

+ (1−α)
(π̂(n∗(θ), θ)−θ)(Q−Dl)− 1

2
e(Dh+Dl)

κ(Q−Dl)
(Q−Dl)

= α(1− π̂(n∗(θ), θ)

κ
)(Dh −Q)

+ (1−α)(1−
π̂(n∗(θ), θ)(Dh−Q)+ 1

2
e(Dh+Dl)

κ(Dh −Q)
)(Dh−Q). (4.48)
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By solving (4.49), we obtain the results in (4.27).



Chapter 5

Conclusion and Future Work

In this thesis, we studied the operator’s optimal strategies alleviate the ten-

sion between the mobile data demand and the network capacity, including

the optimal spectrum investment and the optimal strategies in mobile da-

ta trading market. Our results showed the impact of risk preferences on the

decision-makers’ behaviors and utilizing the users’ risk preferences can greatly

improve operators’ performance.

First, we studied a spectrum investment problem with sensing uncertain-

ty, where an operator decides its spectrum sensing and leasing decisions by

considering both expected profit and its risk preference based on prospect

theory. Our results suggested that a risk-averse operator can achieve a large

expected profit while guaranteeing a satisfactory level of minimum possible

profit when the sensing cost is high. On the other hand, a risk-seeking op-

erator can achieve both a large expected profit and maximum possible profit

when the sensing cost is low.

Second, we considered a mobile data trading market that is motivated by

the CMHK’s 2CM platform. We analyzed the optimal trading decision of a

single user under a large market regime and designed a mobile data trading al-

gorithm to recommend multiple trading decisions based on the user’s current

150
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usage and risk preferences. In addition, we studied the operator’s profit max-

imization problem. Our numerical results showed that when the operator’s

initial market is low, it is beneficial to propose a data trading market.

Next we discuss some potential research directions for future study.

5.1 Extensions on Spectrum Investment

In Chapter 2, we assumed perfect sensing. In reality, it is possible that sensing

errors (e.g., mis-detections or false alarms) will affect the operator’s decision.

Considering imperfect sensing [38] will cause two stages of uncertainty: sens-

ing realization uncertainty and sensing correctness uncertainty. In general, it

is a challenging problem to consider two stages of uncertainty under prospect

theory because of the framing effect [30]. In the future, we are interested

in incorporating the case of imperfect sensing to obtain more comprehensive

results on the spectrum investment problem.

In our framework, we focus on the operator’s decision for a single time

slot. It is is interesting to study the operator’s decisions in multiple time

slots, which may vary over time with a possible shift of reference point. The

issue of dynamic reference point is a recent active research field in prospect

theory [9], [18], where an operator with a higher reference point is usually

more risk seeking.

5.2 Extensions on Users’ Trading Strategies

In Chapter 3, we assumed that a user makes the trading decision based on

his remaining quota and possible demand till the end of the billing cycle,

without considering future tradings. Such a decision would be optimal for

the trading once case. It also applies to the case where a user is allowed to

trade multiple times, but he is bounded rational [28] in the sense that he does
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not have enough cognitive capability to consider the long-term impact of his

trading, hence makes the myopic trading decision at each time he trades (as

if he will only trade once). In other words, the “trading once” behavior is a

good approximation of the reality, where most users are bounded rational [28]

and myopic. However, a user can further increase his profit by incorporating

the consideration of trading time and frequency into his trading decisions.

To fully investigate the optimal trading time and frequency in a mobile

data trading market, we can extend our work with a dynamic programming

(DP) formulation [42,50]. At each decision epoch (or time), the system state

of this DP problem is the user’s remaining quota at that time and the possible

demand till the end of the billing cycle. A user chooses an action (i.e., to buy

or to sell at what price and what quantity, or not to trade in the current time

slot) with the knowledge of the system state. Such an action will affect the

transition probability from the current state to the next state. As the trading

process evolves over the entire billing cycle, the user computes his reward and

cost for each time slot (with or without trading). In the future work, we can

study how to solve this DP problem to further understand users’ trading

behaviors from the perspective of optimal trading time and frequency.

We also want to study how the risk preferences of some users can impact

the other users’ decisions, or the operator’s decisions. The main challenge

is due to the relatively complicated form of user’s utility function based on

prospect theory. As a first step, we shall start the research by further sim-

plifying the utility function, limiting the number of players in our model, or

focusing on only one feature of PT at a time.
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5.3 Extensions on Competition among Operators

In Chapter 4, we showed the scenarios under which it is beneficial for the

operator to propose a data trading market. Our results indicate that the

operator’s market share increases after it proposes the data trading market.

In general, the operator’s strategy may evolve after its market share changes,

and the updated strategy will in turn affect its market share. Hence, it is

interesting to study the evolution of the operator’s strategy and the corre-

sponding market share. Intuitively, a higher operation fee leads to a lower

market share, and the optimal operation fee under a lower market share is

lower. Hence, the operation fee and the market share may converge at a

balanced level.

We are also interested in understanding the countermeasure of other op-

erators in the market. If there are multiple operators that provide the data

trading market, the problem will become more interesting and challenging.

We need to develop a more general framework for this multiple data trading

markets situation. Apart from theoretical analysis, we would also conduct a

market survey to understand the users’ realistic responses to market dynam-

ics.
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