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Chapter 1

Introduction

This thesis addresses a problem at the nexus of networking and economics:

how to incentivize users to behave to the interests of operators in networked

markets? Networked markets are markets that exhibit network effects [1].

In economics, the network effect is the effect that one user of a product has

on the value of that product to other users, which includes positive network

effect and negative network effect [2]. When positive network effect presents,

more users make a product more valuable. Online social networks present

positive network effect, where sites like Twitter and Facebook become more

attractive as more users join. When negative network effect presents, more

users make a product less valuable. Examples include traffic congestion or

network congestion. In networked markets, operators usually aim to maxi-

mize the profits. However, the goal of users is always to minimize their cost

or maximize their utility, which may conflict with the goal of operators. To

incentivize users to behave to the operators’ interests, the operators need to

design proper incentive mechanisms.

The incentive mechanism design may involve user behavior analysis and

pricing optimization for the products. The pricing design and user behavior

analysis are coupled with each other and need to be jointly optimized, and

1
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such optimization will be challenging when the operator faces with one or

more of the following issues:

• Coupled User Behaviors: In networked markets, users’ behaviors are

usually coupled with each other. When a user makes a decision, he

needs to consider other users’ decisions that may have positive or neg-

ative network effect on him. The user behavior coupling makes the

incentive mechanism design more challenging, especially when users are

heterogeneous.

• Limited Resources: The total amount of resources of an operator is often

fixed and limited in a short term, although the operator may invest

and increase his resource capacity in the long run. The operator needs

to consider his limited resource capacity constraint when designing the

incentive mechanism.

• Market Competition: Several operators may exist and need to compete

with each other in providing high quality services and offering lower

prices to attract more users. The incentive mechanism design needs to

consider the competition among operators who may have heterogeneous

reputations.

• Incomplete Information: The information regarding attributes of users

and competitors in the networked market may not be available to the

operator. Hence, the operator needs to design the incentive mechanism

that can ensure truthful information disclosure.

This thesis explores the incentive mechanism design in three types of net-

worked markets, i.e., mobile data trading market in cellular networks, Wi-

Fi sharing market in crowdsourced wireless community networks, and prod-

ucts/resources trading market in online networks.
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1.1 Incentive Mechanism Design for Cellular Networks

Nowadays, most people have powerful smartphones, and activities through

smartphones such as checking updates on social networks, watching live broad-

cast, and shopping in online markets, make cellular users have increasing

demand for high-speed mobile data. As a result, cellular operators have ur-

gent needs to increase the network capacity to alleviate the tension between

supply and demand. Cellular operators have implemented new technologies

(e.g., shifting from 3G to 4G technologies) to improve overall data rate and

increase the network capacity. However, as the demand increases, more ad-

vanced technologies are needed to further increase the capacity, which require

huge investment. Another equally effective approach is to use pricing to shape

the traffic to better fit into the existing network capacity [8].

One widely used pricing strategy for shaping cellular data traffic is the

usage-based pricing. For example, AT&T has adopted a tiered usage-based

monthly pricing plan since 2010, with the current rate of charging $20 per

month for 300MB and $30 per month for 3GB of data [9]. Another widely

studied pricing strategy for cellular data is time-dependent pricing. Authors

in [12] demonstrated the effectiveness of time-dependent pricing in terms of

encouraging users to shift traffic to later non-peak hours. Research regarding

mobile data trading in secondary markets emerged recently. Authors in [13,

14] studied a secondary market in which users (sellers) can sell extra data and

other users (buyers) with a high data demand can buyer data from sellers.

However, the current existing pricing schemes often ignore the stochastic

nature of traffic over both time and location domains.

From the cellular operator’s point of view, the aggregate mobile data traffic

varies significantly with time and location, and there are easily identifiable

peak hours and crowded locations (such as business hours at commercial

buildings and night time in highly populated residential areas). In fact, a
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major cost for the cellular operator is to cope with the peak demands at

certain time slots and locations. Meanwhile, the network capacity is not fully

utilized at other time slots and locations. If a pricing scheme is aware of such

traffic stochastics and provides proper incentives for users to shift traffic away

from peak hours and crowded locations, it will lead to a win-win situation for

both the operator and users.

User behavior analysis is the foundation of the incentive mechanism design.

The user behavior analysis is challenging when users’ behaviors are coupled

with each other and users are heterogeneous. In cellular networks, users’

traffic shift occurs in both time and spatial domains. In the time domain, the

operator aims to encourage users to shift traffic from peak hours to off-peak

hours by providing price discounts at off-peak hours. From the users’ point

of view, the traffic shift from peak hours to off-peak hours should make users

better off in intertemporal utility, which can be modeled by a discounted

utility model. In the spatial domain, the operator aims to encourage users to

shift traffic from crowded locations to uncrowded locations by providing price

discounts at uncrowded locations. From the users’ point of view, users will

not change their daily mobility routine to enjoy price discounts for mobile

data since the change of mobility may cause inconvenience. Hence, the traffic

scheduling in the spatial domain should follow users’ mobility patterns. The

holistic optimal design of mobile data pricing in both time and spatial domains

should capture users’ intertemporal traffic scheduling by a discounted utility

model in the time domain, and considers users’ mobility patterns in the spatial

domain.

Cellular users are heterogeneous regarding their tolerance for delay of data

usage and their price sensitivity. For example, students are usually more

tolerant for delay of mobile data usage and more sensitive to price discounts,

and hence are willing to delay part of their data usage to enjoy price discounts.
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However, businessmen are usually less tolerant for delay of mobile data usage

and less sensitive to price discounts, and hence are less willing to delay their

data usage to enjoy price discounts. The incentive mechanism design should

consider users with heterogeneous characteristics.

In the first part of the thesis, we propose a time and location aware mobile

data pricing scheme for the cellular operator to incentivize users to shift part

of the delay-tolerant traffic from peak hours and crowded locations to the

off-peak hours and uncrowded locations, hence reduce the congestion level

at peak hours and crowded locations, and smooth the traffic patterns. The

optimal pricing scheme ensures a win-win situation for the operator and users.

Our study suggests that the operator should provide price discounts at less

crowded time slots and locations, and the discounts need to be significant

when the operator’s cost of provisioning excessive traffic is high or users’

willingness to delay traffic is low.

1.2 Incentive Mechanism Design for CrowdsourcedWire-

less Community Networks

Wi-Fi technology is developing fast due to low deployment costs of Wi-Fi

access points (APs) and high Wi-Fi data transmission rates. Hence, Wi-Fi

networks are playing an increasingly important role in providing mobile data

access to users. However, the large-scale deployment of a Wi-Fi network to

entirely cover a large area such as a city or nation is very expensive for a

single operator due to the limited coverage of each single Wi-Fi AP.

Crowdsourced wireless community networks can effectively alleviate the

limited coverage issue of Wi-Fi access points, by encouraging individuals

(users) to share their private Wi-Fi APs with others, hence can achieve a

large Wi-Fi coverage with a low deployment cost. Meanwhile, users can also
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benefit from joining such a community network, as they can use not only

their own APs when staying at home, but also others’ APs when traveling

to corresponding locations. Clearly, the success of such a crowdsourced net-

work largely depends on the active participations and contributions of many

individual Wi-Fi owners, and hence requires a careful design of economic

incentive mechanism.

In the second part of this thesis, we study the incentive mechanism design

for the operator in the crowdsourced wireless community networks in both

complete information scenario and incomplete information scenario.

In the complete information scenario, we provide a comprehensive eco-

nomic analysis for such a crowdsourced network, with the particular focus

on the users’ behavior analysis and the community network operator’s pric-

ing design. Specifically, we formulate the interactions between the network

operator and users as a two-layer Stackelberg model, where the operator de-

termining the pricing scheme in Layer I, and then users determining their

Wi-Fi sharing schemes in Layer II. First, we analyze the user behavior in

Layer II via a two-stage membership selection and network access game, for

both small-scale networks and large-scale networks. Then, we design a partial

price differentiation scheme for the operator in Layer I, which generalizes both

the complete price differentiation scheme and the single pricing scheme (i.e.,

no price differentiation). We show that the proposed partial pricing scheme

can achieve a good tradeoff between the revenue and the implementation

complexity.

In the incomplete information scenario where each user has private infor-

mation regarding his daily mobility pattern and the quality of the Wi-Fi AP

owned by him, we study the Wi-Fi sharing mechanism for the community

network operator. Specifically, we propose a contract-based incentive mecha-

nism, where the operator offers a set of contract items to users, each consisting
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of a Wi-Fi access price (that a user can charge others for accessing his AP)

and a subscription fee (that a user needs to pay the operator for including

his AP in the network). Different from prior contract mechanisms for wire-

less networks, here each user’s best contract choice depends not only on his

private information but also on other users’ choices. This greatly complicates

the contract design, as the operator needs to analyze the equilibrium choices

of all users, rather than the best choice of each single user. We first derive the

feasible contract that guarantees the user participation and truthful informa-

tion disclosure at the equilibrium, and then derive the optimal (and feasible)

contract that yields the maximal profit for the operator. Our analysis shows

that a user who provides a higher quality access is more likely to choose a

higher price and a higher subscription fee, regardless of the mobility pattern,

and a user who travels less is more likely to choose the membership type Bill

that helps him gain profit by sharing his Wi-Fi AP. We further show that

when increasing the average Wi-Fi quality in the system, the operator can

gain more profit, but (counter intuitively) offer lower prices and subscription

fees for all users.

1.3 Incentive Mechanism Design for Online Markets

Online markets, e.g., Amazon, eBay, and Taobao, are achieving great success

due to the mature online platforms, low cost, and fast delivery. The newly

emerged online sharing economy, e.g., Airbnb and Uber, is also one example

of online markets. Online markets make transactions between sellers and

buyers possible, even if they are separated by physical boundaries or they do

not know each other. One of the main issues of online markets is that buyers

usually have limited information regarding the products quality, since buyers

may purchase products from a stranger seller and they cannot see or try the
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product before they really buy it.

Online markets maintain a reputation system such that reputation of sell-

ers can be a good indicator of the quality and reliability of sellers’ products.

A seller with a higher level of reputation can attract more buyers and ob-

tain a larger profit, which encourages sellers to provide better products to

maintain a higher reputation. A seller’s reputation depends on the number of

completed transactions and the ratings received from past buyers, which are

public information available to all buyers and sellers in the online markets.

In online markets, the pricing strategy and the reputation have great impact

on sellers’ profits and buyers’ experiences.

In the third part of this thesis, we study the pricing design for sellers

in online markets, including online sharing economy. For the infinitely re-

peated game theoretical interactions among sellers and buyers, we examine

the existence of equilibrium pricing strategies for sellers with heterogeneous

reputations, and discuss how to achieve the cooperative maximum profit us-

ing punishment strategies in both unlimited capacity scenario and limited

capacity scenario. We consider two scenarios motivated by different types of

practical markets: the unlimited capacity scenario, and the limited capacity

scenario.

In the unlimited capacity scenario, a seller can serve all demands from the

buyers, and for this case we show that if the gap between sellers’ highest and

second highest reputation levels is large enough, then the market becomes

a monopoly market dominated by the highest reputation seller. If sellers’

reputation levels are relatively close, then a subset of sellers with relatively

high reputations will cooperate with each other at the equilibrium, while

relatively low reputation sellers will be driven out of the market.

In the limited capacity scenario, a single seller cannot satisfy demands

from all buyers, and in this scenario we further consider two cases: (i) the
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case where each seller can serve only one buyer (e.g., Airbnb), for which we

show that sellers will set monopoly prices at equilibrium, and (ii) the case

where a seller can serve multiple buyers (e.g., Amazon), for which we show

that sellers may set the maximum prices at equilibrium. Simulation results

show that the dynamics of sellers’ equilibrium reputations and prices in each

time slot will converge to stable states, and the equilibrium reputations and

prices of sellers with limited capacity at the stable state depend on buyer

ratings.

Our analysis helps sellers decide the most important aspect of their strate-

gies. When a seller has an unlimited capacity, he should try his best to

achieve a high initial reputation. When a seller has a limited capacity, he

should focus on achieving a high buyer rating.

1.4 Outline and Contributions

The rest of the thesis is organized as follows:

In Chapter 2, we propose a time and location aware mobile data pric-

ing scheme for the cellular operator. We derive the optimal pricing scheme

through analyzing a two-stage decision process, where the operator deter-

mines the time and location aware prices by minimizing his total cost in

Stage I, and each mobile user schedules his mobile traffic by maximizing his

payoff (i.e., utility minus payment) in Stage II. We formulate the two-stage

decision problem as a bilevel optimization problem, and propose a derivative-

free algorithm to solve the problem for any increasing concave user utility

functions. We further develop low complexity algorithms for the commonly

used logarithmic and linear utility functions.

In Chapter 3, we propose a partial price differentiation scheme for the

operator of crowdsourced wireless community networks under complete infor-
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mation, based on a game theoretic analysis of user behaviors. We study the

existence of Nash equilibrium, and propose to use the smoothed best response

algorithm to compute the Nash equilibrium effectively.

In Chapter 4, we propose a contract-based incentive mechanism for the

operator of crowdsourced wireless community networks under incomplete in-

formation, where the operator offers a set of contract items to users. We first

derive the sufficient and necessary conditions for the feasible contract that

guarantees the user participation and truthful information disclosure at the

equilibrium. We then derive the optimal (and feasible) contract that yields

the maximal profit for the operator.

In Chapter 5, we design pricing schemes for sellers with heterogeneous

reputations in online markets. For the infinitely repeated game theoretical

interactions among sellers and buyers, we examine the existence of equilibrium

pricing strategies, and discuss how to achieve the cooperative maximum profit

using punishment strategies.

In Chapter 6, we conclude the thesis and discuss future research directions.



Part I

Incentive Mechanism Design for

Cellular Networks
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Chapter 2

Time and Location Aware

Mobile Data Pricing

2.1 Introduction

Cisco has predicated that the global mobile data demand will grow at an

anticipated annual growth rate of 61% from 2013 to 2018 [4], but the cellular

network capacity has only been growing with an annual rate of 29% [5]. As a

result, the total mobile data demand may surpass the total network capacity

globally very soon [6], which could lead to significant performance deteriora-

tion and customer satisfaction loss. In order to alleviate the tension between

supply and demand, the cellular operators have been trying to increase the

network capacity through adopting new communication technologies (such as

shifting from 3G to 4G technologies) and obtaining more spectrum (such as

utilizing the TV white space for cellular communications [7]). Another equally

promising approach is to use economics mechanisms such as pricing to shape

the customer demand and fully utilize the existing network resources [8].

One widely used pricing strategy for shaping cellular data traffic is the

usage-based pricing. For example, AT&T in the USA has adopted a tiered

12



CHAPTER 2. TIME AND LOCATION AWARE MOBILE DATA PRICING 13

usage-based monthly pricing plan since 2010, with the current rate of charging

$20 per month for 300MB and $30 per month for 3GB of data [9]. However,

the current usage-based pricing scheme often computes mobile users’ network

usage once every month, and ignores the stochastic nature of traffic over time

and location.

From the cellular operator’s point of view, the aggregate mobile data traffic

varies significantly with time and location, and there are easily identifiable

peak hours and crowded locations (such as business hours at commercial

buildings and night time in highly populated residential areas) [10] [39]. In

fact, a major cost for the cellular operator is to cope with the peak demands

at certain time slots and locations; meanwhile, the network capacity is not

fully utilized at other time slots and locations. If a pricing scheme is aware of

such traffic stochastics and provides proper incentives for users to shift traffic

away from these time slots and locations, it will lead to a win-win situation

for both the operator and users.

Time and location aware pricing is not completely new in the industry.

Some heuristic schemes of this type have already existed in practice, such

as MTN’s dynamic tariffing in Africa and Uninor’s dynamic pricing in In-

dia, both of which are designed for pricing voice calls [11]. The success of

these existing practices, together with the exploding wireless data demand,

motivates us to provide a rigorous holistic design of time and location aware

pricing for wireless data traffic. Notice that cellular operators usually charge

data traffic based on volume and charge voice calls based on call durations,

hence the optimal pricing schemes for these two types of traffic will be very

different.

The research results regarding time-aware (but location independent) pric-

ing for mobile data traffic only emerged very recently. Reference [12] demon-

strated the effectiveness of time-aware pricing in terms of encouraging users
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to shift traffic to later non-peak hours. Reference [15] illustrated the possibil-

ity to use time-aware pricing to encourage users to pre-download data before

peak hours. However, neither of them exploited the spatial dynamics of the

traffic.

The only result regarding location-aware data pricing is the experiments

from AT&T [16]. This pricing scheme separates the whole network area into

several regions, and optimizes the prices for each region independently. Ref-

erence [16] demonstrated that a location-based pricing can reduce network

congestion, but did not provide analysis regarding users’ mobilities, the im-

pact of pricing on users’ payoffs, and the time dimension traffic variations.

The goal of this chapter is to design a time and location aware pricing

scheme to provide benefits to both the cellular operator and mobile users.

Our main results and contributions are summarized as follows.

• Problem Formulation: To the best of our knowledge, this is the first

study regarding a holistic optimal design of mobile data pricing in both

time and spatial domains. We capture the interactions between the oper-

ator and users as a two-stage decision process, considering users’ global

and local mobility patterns in the spatial domain and users’ delay pref-

erence in the time domain.

• Optimal Algorithm Design: We formulate the time and location aware

pricing problem as a bilevel optimization problem. The solution of the

problem depends on the choice of users’ utility functions. We propose to

use the derivative-free algorithm as a general approach to solve the bilevel

optimization problem, with general increasing concave utility functions.

• Customized Low Complexity Algorithm Design: We also propose easily

implementable low complexity algorithms, for two commonly used utility

functions. In particular, we propose the nonmonotone spectral projected
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gradient algorithm for the logarithmic utility case, and an algorithm

combining the penalty idea and the block coordinate descent strategy

for the linear utility case.

• Significant Performance Improvement: Simulations show that both the

cellular operator and users benefit from the time and location aware

pricing scheme. In the logarithmic utility case, the cellular operator re-

duces the extra cost for provisioning the peak traffic by 97.52%, and

users increase their payoffs by 79.69%, comparing with a time and lo-

cation independent pricing benchmark. In the linear utility case, the

cellular operator reduces the cost by up to 98.70%, and users increase

their payoffs by up to 106.10%.

• Industry Insights: Simulation results show that the operator will gener-

ally provide price discounts at less crowded time slots and locations, and

the discounts need to be significant when the operator’s cost of provi-

sioning excessive traffic is high or the users’ willingness to delay traffic

is low.

The rest of this chapter is organized as follows. We introduce the two-stage

decision model in Section 2.2. In Section 2.3, we present several algorithms for

solving both the general problem and the special cases with logarithmic and

linear utility functions. We verify the effectiveness of the proposed pricing

scheme and analyze the impact of system parameters in Section 2.4. We

finally conclude in Section 2.5. Some proofs and additional discussions can

be found in Section 2.6.

2.2 System Model

We consider a cellular mobile network, where the cellular operator determines

prices and mobile users decide their mobile data consumptions based on the
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Stage II: mobile users schedule the data usage in the 
scheduling interval to maximize their payoff. 

Stage I: the operator optimizes the prices at all 
locations within  time slots to minimize the cost. 

Figure 2.1: Two-Stage Decision Process

prices. We assume that mobile users are price-takers, who do not anticipate

the impact of their demands on the operator’s prices. Such a price-taking

behavior is reasonable, as the number of subscribers is usually large for a

single operator, and the impact of a single user on the entire network is

negligible.

We capture the above sequential interactions between the operator and

users as a two-stage decision process. During Stage I, the operator announces

the prices for different time slots (e.g., different hours) and different locations

(corresponding to the coverage areas of different base stations). In Stage II,

each user decides his mobile data usage over time, based on the prices and his

own mobility. Figure 2.1 shows the two-stage decision process. Notice that

the existing commercial time and location independent usage based pricing

scheme (such as the one used by AT&T) is a special case of the more general

model in this chapter.

Time Domain Modeling: In the time domain, the operator makes the

pricing decisions in Stage I, for an entire period of T0 = {1, 2, . . . , T0} time

slots. In Stage II, when a user becomes active in time t ∈ T0
1, he can schedule

the mobile data consumption during one or more of the following time slots:

1For simplicity, we focus on the downlink transmission from the operator’s base stations to the users
in this chapter. The uplink transmission can be analyzed similarly with a more detailed discussions about
the interference management issues.
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Figure 2.2: An example with T0 = 12 and T = 4. A user active at time slot 3 can schedule
his data at time slots 3, 4, 5, and 6 in set T3. A user active at time slot 10 can only schedule
his data at time slots 10, 11, and 12 in set T10.

Tt = {t, t+1, . . . , Tt}, where Tt = min{t+T−1, T0}. We call T the scheduling

interval2, which is usually smaller than the operator’s pricing span T0. Figure

2.2 shows an example with T0 = 12 and T = 4.

Spatial Domain Modeling: In the spatial domain, we consider users’ mo-

bility patterns, which capture their daily movement habits [17]. The cellular

operator is able to construct aggregate mobility profiles for the entire user

population based on historical measurements [18]. There are two types of

mobility profiles: the global (long-term) one which captures users’ mobility

at a larger time scale (say over a day or a week, which corresponds to T0 time

slots in this chapter), and the local (short-term) one which captures users’

mobility at a smaller time scale (say over several consecutive time slots, which

corresponds to T time slots in this chapter).

We denote the set of locations in the network as L = {1, 2, . . . , L}. The

operator constructs the global mobility profile for all users:

α = {α(t, l) : α(t, l) ≥ 0,
L∑
l=1

α(t, l) = 1, t ∈ T0, l ∈ L}, (2.1)

where α(t, l) represents the probability of users appearing at location l at

time slot t from a long-term point of view. A type a user can make more

2With a slight modification of the model, we can allow scheduling interval to be both user and time
dependent. This will not change the major insights of our analysis.
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precise predications for his mobility across time slots and locations through

the local mobility profile:

βa =
{
βa(t

′, l′|t, l) : βa(t
′, l′|t, l) ≥ 0,

L∑
l′=1

βa(t
′, l′|t, l) = 1,

t ∈ T0, l ∈ L, t′ ∈ Tt \ {t}, l′ ∈ L
}
. (2.2)

Here βa(t
′, l′|t, l) represents the probability of a type a user appearing at

location l′ at time slot t′, given that he has appeared at location l at time

slot t. We will explain the user type in more details in Section 2.2.1. In this

chapter, we assume that users will follow their daily routines and will not

change their mobility patterns by responding to the prices.

Reference [18] provided more discussions regarding how the operator can

construct the mobility profiles by learning users’ movement history. In this

chapter, we assume that α and βa (for all a) are known system parameters.

Since the cellular operator will make price decisions based on users’ re-

sponses to prices, we will analyze the two-stage decision process through

backward induction.

2.2.1 Users’ Decision in Stage II

In Stage II, a user needs to schedule his data usage to maximize his payoff

(i.e., utility minus payment), given the prices announced by the operator in

Stage I:

p = {p(t, l) : t ∈ T0, l ∈ L} . (2.3)

Here p is a T0 × L matrix, and its (t, l)-th entry p(t, l) denotes the price per

unit of data traffic at time t and location l.

A user’s utility depends on several factors, including a utility function

that characterizes the user’s satisfaction level of consuming certain amount
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of data traffic in a single time slot, the delay tolerance parameter δ ∈ [0, 1]

that captures the user’s willingness to wait, and the user’s mobility pattern

which predicts his locations in the next T time slots. We will divide the user

population into a set A = {1, 2, . . . , A} of types3. We define the user type as

follows.

Definition 2.1 (User Type). Users with the same utility function, delay

tolerance parameter, and mobility profile belong to the same user type.

2.2.1.1 Initial and Scheduled Demands

Consider a type a user who becomes active at time t and location l with

a demand of xini
a (t, l) > 0 data traffic. The superscript ini represents that

this is the “initial” demand before scheduling. If the prices announced by

the operator in Stage I are time and location independent, then the user will

consume xini
a (t, l) amount of traffic immediately in time slot t, as delaying the

consumption will not increase the utility or decrease the payment.

When prices are time and location dependent, the user may choose to

schedule the traffic to later time slots (and hence at possibly different locations

based on his mobility) to maximize his payoff. We denote the traffic that a

type a user shifts from time t and location l to time t′ and location l′ as

xa(t
′, l′|t, l). The traffic shift decisions form a vector:

xa(t, l) = {xa(t, l|t, l), xa(t
′, l′|t, l), t′ ∈ Tt \ {t}, l′ ∈ L} . (2.4)

Recall that Tt = {t, t+1, . . . , Tt}. Basically, if the user decides to use the data
at the current time slot t, then the location can only be l (which is known).

We denote this amount of data as xa(t, l|t, l). If the user chooses to use the

data at one of the future time slots in Tt \ {t}, then the possible locations are

3The operator can obtain the number of each type of users through historical information or long-term
learning [40].
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determined by the mobility pattern.

Furthermore, we assume that a user’s total demand does not change through

scheduling (in the expected sense), i.e.,

xini
a (t, l) = xa(t, l|t, l) +

Tt∑
t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l). (2.5)

Here βa(t
′, l′|t, l) is the local mobility profile defined in (2.2).

2.2.1.2 Utility, Payment, and Payoff Maximization

Next we characterize how the user will calculate the utility, payment, and

payoff based on the scheduled traffic.

We denote a type a user’s utility function as ua(·). Due to the principle

of diminishing marginal returns [19, 20], we assume that the utility function

is increasing and concave. For mathematically simplicity, we further assume

that ua(·) is smooth (continuously differentiable).

Under the “initial” data traffic consumption (before scheduling), a type a

user’s utility by consuming xini
a (t, l) data traffic is ua(x

ini
a (t, l)).

Under the new consumption profile xa(t, l) (after scheduling), a type a

user’s new perceived utility is calculated by the Discounted Utility Model

(DUM)4 in behavioral economics [21]. The discounted utility accounts for

the future discounted value of a good in its present value, by exponentially

discounting the value according to the delay [22]. The DUM is commonly used

in modeling users’ intertemporal choice, as it captures users’ psychological

factors in time preference by a single discount rate. Hence with the scheduled

traffic, the user’s utility for the consumption profile xa(t, l) can be written

4As an example, we consider a user who watches a movie, which corresponds to the consumption of
xm amount of data. Under the “initial” traffic consumption, he obtains a utility u(xm). However, if
he schedules to watch half of the movie immediately and the other half of the movie one hour later, his
perceived utility is u(0.5xm)+δu(0.5xm) for the new traffic consumption profile. Here δ is the exponentially
discounting parameter.
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as:

U(xa(t, l)) = ua(xa(t, l|t, l))+
Tt∑

t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)δt′−t

a ua(xa(t
′, l′|t, l)). (2.6)

The utility U(xa(t, l)) captures the decrease of utility due to delay through

the delay tolerance parameter δa ∈ [0, 1]. Users of different types may have

different delay tolerances. Users who are less patient will have a smaller delay

tolerance parameter δa, and are less willing to delay his traffic in exchange

for a smaller payment.

For practical methods of estimating users’ delay tolerance and utility, we

refer interested readers to [12] and [23]. In this chapter, we assume that these

parameters have been estimated accurately and are known.

A user’s (expected) usage-based payment with the scheduled traffic is cal-

culated as follows:

P (xa(t, l)) = p(t, l)xa(t, l|t, l)+
Tt∑

t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)p(t′, l′)xa(t

′, l′|t, l). (2.7)

The user’s objective is to maximize his payoff (i.e., utility minus payment)

by choosing the best traffic scheduling decision. Mathematically, a type a

user who has an initial demand of xini
a (t, l) at time t and location l needs to

solve the following traffic scheduling problem:

Problem 1: User’s Traffic Scheduling Problem

max U(xa(t, l))− P (xa(t, l))

s.t. (2.5) and xa(t, l) ≥ 0 (2.8)

var: xa(t, l) defined in (2.4).

The constraint xa(t, l) ≥ 0 in (2.8) requires the scheduled data traffic vector

xa(t, l) to be component-wise nonnegative.
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Since the utility function ua(·) is smooth and concave, Problem 1 is a

smooth convex optimization problem. Therefore, the KKT conditions of

Problem 1, calculated as follows in (2.9)–(2.13), are sufficient and necessary

for its global optimality:

p(t, l)− u′
a(xa(t, l|t, l)) + λa(t, l) ≥ 0, xa(t, l) ≥ 0, (2.9)

βa(t
′, l′|t, l)

[
p(t′, l′)− δt

′−t
a u′

a(xa(t
′, l′|t, l)) + λa(t, l)

]
≥ 0,

t′ ∈ Tt \ {t}, l′ ∈ L, (2.10)

xini
a (t, l) = xa(t, l|t, l) +

Tt∑
t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l), (2.11)

xa(t, l|t, l) [p(t, l)− u′
a(xa(t, l|t, l)) + λa(t, l)] = 0, (2.12)

xa(t
′, l′|t, l)βa(t

′, l′|t, l)
[
p(t′, l′)− δt

′−t
a u′

a(xa(t
′, l′|t, l)) + λa(t, l)

]
= 0,

t′ ∈ Tt \ {t}, l′ ∈ L. (2.13)

Here λa(t, l) is the Lagrangian multiplier associated with the equality con-

straint (2.5) in Problem 1. We can see from the KKT conditions that if

βa(t
′, l′|t, l) = 0, then xa(t

′, l′|t, l) = 0 is a solution. Intuitively, if the mobility

pattern suggests that the user will never go to a position l′ at time slot t′,

e.g., βa(t
′, l′|t, l) = 0, then naturally the user will set xa(t

′, l′|t, l) = 0.

Notice that if the utility function is strictly concave (e.g., the logarithmic

utility function), then the optimal solution of Problem 1 is unique; while if the

utility function is not strictly concave (e.g., the linear utility function), then

the optimal solution of Problem 1 might not be unique, which implies that a

user may have more than one optimal scheduling decision. To overcome this

technical difficulty, we assume that the operator can guide the user to choose

one particular solution that the operator prefers (if Problem 1 has multiple
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optimal solutions)5. This does not affect the user’s maximum achievable

payoff, but will make discussions later on considerably cleaner.

2.2.2 The Cellular Operator’s Decision in Stage I

In Stage I, the operator needs to optimize the time and location dependent

prices to minimize his cost, considering the impact on the users’ scheduling

decisions in Stage II.

2.2.2.1 The Cellular Operator’s Cost

We will consider two types of cost for the network operator: the cost of

provisioning demand exceeding capacity, and the price discounts offered to

the users as incentives.

Cost of Previsioning Excessive Demand : When the data traffic exceeds

the network capacity at a particular time slot and location, the operator will

incur a significant additional cost to accommodate the extra traffic. Such

a cost can be in two forms: (i) some of the traffic may not be delivered

immediately, hence the users will experience a degraded Quality-of-Service

due to an excessive delay, which in turn may lead to user churn and reduce

the operator’s revenue in the long run; (ii) the operator may need to obtain

additional network resources at an extra cost, such as offloading to WiFi

networks belonging to a different operator, or temporally leasing spectrum

from other cellular operators [24]. When the total scheduled user demand

(from all user types) at time slot t and location l is xaft(t, l) (∀t ∈ T0, l ∈ L)
5One way to achieve this is that the operator provides recommendation to the user through a mobile app.

The operator can compute the optimal scheduling solution for the user, and send the best recommendation
to the user. The TUBE mobile app designed in [12] can be used to achieve the above functionalities.
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calculated as follows,

xaft(t, l) =
A∑

a=1

⎡⎣xa(t, l|t, l) +
t−1∑

t′′=max{t−T+1,1}

L∑
l′′=1

βa(t, l|t′′, l′′)xa(t, l|t′′, l′′)

⎤⎦ ,

(2.14)

the cost of satisfying additional demand exceeding a capacity C is [12]:

f(xaft(t, l)) = γmax
{
xaft(t, l)− C, 0

}
.

Here γ is the cost for serving an additional unit of traffic beyond the capacity.

Cost due to Price Discount : When the cellular operator incentivizes users

to shift traffic to less crowded time slots and locations through offering a

price discount, the operator also experiences a loss of revenue. This can

be viewed as another type of cost. Let us consider a benchmark flat-rate

usage-based pricing p0, which is time and location independent following most

operators’ practice today. We assume that the cellular operator can only

provide discounts, but cannot charge prices higher than the benchmark (i.e.,

p(t, l) ≤ p0). Recall our time and location aware prices are given in (2.3).

Then the discount at time t and location l is p0 − p(t, l) ≥ 0. The constraint

of providing discounts ensures that the new pricing scheme can only reduce

the cost of the users, and hence will be embraced by users and supported

by regulators during actual implementation. Moreover, since not providing

any discounts is a feasible choice, the operator will not experience a total cost

higher than today’s time and location independent pricing benchmark. Hence

the “discount-only” pricing scheme leads to a win-win situation for both the

operator and users.

When the price for time slot t and location l is p(t, l), the loss of revenue

of serving the users’ scheduled traffic at time slot t and location l is:

(p0 − p(t, l)) xaft(t, l). (2.15)
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Here xaft(t, l) is all users’ usage in time slot t at location l after scheduling.

2.2.2.2 The Cellular Operator’s Price Optimization

The cellular operator’s goal is to minimize his expected total cost across all

time slots, locations, and user types, considering the global mobility pattern

α defined in (2.1).

Let us denote the optimal solutions of Problem 1 as x∗
a(t, l) for t ∈ T0,

l ∈ L, and a ∈ A. Notice that x∗
a(t, l) depends on the price p, that is, it

is a function of p. After scheduling, the optimal total amount of usage at

time slot t and location l of all types of users, denoted as xaft∗(t, l), can be

calculated by (2.14), given x∗
a(t, l).

Problem 2: The Operator’s Price Optimization Problem

min

T0∑
t=1

L∑
l=1

α(t, l)
[
f
(
xaft∗(t, l)

)
− p(t, l)xaft∗(t, l)

]
s.t. 0 ≤ p(t, l) ≤ p0, t ∈ T0, l ∈ L (2.16)

var: p(t, l), t ∈ T0, l ∈ L.

Some remarks on Problem 2 are as follows. First, we remove the term

p0
∑

t,l x
aft∗(t, l) from the objective of Problem 2, compared with (2.15). This

is because scheduling does not change the total traffic, i.e.,

p0
∑
t,l

xaft∗(t, l) = p0
∑
t,l,a

xaft∗
a (t, l) = p0

∑
t,l,a

xini
a (t, l).

Second, since x∗
a(t, l) is a function of the price p, it follows that the price p

is the only decision variable of Problem 2. Third, whether we can obtain the

explicit expression of x∗
a(t, l) in terms of p depends on the utility function

ua(·). It turns out that if the utility functions are logarithmic and linear

functions, we can obtain the closed-form expression of x∗
a(t, l) with respect to
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p. We will further discuss this in Sections 2.3.2 and 2.3.3. For general concave

utility functions, we can combine Problems 1 and 2, and reformulate it as an

equivalent bilevel problem.

2.2.3 Problem Reformulation

The two-stage decision problems (Problem 1 and Problem 2) can be equiv-

alently reformulated as a bilevel optimization problem. In a bilevel opti-

mization problem [25], a lower-level problem is embedded into an upper-level

optimization problem. In this chapter, the cellular operator’s pricing prob-

lem (Problem 2) is the upper-level one, and the users’ scheduling problem

(Problem 1) is the lower-level one.

When the lower-level problem is convex, its optimal solution can be char-

acterized by the necessary and sufficient KKT conditions, which can be em-

bedded into the high-level problem and lead to the bilevel optimization formu-

lation. By substituting the KKT conditions (2.9)–(2.13) into the operator’s

pricing Problem 2, we obtain the bilevel problem:

Problem 3: Bilevel Pricing and Scheduling Problem

min

T0∑
t=1

L∑
l=1

α(t, l)
[
f
(
xaft(t, l)

)
− p(t, l)xaft(t, l)

]
s.t. (2.9)− (2.13), (2.14), (2.16)

var: p(t, l), λa(t, l), xa(t, l), x
aft(t, l), t ∈ T0, l ∈ L, a ∈ A.

Problem 3 is a nonconvex quadratic program.

Key notations of our model are summarized in Table 2.1.
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Table 2.1: Key Notations

Symbol Physical Meaning Eq.

α Global mobility profile (2.1)

βa Local mobility profile of the type a user (2.2)

p Price announced by the operator (2.3)

xini
a (t, l)

Initial demand of the type a user

at time slot t and location l before scheduling
(2.5)

xa(t, l)
Traffic shift decision vector of the type a user

at time slot t and location l
(2.4)

xaft(t, l)
Total scheduled demand from all types of users

at time slot t and location l after scheduling
(2.14)

λa(t, l) Lagrangian multiplier associated with (2.5) (2.9)–(2.13)

2.3 Model Solution

In this section, we propose efficient algorithms for solving the bilevel pric-

ing and scheduling problem (Problem 3). In Section 2.3.1, we first present

a general solution approach which can be applied to solve the heterogenous

case with any increasing concave utility functions. Then in Sections 2.3.2

and 2.3.3, we propose customized low complexity algorithms for two spe-

cial homogenous utility cases by judiciously exploiting the structures of the

problem.

2.3.1 A General Solution Approach

In this subsection, we propose a general solution approach for Problem 3,

which can be applied to the heterogenous case with general increasing concave

utility functions.

In Problem 3, the design variables are data usage xa(t, l), x
aft(t, l), KKT

multipliers λa, and price p for all t ∈ T0, l ∈ L, a ∈ A. In fact, we know

from (2.9)–(2.13),(2.14) that xa(t, l), x
aft(t, l) and λa are all functions of p.
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Hence, Problem 3 can be seen as an optimization problem with regard to p by

eliminating the variables xa(t, l), x
aft(t, l) and λa. More specifically, Problem

3 is equivalent to the following Problem 4, with the variable being p.

Problem 4

min H(p)

s.t. (2.16)

var: p(t, l), t ∈ T0, l ∈ L,

where H(p) is the optimal value of the following problem

Problem 5

min

T0∑
t=1

L∑
l=1

α(t, l)
[
f
(
xaft(t, l)

)
− p(t, l)xaft(t, l)

]
s.t. (2.9)− (2.13), (2.14)

var: λa(t, l), xa(t, l), x
aft(t, l), t ∈ T0, l ∈ L, a ∈ A.

Problem 4 is a box-constrained optimization problem. Next, we discuss

the differentiability of H(p) with respect to p and the calculation of H(p)

for a given particular p, since both of them play important roles in solving

Problem 4.

The objective function H(p) of Problem 4 might not be differentiable for

some choices of utility functions ua(·). In fact, when the utility function ua(·)
is linear, H(p) in Problem 4 is discontinuous (and hence nondifferentiable)

with respect to p. An illustrative example is given in Section 2.6.2. Therefore,

it is generally impossible to directly apply gradient-based methods to solve

Problem 4.

Fortunately, computing H(p) for any given p, i.e., solving Problem 5 with
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a fixed p, is relatively simple. Problem 5 is a convex optimization problem,

since its objective function is convex, and the constraint set is convex and

is composed of solutions of the users’ traffic scheduling problem (Problem

1). More specifically, if the utility function ua(·) is strictly concave (e.g., a

logarithmic function), Problem 1 has a unique solution, so Problem 5 has

a unique feasible point. Hence, solving Problem 5 is equivalent to solving

convex Problem 1 and thus simple. If the utility function ua(·) is linear,

Problem 1 is a linear program, so the constraint of Problem 5 is a polyhedral

set. Since the objective function of Problem 5 is piecewise linear with respect

to xa(t, l), Problem 5, after introducing some auxiliary variables, is a linear

program. Hence, if the utility function ua(·) is linear, solving Problem 5 is

also simple.

The above analysis motivates us to use the derivative-free algorithm [26]

to solve Problem 4. The derivative-free algorithm, as a general solution ap-

proach, can solve Problem 4 with various types of increasing concave utility

functions.

We propose to use the recently developed DYCORS (DYnamically COor-

dinate search using Response Surface models) algorithm [27], which is one of

the derivative-free algorithms, to solve Problem 4. The DYCORS algorithm is

designed to solve the box-constrained large-scale optimization problem. The

basic idea of the DYCORS algorithm is to build and maintain a surrogate

model [28] of the objective function at each iteration, and generate trial so-

lutions by using a dynamic coordinate search strategy. The next iterate is

selected from a set of random trial solutions obtained by perturbing only a

subset of the coordinates of the current best solution, which is helpful in find-

ing the global minimum. Moreover, the probability of perturbing a coordinate

decreases as the algorithm reaches the computational budget.

In Algorithm 6, we denote n0 as the number of space-filling design points,
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n as the number of previously evaluated points, m as the number of trial

points in each iteration, An = {p1, . . . ,pn} as the set of previously evaluated

points, and sn(p) as the response surface model built by using the points

in An. We denote Nfmax as the maximum number of function evaluations

allowed, and a strict decreasing function ϕ(n) as the probability of perturbing

a coordinate whose values are in [0, 1]. Detailed discussions on the choice of

these parameters can be found in [27].

Algorithm 1 DYCORS Algorithm for Problem 4

Input: problem inputs p0, T0, L,A,α, γ, C, {βa, δa}a∈A and algorithm inputs n0, I =

{p1, . . . ,pn0
},m,Nfmax.

Output: p∗.

1: Evaluate H(p) at the initial points I = {p1, . . . ,pn0}.
2: Let p∗ be the best point found so far. Set n = n0,An = I.
3: while n < Nfmax do

4: Fit/update a response surface model sn(p) using the data points in Bn = {(p, H(p)) :

p ∈ An}.
5: Determine the probability ϕ(n).

6: Generate trial points Ωn = {yn,1, . . . ,yn,m} by:

7: (1) Select the coordinates to perturb.

8: (2) Randomly generate the trial points.

9: (3) Project the trial points onto the feasible set (2.16) (if necessary).

10: Select the next iterate pn+1 from Ωn that minimizes sn(p).

11: Compute H(pn+1) by solving convex Problem 5.

12: If H(pn+1) < H(p∗), then p∗ = pn+1.

13: Set An+1 = An ∪ {pn+1}, and reset n = n+ 1.

14: end while

Theorem 2.1. If the objective function of Problem 4 is continuous, then the

sequences {pn} generated by the DYCORS algorithm converge to the global

minimum with probability one as Nfmax → ∞.

Proof. Detailed proof can be found in [27], Section 2.
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The DYCORS algorithm is powerful, in the sense that it can be used to

solve a very general class of Problem 4 with various types of increasing con-

cave utility functions. However, the algorithm often suffers slow convergence,

as it does not exploit the special structures of the problem. Moreover, for

the algorithm to converge to the global minimum, the objective of the corre-

sponding problem is required to be continuous. This requirement, however, is

not satisfied for Problem 4 with some choice of the utility function ua(·) (e.g.,
the linear utility). In the following two subsections, we consider two special

homogenous utility cases, and design tailored algorithms for Problem 4 by ju-

diciously exploiting the corresponding problems’ structures. According to the

characteristics of users’ wireless applications, the utility function ua(·) can be

either a linear function (such as file transfer [29]) or a strict concave function

(elastic applications such as FTP and HTTP [30], [31]). We first consider

the homogeneous case where the utility functions are logarithmic, and then

consider the homogeneous case where the utility functions are linear.

2.3.2 Homogeneous Logarithmic Utility

In this subsection, we study the homogeneous case where all users’ utility

functions are logarithmic. We assume that the utility function for a type a

user is

ua(x) = ka log(1 + x),

where ka is a type specific parameter.

The user’s traffic scheduling problem with the logarithmic utility function

in Stage II is a strict convex problem. By solving its KKT conditions, we can
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obtain the explicit expression of xa(t, l) in terms of the price p as follows:

xa(t, l|t, l) = max

{
ka

p(t, l) + λa(t, l)
− 1, 0

}
, (2.17)

xa(t
′, l′|t, l) = max

{
kaδ

t′−t
a

p(t′, l′) + λa(t, l)
− 1, 0

}
, (2.18)

where t′ ∈ Tt \ {t}, l′ ∈ L. Here the KKT multiplier λa(t, l) should be chosen

such that (2.11) is satisfied. By substituting (2.17) and (2.18) into (2.11), we

see that the right hand side of (2.11) is a monotonically decreasing function

with respect to λa(t, l). Hence we can use the binary search6 to find the

desired λ∗
a(t, l) satisfying (2.11). The efficiency of the binary search heavily

depends on the initial search interval containing λ∗
a(t, l). Below we provide a

lower bound and an upper bound of the desired λ∗
a(t, l):

ka
xini
a (t, l) + 1

− p(t, l) ≤ λ∗
a(t, l) ≤ ka.

Derivations of upper and lower bounds can be found in Section 2.6.4.

For the logarithmic utility case, the objective function H(p) in Prob-

lem 4 can be obtained by substituting the optimal x∗
a(t, l|t, l) in (2.17) and

x∗
a(t

′, l′|t, l) in (2.18) into (2.14). Although in this case H(p) in Problem 4

is continuous with respect to p, it is still nondifferentiable due to the max

operator in (2.17) and (2.18). To take advantage of the explicit expressions

of (2.17) and (2.18) and circumvent the difficulty of nondifferentiability of

H(p) with respect to p, we propose a smoothing gradient-based method to

solve Problem 4. In particular, we propose to smooth the objective H(p)

first, and then use the efficient spectral projected gradient method to solve

the smoothed problem.

More specifically, we will approximate the max function θ(x) = max{x, 0}
6The complexity of binary search is O(log 1

ε
), where ε is the length of the final search interval. In

our simulations, we set ε = 10−6. The impact of different choices of ε on the algorithm performance is
presented in Section 2.6.3.
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by the following smoothing function:

θ̃(x;μ) =
1

2

(
x+

√
x2 + μ

)
, (2.19)

where the smoothing parameter μ is a sufficiently small positive number. It

can be verified that
0 ≤ θ̃(x;μ)− θ(x) ≤

√
μ

2
.

This implies that θ̃(x;μ) uniformly converges to θ(x) as μ goes to zero7.

Using (2.19), we smooth the operator’s cost function f(·) and the user’s

optimal scheduled traffic xa(t, l), both containing the max operator. For

notational simplicity, we denote the smoothed cost function and the scheduled

traffic as f̃(·;μ) and x̃a(t, l), and the smoothed new usage as x̃aft
a (t, l) (which

is a linear combination of x̃a(t, l)). We thus obtain a smoothed problem of

Problem 4, which we denote as Problem 6:

Problem 6: Smoothed Problem

min H̃(p;μ)

s.t. (2.16)

var: p(t, l), t ∈ T0, l ∈ L.

The objective function of Problem 6 is calculated as follows:

H̃(p;μ) =

T0∑
t=1

L∑
l=1

α(t, l)
[
f̃
(
x̃aft∗(t, l);μ

)
− p(t, l)x̃aft∗(t, l)

]
, (2.20)

where ∀t ∈ T0, l ∈ L, a ∈ A,

x̃aft∗(t, l) =
A∑

a=1

⎡⎣x̃∗
a(t, l|t, l) +

t−1∑
t′′=max{t−T+1,1}

L∑
l′′=1

βa(t, l|t′′, l′′)x̃∗
a(t, l|t′′, l′′)

⎤⎦ ,

7Uniform convergence implies that for any ε > 0, there exists a μ̄ such that |θ̃(x;μ)− θ(x)| < ε, for all
μ ≤ μ̄ and x.
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x̃∗
a(t, l|t, l) = θ̃

(
ka

p(t, l) + λ̃∗
a(t, l)

− 1;μ

)
,

x̃∗
a(t

′, l′|t, l) = θ̃

(
kaδ

t′−t
a

p(t′, l′) + λ̃∗
a(t, l)

− 1;μ

)
, t′ ∈ Tt \ {t}, l′ ∈ L.

Here λ̃∗
a(t, l) should be chosen such that the following equation is satisfied:

xini
a (t, l) = x̃a(t, l|t, l) +

Tt∑
t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)x̃a(t

′, l′|t, l), t ∈ T0, l ∈ L.

(2.21)

Note that λ̃∗
a(t, l) can be computed by the binary search in the same fashion

as λ∗
a(t, l).

Problem 6 is a smooth box-constrained optimization problem. We propose

to use the nonmonotone spectral projected gradient (SPG) algorithm [32] to

solve Problem 6. The pseudocode for the SPG algorithm is presented in

Algorithm 2, where Proj is the projection operator.

Three distinctive advantages of the SPG algorithm in the context of solving

Problem 6 are as follows. First, the box constraint (2.16) is easy to project

onto, and thus the SPG algorithm can be easily implemented to solve Problem

6. Second, since the SPG algorithm requires only the gradient information but

not the high-order derivative information, it is suitable for solving large-scale

optimization problems. Last but not least, the nonmonontone line search

and the special choice of the stepsize make the SPG algorithm converge very

fast and thus enjoy a quite good numerical performance. The nonmonontone

line search (Line 6 in Algorithm 2) does not require the objective values

monotonically decreasing at each iteration, which makes the trial points much

easier to be accepted and is helpful in preventing the algorithm getting stuck

at a local minimizer. The spectral stepsize (αk+1 in Line 16 of Algorithm 2)

minimizes ‖αsk − yk‖2, and thus provides a two-point approximation of the

secant equation underlying Quasi-Newton methods [33], which often enjoy
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superlinear convergence rates.

Algorithm 2 SPG Algorithm for Problem 6

Input: problem inputs p0, T0, L,A,α, γ, C, {βa, δa}a∈A and algorithm inputs

α0, αmin, αmax,M, ξ, σ1, σ2, ε, μ.

Output: pμ.

1: Let pμ = p0.

2: while ||Proj
(
pk −∇H̃(pk;μ)

)
− pk|| > ε do

3: Compute dk = Proj
(
pk − αk∇H̃(pk;μ)

)
− pk.

4: Set η ← 1.

5: Set p+ = pk + ηdk.

6: while H̃(p+;μ) > max
0≤j≤min{k,M−1}

H̃(pk−j ;μ)

+ ξη
〈
dk,∇H̃(pk;μ)

〉
do

7: Find ηnew ∈ [σ1η, σ2η], set η ← ηnew.

8: Set p+ = pk + ηdk.

9: end while

10: Let ηk = η, pk+1 = p+,

sk = pk+1 − pk, yk = ∇H̃(pk+1;μ)−∇H̃(pk;μ).

11: Compute bk = 〈sk,yk〉.
12: If H̃(pk+1, μ) < H̃(pμ), then pμ = pk+1.

13: if bk ≤ 0 then

14: Set αk+1 = αmax.

15: else

16: Compute ak = 〈sk, sk〉 and
αk+1 = min{αmax,max{αmin, ak/bk}}.

17: end if

18: end while

Theorem 2.2. Any accumulation point8 of the sequence generated by Algo-

rithm 2 is a KKT point9 of Problem 6.

Proof. Detailed proof can be found in [32], Theorem 2.4 in Section 2 on Page

8An accumulation point is a point which is the limit of a subsequence.
9A KKT point is a point which satisfies the KKT conditions of the optimization problem [33].
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6. Note that Algorithm 2 in this chapter is named SPG2 in [32].

Now the only left question for applying the SPG algorithm (Algorithm 2)

to solve Problem 6 is the calculation of the gradient ∇H̃(p;μ) of the smooth

objective function H̃(p;μ). It turns out that ∇H̃(p;μ) can be calculated by

using the implicit function theorem (albeit the dependence of λ̃∗
a(t, l) satis-

fying (2.21) on p cannot be explicitly written). According to the composite

rule of differentiation, we can calculate the gradient of the smoothed objective

function in Problem 6 with respect to p as follows:

∇H̃(p;μ) =

T0∑
t=1

L∑
l=1

α(t, l)
[
∇f̃

(
x̃aft∗(t, l);μ

)
−∇p(t, l)x̃aft∗(t, l)

− p(t, l)∇x̃aft∗(t, l)
]
,

(2.22)

where

∇f̃
(
x̃aft∗(t, l);μ

)
=

γ

2

⎡⎣1 + x̃aft∗(t, l)− C√
(x̃aft∗(t, l)− C)2 + μ

⎤⎦∇x̃aft∗(t, l),

∇x̃aft∗(t, l) =
A∑

a=1

∇x̃aft∗
a (t, l),

∇x̃aft∗
a (t, l) = ∇x̃∗

a(t, l|t, l) +
t−1∑

t′′=max{t−T+1,1}

L∑
l′′=1

βa(t, l|t′′, l′′)∇x̃∗
a(t, l|t′′, l′′),

∇x̃∗
a(t, l|t, l) =

−ka

(
∇p(t, l) +∇λ̃∗

a(t, l)
)

2
(
p(t, l) + λ̃∗

a(t, l)
)2

⎡⎢⎢⎣1 + ka
p(t,l)+λ̃∗

a(t,l)
− 1√(

ka
p(t,l)+λ̃∗

a(t,l)
− 1

)2

+ μ

⎤⎥⎥⎦ ,

(2.23)

∇x̃∗
a(t, l|t′′, l′′) = −0.5kaδ

t−t′′
a

(
∇p(t, l) +∇λ̃∗

a(t
′′, l′′)

)/(
p(t, l) + λ̃∗

a(t
′′, l′′)

)2

·
[
1 +

(
kaδ

t−t′′
a

p(t, l) + λ̃∗
a(t

′′, l′′)
− 1

)/√(
kaδt−t′′

a

p(t, l) + λ̃∗
a(t

′′, l′′)
− 1

)2

+ μ

]
.

(2.24)
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Notice that ∇p(t, l) = Et,l in (2.22), where Et,l denotes the T ×L matrix with

all entries being zero except the (t, l)-th entry being one. Now, to compute

∇H̃(p;μ), we only need to compute ∇λ̃∗
a(t, l) for t ∈ T and l ∈ L. Next, we

apply the implicit function theorem to show the existence of ∇λ̃∗
a(t, l) and

compute ∇λ̃∗
a(t, l).

It is simple to check that the right hand side of (2.21), as a function of

λ̃a(t, l), strictly decreases as λ̃a(t, l) increases. Hence, the derivative of the

right hand side of (2.21) with respect to λ̃a(t, l) is not equal to zero. By

the implicit function theorem, we know ∇λ̃∗
a(t, l) exists. Then, by taking

derivatives with respect to p on both sides of (2.21), we obtain

∇x̃∗
a(t, l|t, l) +

Tt∑
t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)∇x̃∗

a(t
′, l′|t, l) = 0.

Substituting (2.23) and (2.24) into the above equation, we can obtain∇λ̃∗
a(t, l).

From the above analysis, as the parameter μ goes to zero, H̃(p, μ) uni-

formly converges to H(p). Moreover, the solution of Problem 6 also converges

to the solution of Problem 4 [34]. Therefore, when the parameter μ is very

close to zero, the solution pμ of Problem 6 returned by Algorithm 2 will be

very close to the one of Problem 4.

Finally, when applying the SPG algorithm to solve Problem 6, we employ

the continuation technique [35]. That is, to obtain an approximate solution

of Problem 4, we solve Problem 6 with a series of gradually decreasing values

for μ, instead of using a small fixed μ. It turns out the continuation technique

can reasonably improve the computational efficiency.

2.3.3 Homogeneous Linear Utility

In this subsection, we consider the homogeneous case with the linear utility

function, i.e., ua(x) = ρax, where ρa is a type specific parameter. In this case,
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the users’ traffic scheduling problem (Problem 1) reduces to

max (ρa − p(t, l)) xa(t, l|t, l) (2.25)

+
Tt∑

t′=t+1

L∑
l′=1

(
δt

′−t
a ρa − p(t′, l′)

)
βa(t

′, l′|t, l)xa(t
′, l′|t, l)

s.t. (2.5) and xa(t, l) ≥ 0

var: xa(t, l) defined in (2.4).

The optimal solution of problem (2.25) is:

{xa(t, l) ≥ 0 : xa(t, l) satisfies (2.5),

and xa(t
′, l′|t, l) = 0 if δt

′−t
a ρa − p(t′, l′) < υ(t, l)}, (2.26)

where

υ(t, l) = max
(t′,l′)∈{(t,l)}∪{Tt\{t}×L}

{
δt

′−t
a ρa − p(t′, l′)

}
. (2.27)

If there is only one element in {(t, l)}∪{Tt \{t}×L} such that the maximum

in (2.27) is achieved, then problem (2.25) has a unique solution; otherwise

problem (2.25) has multiple solutions.

To overcome the computational difficulty of Problem 3 (with the linear util-

ity function), we propose to penalize the complementarity constraints (2.12)

and (2.13) to the objective function with a parameter τ . This transforms
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Problem 3 to Problem 7.

Problem 7: Penalty-Based Problem

min

T0∑
t=1

L∑
l=1

α(t, l)
[
f
(
xaft(t, l)

)
− p(t, l)xaft(t, l)

]
+ τ

A∑
a=1

T0∑
t=1

L∑
l=1

[
φa(t, l|t, l) +

Tt∑
t′=t+1

L∑
l′=1

φa(t
′, l′|t, l)

]

s.t. (2.9)− (2.11), (2.14), (2.16)

var: p(t, l), λa(t, l),xa(t, l), x
aft(t, l), t ∈ T0, l ∈ L, a ∈ A.

Here φa(t, l|t, l) and φa(t
′, l′|t, l), corresponding to the complementarity con-

straints, are as follows:

φa(t, l|t, l) = [p(t, l)− ρa + λa(t, l)] xa(t, l|t, l),

φa(t
′, l′|t, l) =

[
p(t′, l′)− δt

′−t
a ρa + λa(t, l)

]
xa(t

′, l′|t, l) · βa(t
′, l′|t, l).

Problem 7 is equivalent to Problem 3 (with the linear utility function)

as long as the penalty parameter τ is sufficiently large. This is because in

Problem 7 we are trying to minimize the summation of two terms, one is

the original objective function of the total cost in Problem 3, and the other

is the penalized term of linear complementary constraints. Intuitively, when

the penalty parameter is sufficient large, the latter one will dominate the

former one, and we will minimize the latter one with higher priority and the

former one with a lower priority. The above intuition is formally stated in

the following theorem.

Theorem 2.3. There exists a τ0 > 0, such that Problem 7 with any τ ≥ τ0

and Problem 3 with the linear utility function share the same local minimizers

and KKT points.

Proof. Detailed proof can be found in [33], Theorems 17.3 and 17.4 in Chapter
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17.

The threshold value τ0 in Theorem 2.3 is unknown in practice. However,

we can choose it through a trial and error process. We can start with an

initial estimation of τ , solve Problem 7 (using Algorithm 3 discussed below)

until convergence, and check whether the complementarity constraints (2.12)

and (2.13) are satisfied at the solution. If yes, then we are done; otherwise

we increase τ and then solve Problem 7 again.

Although Problem 7 is still nonconvex due to the nonconvex objective

function, all of its constraints are convex, and the variables are decoupled

in the constraints. This motivates us to use the block coordinate descent

(BCD) algorithm to solve Problem 7 [36]. The key idea of the BCD algo-

rithm is to partition variables in Problem 7 into two blocks: {p,λa}a∈A and

{xa(t, l), x
aft(t, l)}t∈T0,l∈L,a∈A. When we fix the variables in one block, Prob-

lem 7 becomes a linear programming problem of variables in the other block,

and thus can be solved efficiently (to its optimality). Then we iteratively

solve the variables in two blocks until the algorithm converges. Algorithm 3

provides the details of the BCD algorithm10.

Algorithm 3 BCD Algorithm for Problem 7

Input: problem inputs p0, T0, L,A,α, γ, C, {βa, δa}a∈A and algorithm inputs τ, ε0.

Output: p.

1: Initialization: ε = ∞
2: while ε > ε0 do

3: Solve Problem 7 in terms of variables {p,λa}a∈A, assuming other variables are fixed.

4: Solve Problem 7 in terms of variables {xa(t, l), x
aft(t, l)}t∈T0,l∈L,a∈A, assuming other

variables are fixed.

5: ε is the relative tolerance of the new and old xa.

6: end while

10The parameter ε is the relative error, and ε0 is the relative error tolerance which is a small positive
number. In our simulations, we set ε0 = 10−6.
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The complexity of solving the linear program problem [37] with respect to

the variables {p,λa}a∈A (Line 3 in Algorithm 3) is O ((T0TL
2A)1.5(T0LA)

2) ,

and the complexity of solving the linear program problem with respect to the

variables {xa(t, l), x
aft(t, l)}t∈T0,l∈L,a∈A isO ((T0TL

2A)1.5(T0TL
2A)2) . The com-

plexity of the entire BCD algorithm is still an open problem [38]. However,

the BCD algorithm converges very fast in practice, and most of the objective

improvement is achieved in the first few iterations.

The proposed BCD algorithm can be easily implemented, since we can

use a mature linear programming solver to solve each step. The algorithm is

guaranteed to converge to a KKT solution, which is in general the best we

can do for the general NP-hard problems.

Theorem 2.4. The sequence generated by Algorithm 3 globally converges to

a KKT point of Problem 7.

Proof. Proof can be found in [36], Sections 4 and 5.

2.4 Simulation Results

In this section, we evaluate the performance of our proposed time and location

aware pricing scheme for the two homogenous utility scenarios.11 For each

scenario, we illustrate both the effectiveness of the proposed pricing scheme

and the impact of various system parameters.

2.4.1 Homogeneous Logarithmic Utility Scenario

2.4.1.1 The Effectiveness of Our Pricing Scheme

We first compare the performance of the SPG algorithm with that of the DY-

CORS algorithm. Then we illustrate the effectiveness of the pricing scheme.

11We also simulate a time-dependent pricing algorithm and compare it with our proposed time and
location aware pricing scheme. Due to space limit, we put it in Section 2.6.5.
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Figure 2.3: Initial Traffic of 24 Time Slots

We compare the performance of our proposed SPG algorithm (Algorithm

2) with that of the DYCORS algorithm with Nfmax = 2000, by testing these

two algorithms on some randomly generated instances. Table 2.2 shows the

detailed comparison. Simulation results show that the SPG algorithm can

(almost) always find the global optimal solution12, with much less CPU time

compared to the DYCORS algorithm.

To test the effectiveness our pricing scheme and gain more insights, we

perform simulations based on real data from references [17] [18]. Figure 2.14

shows the initial traffic pattern under time and location independent pricing.

The length of each time slot is 1 hour. Each location corresponds to the

coverage area of one base station. The data is measured in 108 bytes. We

assume that the network capacity C = 5, the user’s scheduling interval T =

12, users’ utility parameter ka = 1, and the time and location independent

price benchmark p0 = 1.

We set the operator’s cost parameter γ = 30 and the users’ delay pa-

12Notice that the SPG algorithm works slightly better than the DYCORS algorithm in terms of objective
values. This is because the DYCORS algorithm does not use the gradient information and can only find
an approximate solution in the neighborhood of the optimal solution with a given maximum number of
function evaluations. The quality of the returned solution by the DYCORS algorithm depends on the
maximum number of function evaluations. In contrast, the SPG algorithm uses the gradient information
and can find a relatively better solution.
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Figure 2.4: The Shifted Traffic under Time
and Location Dependent Pricing
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Figure 2.5: Optimized Time and Location
Dependent Prices

rameter δ = 0.6. Figure 2.4 shows the aggregate shifted traffic under the

optimized time and location dependent pricing. Figure 2.5 shows the corre-

sponding optimized prices. The results in both figures are computed by the

SPG algorithm.

We can get some useful insights from the simulation results. First, the traf-

fic can be smoothed by using our proposed time and location aware mobile

data pricing scheme. In this example, the variance of traffic13 is decreased by

62.65%. Second, our proposed pricing scheme leads to a win-win situation for

both the operator and users. The cellular operator can decrease its total cost

(consisting of the cost of demand exceeding capacity and the loss of revenue

due to discounts) by 95.45% (not directly shown in the figure). More specif-

ically, the operator only uses 4.55% of the initial network cost (under the

time and location independent pricing) to provide price discounts to mobile

users, and completely avoid the cost of demand exceeding capacity with the

new optimized prices. Mobile users can increase their aggregate payoff (util-

ity minus payment) by 55.37% through proper traffic scheduling and taking

advantage of the price discounts.

13The traffic variance is computed as E
[
(xaft(t, l)− E[xaft(t, l)])2

]
.
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Figure 2.6: Initial Traffic of 12 Time Slots

2.4.1.2 The Impact of System Parameters

We simulate and study how the average discount to the users and the total

demand exceeding capacity change with the following two system parameters:

the operator’s cost parameter γ, and users’ delay parameter δ. The average

discount to the users is defined as∑T0

t=1

∑L
l=1

p0−p(t,l)
p0

T0L
,

and the total demand exceeding capacity is defined as

T0∑
t=1

L∑
l=1

max{x(t, l)− C, 0}.

Figure 2.6 (whose dimension is smaller than that of Figure 2.14, due to

computation complexity) shows the benchmark data traffic pattern under a

time and location independent pricing scheme. We assume that the network

capacity C = 100 MB, users’ scheduling interval T = 12, the number of user

type A = 1, users’ utility parameter ka = 20, and the benchmark price p0 = 1.
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Figure 2.7: The Impact of γ with δ = 0.8

0 0.2 0.4 0.6 0.8 1
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

δ

av
er

ag
e 

di
sc

ou
nt

 (1
00

%
)

discount

demand

0 0.2 0.4 0.6 0.8 1
0

100

200

300

400

500

600

700

de
m

an
d 

ex
ce

ed
in

g 
ca

pa
ci

ty
 (M

B
)

Figure 2.8: The Impact of δ with γ = 1

We first analyze the impact of the cellular operator’s cost parameter γ.

The cellular operator’s goal is to minimize the total cost, which includes

both the cost of demand exceeding capacity and loss of revenue due to dis-

counts. When γ increases, the operator has more incentives to offer deeper

discounts to prevent demand exceeding capacity. Figure 2.7 illustrates how

the average discount to the users (the black solid line) and the total demand

exceeding capacity (the blue dashed line) change with γ, where users’ delay

parameter δ = 0.8.

Figure 2.7 shows that the average discount offered by the operator is in

general an increasing function of γ. As γ becomes large, the operator has

more incentive to offer a larger discount. When γ is large enough, the operator

has offered enough discount to the users to achieve the maximum smoothing

effect, and any larger discount will not reduce the cost of demand exceeding

capacity. Hence the discount eventually converges to a constant (around 0.046

in Figure 2.7).

Figure 2.7 also shows that the amount of demand exceeding capacity is a

monotonically decreasing function of γ. As γ becomes larger, a larger discount

from the operator will reduce the amount of traffic exceeding the capacity.
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When γ is large enough, the operator’s average discount no longer changes,

hence the traffic no longer changes and converges to a constant (in this case

zero traffic exceeding capacity).

In summary, the operator tends to provide a large discount only when the

demand exceeding capacity causes a large cost due to large value of γ.

Then we analyze the impact of users’ delay parameter δ.

A user’s goal is to maximize his total payoff (utility minus payment). A

larger δ means that the user is less sensitive to delay, and is more willing to

delay his traffic to exploit the price discount. Figure 2.8 illustrates how the

average discount (i.e., the black solid line) and the total demand exceeding

capacity (i.e., the blue dashed line) change with δ, where the operator’s cost

parameter γ = 1.

Figure 2.8 shows that the average discount first increases with δ (i.e.,

δ ∈ (0, 0.3]), then decreases (i.e., δ ∈ [0.3, 0.8]), and finally goes to zero (i.e.,

δ ∈ [0.8, 1]). When δ > 0, it is possible to incentivize the user’s behaviors by

providing a discount. With δ increasing in the interval (0, 0.3], the operator

will provide an increasingly larger discount to encourage users to shift the

traffic, because a user is more willing to delay his traffic with a larger δ

in this interval. With δ increasing in the interval [0.3, 0.8], a user becomes

increasingly willing to shift his traffic even with a small discount, and hence

the operator’s optimal price discount actually decreases. When δ is large

enough, because of the concavity of the logarithmic utility function, the user

is willing to spread out his traffic in multiple time slots to maximize its utility

even without a price incentive [21]. Hence, when δ ∈ [0.8, 1], there is no need

for the operator to provide a discount (under the current cost parameter

γ = 1).

Figure 2.8 also shows that the amount of demand exceeding capacity first

decreases with δ (i.e., δ ∈ (0, 0.3]), then remains stable (i.e., δ ∈ [0.3, 0.8]),
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Figure 2.9: The Usage under Setting I (γ =
30 and δ = 0.8)
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Figure 2.10: The Usage under Setting II
(γ = 10 and δ = 0.6)

and finally increases (i.e., δ ∈ [0.8, 1]). With an increasing price discount for

δ ∈ (0, 0.3], the user is willing to delay more traffic which induces a smoother

usage pattern. When δ ∈ [0.3, 0.8], the traffic pattern remains almost the

same as it has already been significantly flattened. When δ ∈ [0.8, 1], because

of the concavity of the logarithmic utility function, a user strongly prefers to

delay his traffic to later time slots to maximize the utility, which may lead to

newly created peak hours under the current parameter setting γ = 1. Hence,

with δ increasing in [0.8, 1], more demand is delayed to the later time slots

which causes more demand exceeding capacity.

In summary, the operator only provides large price discounts when users

are not willing to delay their traffic (i.e., the case where δ is small).

2.4.2 Homogeneous Linear Utility Scenario

2.4.2.1 The Effectiveness of Our Pricing Scheme

In this part, we verify the effectiveness of the proposed pricing scheme.14

We use the same network example shown in Figure 2.14 to illustrate the

effectiveness of the BCD algorithm.

14Numerical results show that the BCD algorithm can achieve global optimality for small-scale problems,
comparing with a benchmark branch and bound algorithm. Such a comparison becomes infeasible when
the problem size becomes large, due to the high complexity of the branch and bound algorithm.
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Figure 2.11: Prices under Two Settings (Upper: Setting I, Lower: Setting II)

We simulate two different settings of parameters. Under setting I, we set

γ = 30 and δ = 0.95, and our proposed time and location aware pricing

(computed by the BCD algorithm in Algorithm 3) leads to a shifted traffic

pattern as shown in Figure 2.9. Under setting II, we set γ = 10 and δ = 0.7,

and the corresponding shifted traffic pattern is shown in Figure 2.10. Figure

2.11 shows the operator’s optimal time and location aware prices for both

settings, in which the upper one corresponds to Figure 2.9, and the lower one

corresponds to Figure 2.10.

We can get some useful observations from the simulation results. First,

how much traffic can be smoothed heavily depends on the system parameters.

Under Setting I where γ = 30 and δ = 0.8, the variance for data usage {x(t, l)}
is decreased by 56.39%. Under Setting II where γ = 10 and δ = 0.6, the

variance for data usage is decreased by 46.11%. This is because a larger cost

parameter γ makes the operator more willing to provide price incentives, and

a larger delay tolerance parameter δ makes the users more willing to delay

the traffic. Second, our proposed pricing scheme leads to a win-win situation

for both the operator and users. The cellular operator can decrease its total

cost by 98.01% under setting I and 70.20% under setting II. Mobile users can

increase their payoff by 107.37% under setting I and 102.80% under setting
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Figure 2.12: The Impact of γ with δ = 0.9
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Figure 2.13: The Impact of δ with γ = 10

II.

2.4.2.2 The Impact of System Parameters

We use the same network example showed in Figure 2.6 to analyze the impact

of the operator’s cost parameter γ and users’ delay parameter δ.

We first analyze the impact of the cellular operator’s cost parameter γ.

Figure 2.12 illustrates how the average discount to the users (i.e., the black

solid line) and the total demand exceeding capacity (i.e., the blue dashed line)

change with γ, where users’ delay parameter δ = 0.9.

Figure 2.12 shows that the average discount offered by the operator is in

general an increasing step function of γ. It is increasing, as a larger cost γ

encourages the operator to give a larger discount. It is a step function, because

a user’s scheduling decision is not continuous with respect to the price. There

is an exception when γ = 3.4, where the average discount decreases instead of

increases with γ. The reason is that under this particular parameter setting,

users choose to shift the traffic to immediate adjacent time slots rather than

slots at even later times, which leads to a smaller discount.

Figure 2.12 also shows that the amount of demand exceeding capacity
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is a monotonically decreasing function of γ. As γ becomes larger, a larger

discount from the operator will reduce the amount of traffic exceeding the

capacity.

Then we analyze the impact of users’ delay parameter δ.

Figure 2.13 illustrates how the average discount (i.e., the black solid line)

and the total demand exceeding capacity (i.e., the blue dashed line) change

with δ, where the operator’s cost parameter γ = 10.

Figure 2.13 shows that the average discount is a piecewise function of δ,

where most of the segments are decreasing in γ (e.g., the segment corre-

sponding to [0.6,0.7]). The reason is that a segment corresponds to the same

shifted usage pattern, and a larger δ reduces the operator’s needs of provid-

ing price discounts. However, for the general trend of the average discount,

it first increases with δ (i.e., δ ∈ [0.3, 0.45]) and then decreases with γ (i.e.,

δ ∈ [0.45, 1]). When δ is very small, there is no point of providing any dis-

count to users, as users are very unlikely to delay traffic. When δ increases

to the point that it is possible to incentive users’ behaviors, there is a sharp

increase of the discount. When δ is large enough, the operator only needs to

provide a small discount to incentivize the users to shift to the desirable time

slot.

Figure 2.13 also shows that the amount of demand exceeding capacity is

a decreasing function of δ. There is a special case when δ = 0.5. The main

reason is that the integrated problem not only considers users’ scheduling

problem, but also considers the operator’s pricing problem. When δ = 0.5, we

can see from the discount curve in Figure 2.13 that there is a sharp decrease of

the offered discount, which leads to a relatively small increase in the demand

exceeding capacity.

In summary, the logarithmic case and the linear case are different. In

the linear case, the objective function of the operator is discontinuous with
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respect to the prices; while it is continuous in the logarithmic utility case.

As a result, the operator’s optimal pricing and users’ scheduling traffic are

not smooth under the linear utility function, while they are continuous under

the logarithmic utility function. These are consistent with our analysis in

Sections 2.3.2 and 2.3.3.

2.5 Chapter Summary

In this chapter, we study the time and location aware pricing scheme for

wireless mobile data networks. We use a two-stage decision process to model

the interaction between the cellular operator and users. Simulation results

show that our time and location aware pricing scheme not only reduces the

operator’s cost but also increases users’ payoff. We further derive some in-

sights for industry practice. The operator should provide price discounts at

less crowded time slots and locations to incentivize users to smooth their traf-

fic. The operator will only provide deep discount when the cost of serving

demand exceeding capacity is high, or when the users’ willingness to delay

traffic is low.

2.6 Appendix

2.6.1 Robust Optimization Considering Errors in the Mobility

Prifiles

We discuss the accuracy of the mobility profiles and the impact of errors to

the optimization.

First, Ghosh et al. claimed that the profile-based location predictions are

more accurate than a common statistical approach. Essentially, the mobility

profiles take into account the daily routes of mobile users. Furthermore, the
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methods proposed in [18] can filter out noises (i.e., very brief location stay

durations) to achieve more accurate characterization of mobility profiles.

We then discuss the impact of the errors to the optimization. If the mobil-

ity profiles have errors, then these errors will affect both the objective function

and constraint of Problem 1. To highlight the dependence of the objective

function of Problem 1 on the mobility profiles, we write the objective function

of Problem 1 as U(xa(t, l),β
a)− P (xa(t, l),β

a).

To deal with the errors in the objective, we can use the idea of robust

optimization. Let Φa be the uncertainty set of βa. Without loss of generality,

we can model it as an ellipsoid intersecting with a probability simplex. Instead

of maximizing the objective of Problem 1, we can maximize the optimal value

of problem

min
βa∈Φa

U(xa(t, l),β
a)− P (xa(t, l),β

a). (2.28)

To deal with the errors in the constraint, we introduce a tolerance param-

eter ε > 0 and enforce∣∣∣∣∣xa(t, l|t, l) +
Tt∑

t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l)− xini
a (t, l)

∣∣∣∣∣ ≤ ε,

∀ βa ∈ Φa. (2.29)

Note that the introduction of ε > 0 in the above is necessary, since it is

generally not possible for some xa(t, l) to satisfy the linear constraint

xini
a (t, l) = xa(t, l|t, l) +

Tt∑
t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l)

for all βa ∈ Φa (unless Φa contains only a single point).

Therefore, when there are errors in the mobility profiles, we can solve the
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following robust optimization problem (instead of Problem 1)

max
xa(t,l)≥0

min
βa∈Φa

U(xa(t, l),β
a)− P (xa(t, l),β

a)

s.t.
∣∣∣xa(t, l|t, l) +

Tt∑
t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l)− xini
a (t, l)

∣∣∣
≤ ε, ∀ βa ∈ Φa.

(2.30)

When there are no errors in the mobility profiles, we can set ε = 0 in Problem

(2.30) and it reduces to Problem 1.

Problem (2.30) is a semi-infinite programming problem [41], since it in-

volves a finite number of variables and an infinite number of constraints.

Although it is hard to solve Problem (2.30) analytically, we can numerically

solve it, for instance, by the DYCORS algorithm. This is because given any

xa(t, l), we can compute its objective value and check its feasibility efficiently.

Specifically, computing the objective value of Problem (2.30) is equivalent to

solving convex problem (2.28). Checking whether xa(t, l) is feasible to Prob-

lem (2.30) requires solving the following problem:

max
βa∈Φa

∣∣∣∣∣xa(t, l|t, l) +
Tt∑

t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l)− xini
a (t, l)

∣∣∣∣∣ .
The above problem can be solved by solving two convex problems

min
βa∈Φa

−
Tt∑

t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l)

and

min
βa∈Φa

Tt∑
t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l).

The key conclusion in our paper will not change if the errors are relatively

small. Specifically, the operator will set higher prices at peak hours and

crowded locations. However, the mobility patterns may affect the operator’s
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decision of when and where to provide the lower prices, and how much to

reduce the prices.

2.6.2 An Example of Discontinuous H(p)

We consider a linear utility function ua(x) = x. In the setup shown in Table

2.3, we evaluateH(p) at two different prices p1 = [1 1−ε]T and p2 = [1−ε 1]T ,

where ε is a sufficient small positive number. When p = p1, a user will

schedule his traffic as xaft = [0 2]T to maximize his payoff, andH(p1) = 2ε−1;

while when p = p2, a user’s optimal traffic (to maximize his payoff) is xaft =

[1 1], andH(p2) = ε−2. Hence, a small change of p (�p = p1−p2 = [ε −ε]T )

leads to a large change of H(p) (�H = H(p1) − H(p2) = 1 + ε ). This

implies that the objective function H(p) of Problem 4 can be discontinuous

(and hence nondifferentiable) with respect to p.

2.6.3 The Impact of ε on the Algorithm Performance

We first introduce the general idea of binary search. We take the binary

search for λ∗
a(t, l) as an example, with the initial search interval [λL

a , λ
U
a ],

where λL
a = λa(t, l) and λU

a = λ̄a(t, l). The general idea of the binary search

is to evaluate the value of function g(·) at the middle point of the search

interval, i.e., λM
a = λL

a+λU
a

2
. Here function g(·) is:

g(λa(t, l)) = xa(t, l|t, l) +
Tt∑

t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l)− xini
a (t, l), (2.31)

where

xa(t, l|t, l) = max

{
ka

p(t, l) + λa(t, l)
− 1, 0

}
, (2.32)

xa(t
′, l′|t, l) = max

{
kaδ

t′−t
a

p(t′, l′) + λa(t, l)
− 1, 0

}
. (2.33)
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If the function value at the middle point is equal to the target value, i.e.,

g(λM
a ) = 0, then the iteration ends and the optimal solution is the middle

point. Otherwise, we replace the upper bound or lower bound of the search

interval with the middle point, hence shorten the length of the search interval

by half. The iteration process continues until the optimal solution is found

or the search interval is small enough. After n iterations, the length of the

search interval is
λa(t,l)−λa(t,l)

2n
. Mathematically, the process ends when the

length of the search interval is small enough, i.e.,

λa(t, l)− λa(t, l)

2n
≤ ε,

where ε is a small enough positive number. When the iteration process ends,

we choose the middle point as the solution, i.e.,

λa(t, l) =
λL
a + λU

a

2
.

To find an ε-optimal solution, the binary search needs �log2(λa(t,l)−λa(t,l)

ε
)�

iterations. Hence, the complexity of binary search is O(log 1
ε
), which is poly-

nomial in terms of 1
ε
.

Now we discuss the error of the ε-optimal λa(t, l) generated by the binary

search. If the target value is equal to the function value at the middle point,

then the middle point is the optimal solution, and the error is zero. Otherwise,

the error of the ε-optimal λa(t, l) is [42, 43]:

Δ := |λa(t, l)− λ∗
a(t, l)| ≤

λa(t, l)− λa(t, l)

2n+1
≤ 1

2
ε.

In our simulations, we set ε = 10−6.

To check the impact of ε on the performance of the SPG algorithm, we

perform simulations on the example in Section 2.4.1, and Figure 2.14 shows

the initial traffic pattern under time and location independent pricing of the
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Figure 2.14: Initial traffic of 24 time slots
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Figure 2.15: Total cost under different ε

example. The length of each time slot is 1 hour. Each location corresponds to

the coverage area of one base station. The data is measured in 108 bytes. We

assume that the network capacity C = 5, the user’s scheduling interval T =

12, users’ utility parameter ka = 1, and the time and location independent

price benchmark p0 = 1. We set the operator’s cost parameter γ = 30 and

the users’ delay parameter δ = 0.6.

We calculate the operator’s total cost using the SPG algorithm under

different values of ε, i.e., ε = 10−2, ε = 10−3, ε = 10−4, ε = 10−5, ε = 10−6,

ε = 10−7, and ε = 10−8. Figure 2.15 shows the optimal total cost obtained

by the SPG algorithm under different ε. Simulation results show that as long

as ε is not too large (i.e., ε ≤ 10−4), different choices of ε will not affect the

final results significantly.

2.6.4 Derivations of Upper and Lower Bounds of λ∗
a(t, l)

On one hand, by substituting λa(t, l) = ka in (2.17) and (2.18), it is simple

to check

xa(t, l|t, l) +
Tt∑

t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l) = 0,
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which shows that λa(t, l) is an upper bound of the desired λ∗
a(t, l). On the

other hand, by substituting

λa(t, l) =
ka

xini
a (t, l) + 1

− p(t, l)

in (2.17) and (2.18), we obtain

xa(t, l|t, l) +
Tt∑

t′=t+1

L∑
l′=1

βa(t
′, l′|t, l)xa(t

′, l′|t, l) ≥ xa(t, l|t, l) = xini
a (t, l).

This implies that λa(t, l) is a lower bound of the desired λ∗
a(t, l).

2.6.5 Performance Comparison between the Time and Location

Aware Pricing Scheme and the Time-Dependent Pricing Scheme

Here we simulate a time-dependent pricing algorithm [12] and compare it

with our proposed time and location aware pricing scheme.

To see the comparisons clearly, we perform simulations on a simple example

with 8 time slots and 3 locations. From Figure 13 in [17], we can directly read

the user data usage at three different base stations in one day. We aggregate

the data every 3 hours and get the following data usage pattern:

x0 =

⎛⎜⎜⎜⎝
8 0 0 2 8 3 5 2

0 0 8 3 16 2 4 3

2 2 3 10 4 1 7 2

⎞⎟⎟⎟⎠ .

Matrix x0 represents the initial data usage in 8 time slots at three locations

under flat rate pricing, as plotted in Figure 2.16. The length of each time

slot is 3 hours. Each location corresponds to the coverage area of one base

station. The unit of the data is 108 bytes.
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Figure 2.16: Initial data usage under flat rate pricing
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Figure 2.17: Usage under time and location
aware pricing (the logarithmic utility case)
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Figure 2.18: Usage under time-dependent
pricing (the logarithmic utility case)

We construct the mobility profile based on [18] and [44] as follows:

α =

⎛⎜⎜⎜⎝
0.2 0.15 0.1 0.3 0.4 0.4 0.3 0.3

0.1 0.05 0.2 0.4 0.5 0.4 0.3 0.2

0.7 0.8 0.7 0.3 0.1 0.2 0.4 0.5

⎞⎟⎟⎟⎠ .

We further assume that the user’s traffic scheduling interval T = 4 and

the network capacity C = 5.

We first compare the performances of the two pricing schemes in the homo-

geneous logarithmic utility case. We assume that the cost parameter γ = 30

and the delay tolerance parameter δ = 0.6. Figure 2.17 shows the new data
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Figure 2.19: Usage under time and location
aware pricing (the linear utility case)
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Figure 2.20: Usage under time-dependent
pricing (the linear utility case)

usage pattern under the proposed time and location aware pricing scheme,

and Figure 2.18 shows the new data usage pattern under the time-dependent

(but not location aware) pricing scheme. We can see that the data usage

pattern under the time and location aware pricing scheme is smoother than

the pattern under the time-dependent pricing scheme. Furthermore, the op-

erator’s cost reduction under the time and location aware pricing scheme is

97.58%, and the cost reduction under the time-dependent pricing scheme is

60.82%.

We then compare the performances of the two pricing schemes in the ho-

mogeneous linear utility case. We assume that the cost parameter γ = 30

and the delay tolerance parameter δ = 0.95. Figure 2.19 shows the new data

usage pattern under the proposed time and location aware pricing scheme,

and Figure 2.20 shows the new data usage pattern under the time-dependent

(but not location aware) pricing scheme. Similarly, the data usage pattern

under the time and location aware pricing scheme is smoother than the pat-

tern under the time-dependent pricing scheme. Furthermore, the operator’s

cost reduction under the time and location aware pricing scheme is 97.06%,

and the cost reduction under the time-dependent pricing scheme is 63.56%.
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Table 2.2: Comparison between SPG and DYCORS (a smaller objective means
a better performance)

instances

(T0 × L)

SPG Algorithm DYCORS Algorithm

obj. value cpu time obj. value cpu time

instance 1

(8× 3)
-476.4558 0.1404 -476.1956 90.2466

instance 2

(8× 3)
-397.6181 0.0936 -397.4685 90.3714

instance 3

(8× 3)
-527.4697 0.1092 -527.2909 87.6570

instance 4

(10× 3)
-664.9654 0.1872 -664.3879 126.6884

instance 5

(10× 3)
-447.4030 0.2028 -447.1550 133.7241

instance 6

(10× 3)
-635.6959 0.1872 -635.4643 111.1975

instance 7

(12× 3)
-776.1302 1.1544 -775.4417 386.0401

instance 8

(12× 3)
-621.9934 1.0608 -621.6543 392.7481

instance 9

(12× 3)
-544.1266 0.9984 -543.8739 388.0246

instance 10

(24× 3)
-1552.6 3.6192 -1551.8 1845.0

instance 11

(24× 3)
-1330.4 3.2604 -1329.9 2002.7

instance 12

(24× 3)
-1496.3 3.1512 -1495.6 1870.9
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Table 2.3: Setup of the Example

Parameters Values

Total time slots T0 = 2

Total locations L = 1

Number of user types A = 1

Scheduling time interval T = 2

Global mobility profile α = [1 1]T

Local mobility profile β = [1 1]T

Unit cost for demand exceeding capacity γ = 1

Initial data traffic pattern xini = [1 1]T

Network capacity C = 1

Delay parameter δ = 1
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Chapter 3

Economic Analysis

3.1 Introduction

3.1.1 Background and Motivation

Global mobile data traffic grows rapidly nowadays, with an unprecedented

anticipated annual growth rate of 57% from 2014 to 2019 [45]. The capacity of

cellular networks, however, increases much slower than the mobile data traffic.

Hence, Wi-Fi networks are playing an increasingly important role in bridging

such a gap by carrying a significant amount of mobile data traffic [46–50].

The fast development of Wi-Fi technology is due to several reasons such

as low deploying costs of Wi-Fi access points (APs) and high Wi-Fi data

transmission rates. However, the large-scale deployment of a Wi-Fi network

is often restricted by the limited coverage of each single Wi-Fi AP (typically

tens of meters indoors and hundreds of meters outdoors [51]), which is much

smaller than the coverage of a cellular tower. Hence, it is very expensive for

a single operator to deploy enough Wi-Fi APs to entirely cover a large area

such as a city or nation.

Crowdsourced wireless community network turns out as a promising so-

lution to expand the Wi-Fi coverage with a low cost. The key idea is to

63
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encourage individuals (users) to share their owned private Wi-Fi APs with

each other, hence aggregating/crowdsourcing the coverage and capacity of

private Wi-Fi APs [52–59]. By crowdsourcing millions of Wi-Fi APs already

installed by users, this new type of network can reduce or even remove new

Wi-Fi installations for the network operator. Meanwhile, users can also ben-

efit from joining such a community network, as they can use not only their

own APs when staying at home, but also others’ APs when traveling to cor-

responding locations. Clearly, the success of such a crowdsourced network

largely depends on the active participations and contributions of many indi-

vidual Wi-Fi owners, and hence requires a careful design of economic incentive

mechanism.

One prominent commercial example of wireless community networks is

FON [60], which has more than 20 millions member Wi-Fi APs globally. In

FON, the operator incentivizes Wi-Fi AP owners to share their private APs

by using two different incentive schemes, corresponding to two kinds of mem-

berships: Linus and Bill. As a Linus, a user can get free Wi-Fi access within

the community network coverage. As a Bill, a user can earn money from

sharing his AP with other users. Moreover, a user who does not own a Wi-

Fi AP can still access the FON network as an Alien, by purchasing Wi-Fi

passes from the operator. Despite the commercial success of wireless com-

munity networks, however, there is little work performing the comprehensive

economic analysis for such a new network scheme.

3.1.2 Model and Problem Formulation

In this chapter, we consider a wireless community network launched by a

FON-like network operator. As in FON, there are two types of mobile users

in the network: subscribers and Aliens, each traveling (roaming) randomly

according to certain mobility pattern. Each subscriber owns a private res-
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Figure 3.1: Wireless Community Network Model

idential Wi-Fi AP at a fixed home location, and opens up his AP for the

access of other users. An Alien does not own a Wi-Fi AP (hence does not

contribute to the network), but can access subscribers’ APs (when roaming

to the corresponding locations) with a certain fee. Figure 3.1 illustrates such

a wireless community network, where subscriber 1 (owner of AP 1) stays at

home and connects to his own AP, subscribers 2 and 3 travel to subscriber

4’s home location and connect to AP 4, and Alien 5 travels to subscriber 2’s

home location and connects to AP 2. Subscriber 4 and Alien 6 are at areas

without Wi-Fi coverage, hence no available connections. We focus on the

complete information scenario, where the network operator knows detailed

attributes of all users such as users’ daily mobility patterns.

Similar as FON [61], the network operator offers two different memberships

for subscribers, i.e., Linus or Bill, corresponding to two different incentive

schemes:

• As a Linus, a subscriber contributes his AP without any monetary com-

pensation, and as compensation, he can use other APs free of charge;

• As a Bill, a subscriber needs to pay for using other APs (according to

a pricing scheme specified by the operator), and can obtain a portion of

the revenue collected at his own AP by the network operator.

Moreover, an Alien has to pay for using any AP in the network (according to
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Layer I: Operator pricing design

Layer II: Users behavior response

Stage I: Subscribers membership selection

Stage II: Users network access decision

Figure 3.2: Stackelberg Model of the Operator and Users Interactions

a usage-based pricing scheme specified by the operator), as he does not con-

tribute to the network. The payments of Alien and Bill (for using other APs)

are often time usage-based [61] (i.e., proportional to the Wi-Fi connection

time).

The network operator and the users (subscribers and Aliens) interact in

the following order. First, the operator announces the pricing scheme, i.e.,

the usage-based price (charged to Bills and Aliens) at each AP. Second, each

subscriber chooses his membership type for a given time period (e.g., six

months), considering his mobility (travel) pattern within that time period as

well as his demand and evaluation for network access during travel. Third,

when travelling to a particular AP’s location in a particular time slot (e.g.,

five minutes), each user further decides his network access time on that AP in

that time slot, taking the network congestion into consideration. In this work,

we will study the above operator pricing design and user decision problems

systematically.
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3.1.3 Solution and Contribution

We formulate the interactions between the operator and users as a two-layer

Stackelberg model, where the operator decides the pricing scheme in Layer I

and subscribers decide the membership selection and network access in Layer

II, as illustrated in Figure 3.2. We want to emphasize that the operator’s

pricing decision and the subscribers’ membership selection decisions are made

once at the beginning of each time period (consisting of many time slots)

and remain unchanged during the whole period; howerver, the subscribers’

network access decisions are updated in each time slot, according to their

membership selections and the operator’s pricing scheme, as well as the real

network congestions of their roaming APs. Next we explain the challenges

for solving the two stage problems and our corresponding contributions.

First, we study the operator’s decision problem in Layer I. To extract

the maximum surplus from users, the operator can implement a complete

price differentiation scheme, i.e., charging one price per AP, which will lead

to a high implementation complexity and potential customer aversion [62].

To balance the revenue and complexity, we propose a partial price differ-

entiation scheme, where APs are divided into multiple groups according to

their attributes such as the location popularity and the owner’s network ac-

cess evaluation, and the operator charges different prices to different groups.

Such a partial price differentiation scheme includes both complete price dif-

ferentiation scheme and single pricing scheme as special cases, but is much

challenging to design than the latter two.

Next, we study the user decision problem in Layer II. As will be shown

later in Section 3.3, to make the best decision, the computational complexity

(for each user) to reach the decision increases exponentially with the number

of users. Thus, in practice, users may not be able to make the fully ratio-
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nal decisions due to the bounded rationality [63],1 especially in a large-scale

network with many users (which is more general). To this end, we propose

an approximate Stackelberg model for large-scale networks, and understand

the system equilibrium when users make their decisions according to approx-

imately best responses.

As far as we know, this is the first work that makes the comprehensive

game-theoretic and economic analysis for a crowdsourced wireless community

network. We summarize the key contributions of this work as follows.

• Model Novelty: Our model is novel and captures several key practical

issues, such as user mobility pattern, network access evaluation, demand

response, and network congestion effect. These issues have not been fully

considered before in the context of wireless community networks.

• Small-Scale Network Analysis: We propose a Stackelberg model to cap-

ture the interactions between the operator and users in the crowdsourced

wireless community networks for small networks. We design a partial

price differentiation scheme, which includes the complete price differen-

tiation scheme and single pricing scheme as special cases, to help the

operator achieve a balance between revenue and implementation com-

plexity.

• Large-Scale Network Analysis: We propose an approximate Stackelberg

model for the large-scale network with a large number of users, where

users are bounded rational due to the limited computation capability and

make the approximately best responses. We analyze the user behavior

and the operator pricing design in the large-scale network systematically.

The rest of the chapter is organized as follows. In Section 3.2, we present

the model. In Section 3.3, we analyze the users’ game in Layer II. In Section
1Bounded rationality is the concept that the rationality of decision makers is limited by the cognitive

limitations of their minds [63].
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3.4, we analyze the operator’s pricing design in Layer I. In Section 3.5, we

analyze the user behavior and operator pricing design in large-scale networks.

We present simulation results and derive engineering insights in Section 3.6,

and conclude in Section 3.7. We put some proofs in Section 3.8.

3.1.4 Literature Review

There are several closely related studies in wireless community networks, re-

garding incentive issues [55], the network expansion and interactions with tra-

ditional ISP [56, 57], and the pricing mechanism design [58, 59]. Camponovo

et al. in [55] concluded based on surveys that getting free Internet access from

other members and revenue sharing are the two main incentives for users to

join the FON network in Switzerland. Manshaei et al. in [56] modeled a

user’s payoff as a function of the subscription fee and network coverage, and

studied the evolution dynamics of wireless community networks. Biczok et

al. in [57] studied the competition and cooperation among users, wireless

community network operator, and ISPs. Afrasiabi et al. in [58] proposed a

low introductory price policy to promote the service adoption. Mazloumian

et al. in [59] proposed a fair pricing, which is proportional to users’ predicted

network coverage.

In this chapter, we focus on the user behavior analysis and the operator

pricing design in a crowdsourced wireless community network. Neither prob-

lem has been systematically studied in the existing literature. Our model

not only captures the Internet access sharing and revenue sharing, but also

incorporates the impact of users mobility and the network congestion effect.

This makes our model more comprehensive and practically significant.
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Table 3.1: A Summary of Three User Types

User Type Pay for using other APs Paid by sharing his AP

Linus No No

Bills Yes Yes

Aliens Yes Not Applicable

3.2 System Model

3.2.1 The Network Model

As illustrated in Figure 3.1, we consider a crowdsourced wireless community

network consisting of a set Ks = {1, . . . , K} of subscriber (users), each owning

a private residential Wi-Fi AP, and a set Ka = {K + 1, ..., K +Ka} of Alien

(users) without owning any Wi-Fi AP. Each subscriber is associated with

a “home”, corresponding to the location of his Wi-Fi AP. Hence, Ks also

represents the set of AP locations. For convenience, we refer to the set of all

subscribers and Aliens as user set, denoted by Ku = Ks

⋃Ka. Subscribers

open their private Wi-Fi APs for the access of other users, hence constitute

a community network.

Each subscriber can choose two different memberships: Linus and Bill,

corresponding to different incentive schemes. Specifically, as a Linus, a sub-

scriber contributes his AP without any monetary compensation, and can use

other APs free of charge. As a Bill, a subscriber needs to pay for using other

APs, and can obtain a portion of the revenue collected at his own AP by the

network operator. Moreover, each Alien has to pay for using any AP in the

network, as he does not contribute to the network. For clarity, we summarize

the properties of these user types in Table 3.1.

We consider the operation in a long time period (e.g., six months), which

is divided into T time slots (e.g., five minutes per time slot). For notational

convenience, we normalize the length of each time slot to be one. We consider
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a quasi-static mobility model, where each user moves randomly across time

slots, and remains at the same location within one time slot. Let ηi,j, i ∈
Ku, j ∈ Ks denote the stationary probability that a user i ∈ Ku appears at

the location of AP j ∈ Ks in any time slot, and ηi,0 denote the probability

that user i appears at a location that is not covered by any Wi-Fi AP in

the community network. We further define ηi = [ηi,0, ηi,1, . . . , ηi,K ] as user i’s

mobility pattern. Obviously,
∑K

j=0 ηi,j = 1, ∀i ∈ Ku.

Furthermore, to ensure a subscriber’s Quality of Service (QoS) at his home

location, we assume that each subscriber splits the bandwidth of his AP into

two separate channels (similar as the current practice of FON [60]): a private

channel for serving himself, and a public channel for serving other users

roaming at this location. Hence, roaming users’ communications will not

interfere with a subscriber’s own communication, and the network congestion

only occurs among roaming users on the public channel.

3.2.2 Multi-Stage Interactions

The operator and users interact in the following order.

First, the operator determines and announces the pricing scheme at the

beginning of the time period, which specifies the Wi-Fi access price on each

AP paid by Aliens and Bills (except the AP owner), denoted by p = {pi, ∀i ∈
Ks}. The operator’s goal is to choose a proper set of prices to maximize the

total revenue collected at all member APs.

Second, given the operator’s pricing scheme p = {pi, ∀i ∈ Ks}, each sub-

scriber i ∈ Ks chooses his membership xi ∈ {0, 1} for the entire period of T

time slots, where 0 and 1 correspond to “Linus” and “Bill”, respectively. The

goal of each subscriber is to choose the best membership that maximizes his

expected payoff during the whole period of T time slots, taking his mobility

pattern and demand (or evaluation) for network access as well as other users’
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... ...slot  1 slot  2 ... slot  T

One Time Period
Time

Membership 
Selection 

Game

Stage I Stage II

Network Access Game (on each AP in each time slot)

Figure 3.3: Two-Stage Dynamic Game in Layer II (In each time slot, there is a set of
parallel network access games, each associated with an AP.)

membership selections into consideration.

Third, given the operator’s pricing scheme p = {pi, ∀i ∈ Ks} and the

subscribers’ membership selections x = {xi, ∀i ∈ Ks}, each user (subscriber

or Alien) further decides the network usage in each time slot, i.e., the network

access time on the AP of his current location. When staying at home, a

subscriber uses his private channel exclusively, and his network access decision

is independent of other users’ decisions. When accessing the Internet through

another subscriber’s AP, a user (subscriber or Alien) needs to compete for

the public channel with other users connecting to the same AP (except the

owner of that AP), hence his best network access decision depends on other

users’ decisions.

In this chapter, we will study the operator pricing design problem and the

user joint membership selection and network access decision problem com-

prehensively.

3.2.3 Problem Formulation

We formulate the interactions between the operator and the users as a two-

layer Stackelberg model, as illustrated in Figure 3.2. In Layer I, the operator

acts as the leader and optimizes the pricing scheme, based on his anticipa-

tion of users’ responses (i.e., membership selection and network access) to
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the pricing scheme. The operator announces the pricing scheme to users at

the beginning of each time period, and the pricing scheme will not change

throughout the whole time period. In Layer II, the users act as the followers

and decide their membership selections and network access decisions, given

the operator’s pricing scheme.

Moreover, we formulate users’ joint membership selection and network

access problem (in Layer II) as a two-stage dynamic game, as illustrated

in Figure 3.3. In Stage I, subscribers participate in a membership selection

game at the beginning of each time period, where each subscriber chooses

his membership for the whole time period. In Stage II, at each time slot,

users travelling to the same AP participate in a network access game, where

each user decides his network access time on that AP. Namely, each AP is

associated with a network access game at each time slot.

In this work, we consider both the small-scale and large-scale networks.

In practice, each user has the limited computation capability, which may be

enough for computing his best decision in a small-scale network, while not

enough in a large-scale network. Hence, we assume that users will make the

approximately best responses in large-scale networks, and hence are bounded

rational. Namely, we propose an approximate Stackelberg model for large-

scale networks, where users act in a bounded rational manner.

In what follows, we will study the Stackelberg game by backward induc-

tion, starting from the users’ two-stage dynamic game in Layer II (Section

3.3), and then moving to the operator’s pricing design in Layer I (Section 3.4).

We will further study the approximate Stackelberg model with bounded ra-

tional users in Section 3.5.
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3.3 Layer II: User Behavior Anslysis

In this section, we study the users’ two-stage dynamic game (for small-scale

networks) in Layer II, given the operator’s pricing scheme. We analyze the

game by backward induction. We will first analyze the network access game

in Stage II for each time slot and then analyze the membership selection game

in Stage I for the whole time period.

3.3.1 Stage II: Network Access Game on Each AP

We first study the network access game in Stage II (on each AP in each time

slot), given the subscribers’ membership selections x = {xi, ∀i ∈ Ks} in Stage

I and the operator’s pricing scheme p = {pi, ∀i ∈ Ks} in Layer I. In this game,

each user decides the network access time on the AP at his current location,

aiming at maximizing his payoff in the current time slot.

3.3.1.1 Network Access Game Formulation

Without loss of generality, we consider the network access game on a partic-

ular AP k in a particular time slot t. Recall that the length of each time slot

is normalized to be one for notational convenience.

The players of the game are all users traveling to AP k (except the owner of

AP k) in time slot t, denoted by K(k, t) = Ks(k, t)
⋃Ka(k, t), where Ks(k, t)

and Ka(k, t) are the sets of subscribers and Aliens (at AP k and time slot t),

respectively. For notational convenience, we will ignore the time index t, and

hence write the player set as K(k) = Ks(k)
⋃Ka(k) in the rest of this section,

since we stick on the operations in time slot t.

The strategy of each player i ∈ K(k) is to decide the network access time

σi,k ∈ [0, 1] on AP k in time slot t. We denote the strategies of players in

K(k) except i as σ−i,k = {σj,k, j �= i, j ∈ K(k)}. The payoff of player i is
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a function of both his own strategy σi,k and other players’ strategies σ−i,k,

denoted by vi,k(σi,k,σ−i,k) (to be defined later).

More formally, the network access game on a particular AP k (in time slot

t) and the corresponding Nash equilibrium are defined as follows.

Definition 3.1 (Network Access Game on AP k).

• Players: the set K(k) of users traveling to AP k;

• Strategies: the network access time σi,k ∈ [0, 1] of each user i ∈ K(k) on

AP k;

• Payoffs: vi,k(σi,k,σ−i,k), ∀i ∈ K(k).

Definition 3.2 (Nash Equilibrium). A Nash equilibrium of the Network Ac-

cess Game on AP k (in time slot t) is a profile σ∗
k = {σi,k, ∀i ∈ K(k)} such

that for each user i ∈ K(k),

vi,k(σ
∗
i,k,σ

∗
−i,k) ≥ vi,k(σi,k,σ

∗
−i,k), ∀σi,k ∈ [0, 1].

Note that the Nash equilibrium σ∗
k depends on the player set K(k), hence

can be written as σ∗
k(K(k)).

3.3.1.2 Utility and Payoff Definition

Before analyzing the Nash equilibrium, we first define users’ utility and payoff

functions.

Utility: The utility captures a user’s satisfaction for accessing the Inter-

net for a certain amount of time. Due to the diminishing marginal returns

principle [19, 20], we assume the utility function is increasing and concave.

As a concrete example, we define the utility of user i ∈ K(k) on AP k as

ui(σi,k,σ−i,k) = ρi log(1 + r̄i,k(σ−i,k) · σi,k), (3.1)
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Figure 3.4: Average Data Rate per Wi-Fi User [64]

where ρi is user i’s network access evaluation, characterizing user i’s valuation

of data consumption. Here, r̄i,k(σ−i,k) is the expected data rate that user i

can achieve on AP k, which is a decreasing function of other users’ network

access times σ−i,k on AP k. Intuitively, with more users accessing AP k’s

public channel simultaneously, user i’s achieved data rate will decrease due

to the increased congestion. Obviously, r̄i,k(σ−i,k) · σi,k denotes the total

expected data amount that user i consumes on AP k (in time slot t).

Next, we derive the concrete form of the user i’s expected data rate

r̄i,k(σ−i,k) on AP k. Let R̄(n) denote the average data rate of a Wi-Fi user

when n users are connecting to the Wi-Fi AP simultaneously. Let Pi,k(n)

denote the probability that n other users (except i) connect to AP k. Then,

user i’s expected data rate r̄i,k(σ−i,k) can be calculated as follows:

r̄i,k(σ−i,k) =

|K(k)|−1∑
n=0

Pi,k(n) · R̄(n+ 1). (3.2)
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According to IEEE 802.11g standard [64], we have:

R̄(n) =
τ τ̄n−1L

τ̄nTb + [(1− τ̄n)− nτ τ̄n−1]Tc + nτ τ̄n−1Ts

, (3.3)

where τ is the average successful probability of contention (and τ̄ = 1− τ), L

is the average payload length, Tb is the length of a backoff slot, Tc is the length

of a collision slot, and Ts is the length of a successful slot. Figure 3.4 illustrates

an example of R̄(·) under IEEE 802.11g standard (reproduced from [64], with

parameters τ = 0.0765, L = 8192, Tb = 28μs, and Tc = Ts = 85.7 + L/54μs).

The decreasing data rate per user is due to both the reduced resource per

user and the waste of resources caused by congestion among users.

For simplicity, we assume that if a user i decides to access the channel with

a certain time σi,k, he will spread this access time randomly and uniformly

across the entire time slot. Recall that the length of a time slot is normalized

to 1. Hence, the probability that user i connects to AP k in an infinitely small

time interval within the time slot is σi,k. Thus, Pi,k(n), n = 0, 1, ..., |K(k)|−1,

follow the binomial distribution (with a total of |K(k)| trials and a success

probability σj,k for each trial j ∈ K(k) \ {i}). Formally,

Pi,k(n) =
∑

Kn∈Kn(k)

⎛⎝∏
j∈Kn

σj,k ·
∏

j∈K(k)\{i}\Kn

(1− σj,k)

⎞⎠ ,

where Kn denotes an arbitrary subset of K(k) with n users (except i), and

Kn(k) denotes the set of all possible Kn. Obviously,
∏

j∈Kn
σj,k denotes the

probability that all users in Kn are connecting to AP k, and
∏

j∈K(k)\{i}\Kn
(1−

σj,k) denotes the probability that all other users (except user i and those in

Kn) are not connecting to AP k.

Payoff: The payoff of each user i ∈ K(k) is defined as the difference

between the utility and the payment. Specifically, if user i is a Linus (i.e.,

i ∈ Ks(k) and xi = 0), he does not need to pay for his network usage on AP
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k. Hence, the payoff of a Linus-type user i on AP k, denoted by vli,k, is the

same as his utility defined in (3.1), i.e.,

vli,k(σi,k,σ−i,k) = ui(σi,k,σ−i,k). (3.4)

If user i is a Bill (i.e., i ∈ Ks(k) and xi = 1) or Alien (i.e., i ∈ Ka(k)), he

needs to pay for his network usage on AP k, and the payment is proportional

to his network access time σi,k. Hence, the payoff of a Bill-type or Alien user

i, denoted by vBi,k, is the difference between utility and payment, i.e.,

vBi,k(σi,k,σ−i,k) = ui(σi,k,σ−i,k)− pkσi,k. (3.5)

Based on the above, we can summarize the payoff of user i ∈ K(k) in the

Network Access Game (on AP k) as follows:

vi,k(σi,k,σ−i,k) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
vli,k(σi,k,σ−i,k), if i ∈ Ks(k) and xi = 0;

vBi,k(σi,k,σ−i,k), if i ∈ Ks(k) and xi = 1;

vBi,k(σi,k,σ−i,k), if i ∈ Ka(k).

(3.6)

3.3.1.3 Nash Equilibrium Analysis

Now we study the Nash equilibrium of the above Network Access Game (on

AP k).

Given all other users’ strategies, a user’s best response is the strategy that

maximizes his payoff. The Nash equilibrium is a strategy profile where each

user’s strategy is the best response to other users’ strategies.

Lemma 3.1. If user i is a Linus, his best response in the Network Access

Game on AP k is

σ∗
i,k = 1, (3.7)

regardless of other users’ strategies.
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Lemma 3.2. If user i is a Bill or an Alien, his best response in the Network

Access Game on AP k is

σ∗
i,k = min

{
1,max

{
ρi
pk

− 1

r̄i,k(σ−i,k)
, 0

}}
, (3.8)

which is a function of other users’ strategies σ−i,k.

We next illustrate the existence of the Nash equilibrium in the Network

Access Game.

Theorem 3.1. There exists at least one Nash equilibrium in the Network

Access Game on AP k.

Now we discuss the uniqueness of the Nash equilibrium in the Network

Access Game on AP k.

Proposition 3.1. In a Network Access Game with two players, the Nash

equilibrium is unique if R̄(1)−R̄(2)

(R̄(2))2
< 1.

Note that the condition in Proposition 3.1 is always satisfied for practi-

cal WiFi systems given in [64]. For the cases with more than two players,

however, the uniqueness of Nash equilibrium depends on system parameters

in a more complicated fashion. Please refer to Section 3.8 for more detailed

discussions. We further propose a best response update algorithm in Section

3.8, which is guaranteed to converge to an Nash equilibrium under the same

condition for the uniqueness of the Nash equilibrium.

3.3.2 Stage I: Membership Selection Game

Now we study the subscribers’ membership selection game in Stage I, given

the operator’s pricing scheme p = {pi, ∀i ∈ Ks}. In this stage, each subscriber

i ∈ Ks decides his membership type xi ∈ {0, 1} (i.e., Linus or Bill) at the

beginning of the period, aiming at maximizing the overall expected payoff that
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he can achieve in all T time slots. Note that an Alien i ∈ Ka cannot choose

his type, as he has no Wi-Fi AP and does not contribute to the network.

3.3.2.1 Membership Selection Game Formulation

In the Membership Selection Game, players are subscribers in the set Ks. The

strategy of each player i ∈ Ks is to decide his membership xi ∈ {0, 1}, with
xi = 0 and 1 denoting Linus and Bill, respectively. We denote the strategies

of all players except i by x−i = {xj, j �= i, j ∈ Ks}. The overall payoff of a

player i is sum of the total expected payoff on all APs that he may travel to

and the total expected revenue that he may collect at his own AP (if choosing

to be a Bill) during T slots. It is a function of his own strategy xi and other

players’ strategies x−i, denoted by Vi(xi,x−i).

Formally, the Membership Selection Game and the corresponding Nash

equilibrium are defined as follows. Note that the Nash equilibria in Stage II

(Definition 3.2) and Stage I (Definition 3.4) together form a Subgame Perfect

Equilibrium (SPE) of the whole game.

Definition 3.3 (Membership Selection Game).

• Players: the set Ks of subscribers.

• Strategies: xi ∈ {0, 1}, ∀i ∈ Ks.

• Payoffs: Vi(xi,x−i), ∀i ∈ Ks.

Definition 3.4 (Nash Equilibrium). A Nash equilibrium of the Membership

Selection Game is a profile x∗ = {x∗
i , i ∈ Ks} such that for each subscriber

i ∈ Ks,

Vi(x
∗
i ,x

∗
−i) ≥ Vi(xi,x

∗
−i), ∀xi ∈ {0, 1}.
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3.3.2.2 Payoff Definition

Before analyzing Nash equilibrium, we first calculate each subscriber’s overall

expected payoff in the whole period.

Total expected payoff: A subscriber’s overall expected payoff consists

of (i) the total expected payoff on all APs that he may travel to and (ii)

the total expected revenue that he may collect on his own AP (if choosing

to be a Bill). We first calculate the total expected payoff of each subscriber

(on all APs that he may travel to), which depends on his mobility pattern.

Recall that the mobility of a subscriber i is characterized by the probabilities

of travelling to different APs, i.e., ηi = [ηi,0, ηi,1, . . . , ηi,K ], where ηi,k is the

probability of subscriber i travelling to AP k, and ηi,0 is the probability of

subscriber i travelling to an area that is not covered by any AP in the network.

We calculate subscriber i’s expected payoffs (per time slot) when staying at

home and when roaming outside, respectively.

(a) When staying at home (with a probability ηi,i), subscriber i communi-

cates over the private channel of AP i and does not interfere with other users.

Hence his expected payoff, denoted by Vi,i(xi,x−i), is

Vi,i(xi,x−i) = ρi · log(1 + r̄i,i · 1),

where constant r̄i,i corresponds to the average achieved data rate. The prod-

uct term r̄i,i · 1 implies that user i will access the Internet during the entire

time slot.

(b) When traveling to AP k �= i (with a probability ηi,k), subscriber i needs

to compete over the public channel with other users (except k) travelling to

AP k at the same time (in the Network Access Game).

Suppose that a set M(k) of other users (except i and k) are travelling

to AP k at the same time. That is, the game player set in the Network
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Access Game on AP k is K(k) = M(k)
⋃{i}. For more clarity, let us rewrite

the equilibrium payoff of subscriber i on AP k, i.e., vi,k(σi,k,σ−i,k) defined

in (5.3), as vi,k(σi,k,σ−i,k|M(k)), when competing with a set M(k) of other

users (in the Network Access Game on AP k). Hence, the expected payoff of

subscriber i on AP k is

Vi,k(xi,x−i) =
∑

M(k)∈K−{i,k}

φ(M(k))vi,k(σ
∗
i,k,σ

∗
−i,k|M(k)),

where φ(M(k)) is the probability that a set M(k) of users are travelling to

AP k, (σ∗
i,k,σ

∗
−i,k) is the corresponding equilibrium of the Network Access

Game, and K−{i,k} is the power set of Ku \ {i, k}, i.e., the set of all subsets

of Ku \ {i, k}. The probability φ(M(k)) is given by

φ(M(k)) =
∏

j∈M(k)

ηj,k ·
∏

j∈Ku\{i,k}\M(k)

(1− ηj,k),

where
∏

j∈M(k) ηj,k denotes the probability that all users in M(k) are travel-

ling to AP k, and
∏

j∈Ku\{i,k}\M(k)(1 − ηj,k) denotes the probability that all

other users (except users i, k, and those in M(k)) are not travelling to AP

k.

(c) When traveling to an area that is not covered by any AP (with a prob-

ability ηi,0), the expected payoff of subscriber i, denoted by Vi,0(xi,x−i), is

Vi,0(xi,x−i) = 0.

Based on the above, the total expected payoff of subscriber i (on all APs

that he may travel to during the whole period of T time slots) is

V †
i (xi,x−i) = T ·

K∑
k=0

ηi,k · Vi,k(xi,x−i). (3.9)
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Total expected revenue: Next, we calculate the total expected revenue

that each subscriber i may collect on his own AP. Specifically, if choosing

to be a Linus, subscriber i obtains a zero revenue.If choosing to be a Bill,

subscriber i obtains a fixed portion δ of the revenue collected at his AP.

Suppose that a set K(i) of other users (except i) are travelling to AP i.

That is, the player set in the Network Access Game on AP i is K(i). Then,

the Nash equilibrium in the Network Access Game on AP i can be written as

{σ∗
j,i(K(i)), ∀j ∈ K(i)}. (3.10)

Recall that the revenue collected on each AP is the total payment of all Aliens

and Bills accessing that AP. Hence, the total revenue collected on AP i is

Πi(x−i,K(i)) =
∑

j∈K(i)
⋂Ka

pi · σ∗
j,i(K(i)) +

∑
j∈K(i)

⋂Ks

xj · pi · σ∗
j,i(K(i)),

where the first term is the payment of Aliens, and the second term is the

payment of Bills. Hence, the total expected payment of Bills and Aliens on

AP i is

Π̄i(x−i) =
∑

K(i)∈K−i

φ(K(i)) · Πi(x−i,K(i)),

where φ(K(i)) is the probability that a set K(i) of users are travelling to AP

i, and K−i is the power set of Ku \ {i}. The probability φ(K(i)) is given by

φ(K(i)) =
∏

j∈K(i)

ηj,i ·
∏

j∈Ku\{i}\K(i)

(1− ηj,i). (3.11)

Based on the above, the total expected revenue that a subscriber i can

achieve at his own AP (during the whole time period of T time slots) is

V ‡
i (xi,x−i) = T · xi · δ · Π̄i(x−i). (3.12)
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Overall payoff: Combining the total expected payoff in (3.9) and the

total expected revenue in (3.12), the overall payoff of each subscriber in the

Membership Selection Game is

Vi(xi,x−i) = V ‡
i (xi,x−i) + V †

i (xi,x−i)

= T ·
(
xi · δ · Π̄i(x−i) +

K∑
k=0

ηi,k · Vi,k(xi,x−i)

)
.

(3.13)

3.3.2.3 Nash Equilibrium Analysis

A subscriber i will make the membership decision to maximize his over-

all payoff defined in (3.13). Specifically, he will choose to be a Linus if

Vi(0,x−i) > Vi(1,x−i), and choose to be a Bill otherwise. For notational

convenience, we denote fi(x−i) as the gap between Vi(1,x−i) and Vi(0,x−i):

fi(x−i) = Vi(1,x−i)− Vi(0,x−i). (3.14)

Hence, subscriber i will choose to be a Linus (xi = 0) if fi(x−i) < 0, and

choose to be a Bill (xi = 1) if fi(x−i) ≥ 0. Mathematically, this is equivalent

to choosing xi from {0, 1}, such that the following condition holds:

(2xi − 1) · fi(x−i) ≥ 0.

Next, we study the Nash equilibrium of the Membership Selection Game.

Lemma 3.3. A membership profile x∗ is an Nash equilibrium of the Mem-

bership Selection Game, if and only if

(2x∗
i − 1) · fi(x∗

−i) ≥ 0, ∀i ∈ K.
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Proposition 3.2. For each subscriber i, if

ηi,i > η
i
� 1− δ · Π̄i(x

∗
−i)∑

k∈Ks/{i}
(
Vi,k(0,x∗

−i)− Vi,k(1,x∗
−i)

) ,
then his best response is to choose to be a Bill (i.e., xi = 1).

Intuitively, a subscriber with a large probability of staying at home will

choose to be a Bill, as his network usage on other APs is small, hence the

benefit of obtaining revenue at his own AP outweighs the payment at other

APs.

However, the Membership Selection Game may not always possess an Nash

equilibrium, which is essentially a pure strategy equilibrium (i.e., each sub-

scriber chooses a particular membership). To illustrate this, we provide a

simple example with 3 APs in Section 3.8. Hence, in what follows, we will

further look at the case of mixed-strategy Nash equilibrium [65], where each

subscriber may choose both membership types with probabilities.

3.3.2.4 Mixed-Strategy Nash Equilibrium

For each subscriber i, his mixed strategy can be characterized as the proba-

bility αi ∈ [0, 1] of choosing to be a Bill (hence the probability of choosing

to be a Linus is 1 − αi). The pure strategy xi is a special case of the mixed

strategy when αi equals 1 or 0. For writing convenience, we denote the mixed

strategy profile of all subscribers except i as

α−i = {αj, j �= i, j ∈ Ks}.

Then, the expected payoff of subscriber i can be defined as

ωi(αi,α−i) = αi · V̄i(1,α−i) + (1− αi) · V̄i(0,α−i), (3.15)
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where V̄i(1,α−i) and V̄i(0,α−i) are subscriber i’s expected payoffs when choos-

ing to be a Bill and a Linus, respectively. Note that V̄i(1,α−i) and V̄i(0,α−i)

are the expected values over all possible membership selections of all other

users. Specifically, there are K − 1 other subscribers, hence 2K−1 possible

membership selection combination of those subscribers, forming a set X−i.

Each subscriber j chooses xj = 1 and 0 with probabilities αj and 1 − αj,

respectively. Then, the probability that a particular x−i ∈ X−i is

ψ(x−i) =
∏

j∈Ks\{i}

(
αj · xj + (1− αj) · (1− xj)

)
. (3.16)

Then, V̄i(1,α−i) and V̄i(0,α−i) can be calculated by

V̄i(xi,α−i) =
∑

x−i∈X−i

ψ(x−i)Vi(xi,x−i), xi ∈ {0, 1}, (3.17)

where Vi(xi,x−i) is the overall payoff of subscriber i under the pure strategy

profile defined in (3.13).

Definition 3.5 (Mixed-Strategy Nash Equilibrium). A mixed-strategy Nash

equilibrium of the Membership Selection Game is a probability profile α∗ such

that for each subscriber i ∈ Ks:

ωi(α
∗
i ,α

∗
−i) ≥ ωi(αi,α

∗
−i), ∀αi ∈ [0, 1].

We first show the existence of the mixed-strategy Nash equilibrium in the

Membership Selection Game.

Theorem 3.2. There exists at least one mixed-strategy Nash equilibrium in

the Membership Selection Game.

To compute the Nash equilibrium effectively, we design a smoothed best

response updated algorithm, where each player updates his mixed strategy

in a smoothed best response manner according to the other players’ mixed
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Algorithm 4 Smoothed Best Response Update Algorithm

Input: α0, γ, ε.

Output: α∗.

1: Set n = 0 and Flag = 0.

2: while Flag = 0 do

3: for i = 1 : K do

4: Calculate Ṽi(1,α
n
−i) and Ṽi(0,α

n
−i).

5: Update αn+1
i = e

˜Vi(1,α
n−i)/γ

e
˜Vi(1,α

n−i
)/γ

+e
˜Vi(0,α

n−i
)/γ

.

6: end for

7: if |αn+1 −αn| ≤ ε then

8: Set Flag = 1.

9: end if

10: Set n = n+ 1.

11: end while

12: Set α∗ = αn.

strategies in the previous iteration. The basic idea is as follows. First, given

the mixed strategy profile αn at the n-th round, each player computes the

corresponding expected payoff when choosing to be Bill (i.e., Ṽi(1,α
n
−i)) or

to be Linus (i.e., Ṽi(0,α
n
−i)). Then, each player updates his mixed strategy

at the (n + 1)-th round according to the following smoothed best response

method [66]:

αn+1
i =

eṼi(1,α
n
−i)/γ

eṼi(1,αn
−i)/γ + eṼi(0,αn

−i)/γ
,

where γ is a parameter that determines the degree to which the function

deviates from the true best response (a larger γ implies that the player is

more likely to act randomly). Using the result in [66], we can show that

such a smoothed best response with some learning rules (as in fictitious play)

converges to the mixed strategy Nash equilibria.
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3.4 Layer I: Operator Pricing Design

In this section, we study the operator’s pricing design (for small-scale net-

works) in Layer I. The operator designs the pricing scheme based on his

anticipation of users’ membership selections and network access decisions in

Layer II.

Note that the operator can choose different pricing schemes. Two typi-

cal examples are the complete price differentiation scheme, where the oper-

ator charges different prices on different APs, and the single-pricing scheme,

where the operator charges the same price on all APs. The former scheme

can achieve a high performance (operator revenue) with the cost of a high

computational complexity, while the latter scheme reduces the complexity

with the cost of revenue loss. To balance the complexity and performance,

we will propose a partial price differentiation scheme, which generalizes both

the complete price differentiation scheme and the single-pricing scheme.

3.4.1 Complete Price Differentiation

We first study the complete price differentiation scenario, where the operator

charges different prices on different APs. The operator optimizes his pricing

scheme to maximize his total expected revenue in one time period, which is

proportional to the network usage of Bills and Aliens. For convenience, we

denote the network usage of Bills and Aliens as the charged network usage,

which brings revenue for the operator directly.

Charged network usage: We first derive the charged network usage

on a particular AP i ∈ Ks in a particular time slot, which depends on the

set of users that are traveling to AP i. Suppose that a set K(i) of users

(except i) are traveling to AP i in that time slot. That is, the player set

in the corresponding network access game is K(i). The Nash equilibrium of
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the game is given in (3.10), from which we can further compute the charged

network usage on AP i. Hence, given the user set K(i), the charged network

usage on AP i in one time slot is:

∑
j∈K(i)∩Ka

σ∗
j,i(K(i)) +

∑
j∈K(i)∩Ks

xj · σ∗
j,i(K(i)),

where σ∗
j,i is user j’s equilibrium network usage on AP i, which is given in

Lemmas 3.1 and 3.2. The first term denotes the total network usage from

Aliens in K(i), and the second term denotes the total network usage from

Bills in K(i).

Next we derive the charged network usage on AP i in the whole period of

T time slots, which is the expected value over all possible membership selec-

tion combinations of the other K − 1 subscribers (except i).2 For notational

convenience, we use x−i = {xj : j �= i, j ∈ Ks} to represent a membership

selection combination of other K − 1 subscribers, and use X−i to represent

the set of all 2K−1 possible membership selection combinations. Then, the

expected charged network usage on AP i in the whole time period, denoted

as σ̄∗
i (p), can be calculated by:

σ̄∗
i (p) = T

∑
x−i∈X−i

ψ(x−i)

[ ∑
K(i)∈K−i

φ(K(i))

·
( ∑

j∈K(i)∩Ka

σ∗
j,i(K(i)) +

∑
j∈K(i)∩Ks

xjσ
∗
j,i(K(i))

)]
,

(3.18)

where K−i is the power set of Ku \ {i}. The term φ(K(i)) denotes the prob-

ability that a set K(i) of users are travelling to AP i in a time slot, and is

calculated by Eq. (3.11). The term ψ(x−i) denotes the probability that a par-

ticular membership selection combination x−i ∈ X−i occurs, and is calculated

2User i’s own membership selection does not affect the charged network usage on AP i, as each AP
owner uses his private channel exclusively and does not account for the charged network usage.
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by Eq. (3.16).

Operator’s expected revenue: The total expected revenue generated

on AP i is proportional to the charged network usage, i.e., pi · σ̄∗
i (p), where

pi is the price per unit connection time charged to Bills and Aliens on AP

i. We use α∗
i to represent subscriber i’s probability of choosing to be a

Bill at equilibrium. Recall that if subscriber i chooses to be a Linus (with

probability 1−α∗
i ), the operator can obtain all the revenue generated on AP

i. If subscriber i chooses to be a Bill (with probability α∗
i ), the operator can

only obtain 1 − δ of the revenue generated on AP i. Hence, the operator’s

expected revenue collected on AP i is:

hi(p) =
[
1 · (1− α∗

i ) + (1− δ) · α∗
i

]
· pi · σ̄∗

i (p). (3.19)

Thus, the operator’s total expected revenue collected on all APs in the whole

time period is

HC(p) =
K∑
i=1

hi(p).

Based on the above analysis, the operator’s complete price differentiation

problem can be defined as follows:

Problem 1: Complete Price Differentiation

max HC(p) =
K∑
i=1

hi(p)

var: pi ≥ 0, ∀i ∈ Ks

We can easily compute an effective upper bound for each price variable pi

in the above Problem 1:

pi ≤ p̄ � max
i∈Ku

ρi · R̄(1), (3.20)
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where ρi is the network access evaluation of user i (characterizing user i’s

valuation of data consumption), and R̄(1) is the average data rate that a user

can achieve when accessing a Wi-Fi AP exclusively, and can be calculated by

Eq. (3.3). By Lemma 3.2, we can easily find that any price pi larger than

p̄ will lead to a zero network usage for all Bills and Aliens on AP i, hence

a zero revenue for the operator. Thus, we can focus on finding the optimal

prices within their respective upper bounds, without affecting the optimality.

Moreover, such upper bounds are also very useful for implementing the iter-

ative algorithm to solve Problem 1 numerically, which will be discussed soon

later.

Unfortunately, it is very challenging to solve Problem 1, as it is a mixed

multi-level problem, where continuous and binary variables are coupled with

each other in a highly nonlinear manner. Nevertheless, we can explore some

useful characteristics of Problem 1, which will help us find the solution nu-

merically.

First, the derivative of the objective function is not readily computable,

since we do not have the explicit function relationship of the membership

profiles with respect to the prices. Second, given any price vector p, we

can compute the objective value, since the optimal total charged network

usage on each AP σ̄∗
i (p) is given by Eq. (3.18), and the equilibrium α∗(p) of

Membership Selection Game can be computed by the smoothed best response

update algorithm. The unavailability of the derivative information of the

objective function makes the use of gradient-based methods impossible, and

availability of the objective value makes the use of derivative-free algorithms

possible. These factors motivates us to use the derivative-free algorithm [26].

We propose to use a recently developed DYCORS (DYnamically COordi-

nate search using Response Surface models) algorithm [27], which is one of

the derivative-free algorithms, to solve Problem 1. A DYCORS algorithm
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is often designed to solve the box-constrained optimization problem. The

key idea of DYCORS is to build and maintain a surrogate model [28] of the

objective function at each iteration, and generate trial solutions by using a

dynamic coordinate search strategy. It selects the iterate from a set of ran-

dom trail solutions obtained by perturbing only a subset of the coordinates

of the current best solution, which is helpful in finding the global minimum.

Moreover, the probability of perturbing a coordinate decreases as the algo-

rithm reaches the computational budget. If the objective function of Problem

1 is continuous, then the DYCORS algorithm converges to a global optimal

solution with probability one.

3.4.2 Partial Price Differentiation

The complete price differentiation is of high implementation complexity and

user aversion. However, if the operator implements the single pricing scheme

and ignores the difference among different APs, it may suffer from a high

revenue loss. To this end, we propose a partial price differentiation scheme,

where the operator charges the same price on APs with similar attributes, to

achieve a tradeoff between the revenue and implementation complexity. Note

that the complete price differentiation scheme and the single pricing scheme

are special cases of the partial price differentiation scheme.

In the partial price differentiation scheme, the operator charges the same

price on the APs in the same group (i.e., those with similar attributes), while

different prices on different groups. This is analogous to the third-degree

price discrimination in economics [67, 68], where prices are set according to

user segmentation (based on user attributes such as ages, occupations, and

genders).

In our partial price differentiation, all APs are first segmented into dif-

ferent groups, based on the AP attributes (such as location hotness, i.e., the
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summation of other users’ probabilities of roaming to that location, also called

location popularity) and the AP owners’ network access evaluation. Then, a

single price is set for all APs in the same group.

3.4.2.1 AP Segmentation

We assume that the operator segments the set Ks = {1, 2, · · · , K} of APs into

G (G ≤ K) groups. We denote the set of APs in group g (g = 1, 2, · · · , G)

as set Sg, and we denote the AP segmentation result, i.e., the set of all G

AP sets, as S = {S1,S2, · · · ,SG}. The AP segmentation is based on AP

attributes. The APs in the same set Sg have similar attributes.

The AP segmentation problem has several characteristics. First, the num-

ber of APs involved in the AP segmentation problem can be very large, e.g.,

several hundred or several thousand. Second, the AP segmentation is based

on AP attributes, such as location hotness and AP owner’s network access

evaluation. So each AP is described by a multiple dimensional data profile

in the AP segmentation problem. Third, different AP attributes can be of

different importance in the segmentation problem. The above three charac-

teristics motivate us to use the weighted k-means clustering [69, 70] to deal

with the AP segmentation problem.

The k-means clustering is popular for many real world applications such

as user segmentation in marketing research [69]. The weighted k-means clus-

tering [70] assigns a weight to each attribute, where the weight measures

the importance of the weight in the clustering. More details regarding the

weighted k-means clustering can be found in Section 3.8.

By applying the weighted k-means clustering, we can obtain the AP seg-

mentation result S = {S1,S2, · · · ,SG}.
In Section 3.6, we provide numerical results to illustrate how the AP at-

tributes and corresponding weights affect the AP segmentation result.
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3.4.2.2 Price Optimization

In the partial price differentiation scheme, the operator sets one price to APs

in the same group.

Given the AP segmentation S = {S1,S2, · · · ,SG}, the operator’s partial

price differentiation problem is as follows:

Problem 2: Partial Price Differentiation

max HP (pP ) =
K∑
i=1

hi(p
P )

var: pPg ≥ 0, ∀g = 1, 2, · · · , G

Here, pP = {pP1 , pP2 , · · · , pPG}. The objective function HP (pP ) is similar as

HC(p), by replacing pi in HC(p) with pPg if i ∈ Sg. Obviously, Problem 2 has

the similar structure as Problem 1, hence we can use the DYCORS algorithm

to solve it.

3.5 Approximate Model and Analysis for Large-Scale

Systems

It is important to note that the complexity of the Stackelberg model (in

Sections 3.3 and 3.4) increases exponentially with the number of APs. Hence,

in large-scale networks with a large number of APs, users may not be able to

make the fully rational decisions due to the limited computation abilities. In

this section, we will propose and analyze an approximate Stackelberg model

for such a large-scale system.

The basic framework of the approximate Stackelberg model is similar as

that of the Stackelberg model in Figure 3.2. Namely, the operator optimizes

the pricing scheme in Layer I, and users decide their probabilities of choosing
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to be Bills/Linues and their network access in Layer II. The key difference

is summarized as follows. In a large-scale network, each user may not be

able to enumerate all possible behaviors of other users and then calculate

his payoff by Eqs. (3.15)-(3.17) accordingly, due to the limited computation

capability of each user. Hence, in the approximate Stackelberg model, each

user will behave based on the estimated expected behaviors of other users. In

the previous Stackelber model, however, each user will behave based on the

complete enumeration of all possible behaviors of all other users.

Next, we will analyze the approximate Stackelberg model by backward

induction.

3.5.1 Layer II: User Behavior Analysis

Users’ approximate two-stage dynamic game is the same as the one illus-

trated in Figure 3.3. Subscribers participate in an approximate membership

selection game in Stage I and decide their probabilities of choosing to be

Bills/Linus at the beginning of one time period. Users participate in an ap-

proximate network access game in Stage II and decide their network access

time on the APs in each time slot. We analyze the approximate two-stage

dynamic game by backward induction.

3.5.1.1 Stage II: Approximate Network Access Game on Each AP

The approximate network access game in the approximate Stackelberg model

is different from the network access game in the Stackelberg model. In the

large-scale system, when a user travels to an AP location, he can neither

derive the set of other users who travel to the same AP location, nor those

users’ precise network access decisions. Hence, we assume that each user only

knows other users’ expected network access decisions.

We define the approximate network access game on AP k in the large-scale
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system as follows.

Game (Approximate Network Access Game on AP k).

• Players: the set Ku = Ks ∪ Ka of users in the network;

• Strategies: σ̃i,k ∈ [0, 1], ∀i ∈ Ku;

• Payoffs: ṽi,k(σ̃i,k, σ̃−i,k), ∀i ∈ Ku.

The payoff is the difference between the utility and the payment (charged

to Bills and Aliens).

The utility of user i ∈ Ku on AP k is

ũi(σ̃i,k, σ̃−i,k) = ρi log(1 + r̃k(σ̃k) · σ̃i,k). (3.21)

Here r̃k(σ̃k) is the data rate that user i can achieve on AP k. When the

number of user in the network is large, we assume that each user will achieve

the same data rate r̃k(σ̃k) on AP k, which is a function of all users’ network

access decisions σ̃k = {σ̃i,k, ∀i ∈ Ku}:

r̃k(σ̃k) = R̄(
∑
i 	=k

ηi,kσ̃i,k). (3.22)

Here
∑

i 	=k ηi,kσ̃i,k represents the expected number of users who access AP

k simultaneously in a single time slot, and R̄(
∑

i 	=k ηi,kσ̃i,k) is given by Eq.

(3.3) and denotes the average data rate of a user when
∑

i 	=k ηi,kσ̃i,k users are

connecting to AP k simultaneously.

If user i is a Linus, his payoff is just his utility, since he does not need to

pay for his network usage on AP k:

ṽli,k(σ̃i,k, σ̃−i,k) = ũi(σ̃i,k, σ̃−i,k). (3.23)

If user i is a Bill or Alien, his payoff is the difference between his utility and
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payment:

ṽBi,k(σ̃i,k, σ̃−i,k) = ũi(σ̃i,k, σ̃−i,k)− p̃kσ̃i,k. (3.24)

Here p̃k is the unit price charged to Bills and Aliens on AP k in the approxi-

mate Stackelberg model.

We summarize the payoff of user i ∈ Ku in the Approximate Network

Access Game (on AP k) as follows:

ṽi,k(σ̃i,k, σ̃−i,k) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ṽli,k(σ̃i,k, σ̃−i,k), if i ∈ Ks and xi = 0;

ṽBi,k(σ̃i,k, σ̃−i,k), if i ∈ Ks and xi = 1;

ṽBi,k(σ̃i,k, σ̃−i,k), if i ∈ Ka.

(3.25)

We derive the best response of user i ∈ Ku as follows.

Lemma 3.4. If user i is a Linus, his best response in the Approximate Net-

work Access Game on AP k in the large-scale system is

σ̃L∗
i,k = 1, (3.26)

regardless of other users’ strategies.

Lemma 3.5. If user i is a Bill or an Alien, his best response in the Approx-

imate Network Access Game on AP k in the large-scale system is

σ̃B∗
i,k = min

{
1,max

{
ρi
p̃k

− 1

r̃k(σ̃k)
, 0

}}
, (3.27)

which is a function of users’ strategy profile σ̃k.

Regarding the existence of the Nash equilibrium, we have the same con-

clusion as that in the network access game of the Stackelberg model, i.e.,

Theorem 3.1 in Section 3.3.1. We can use the same best response update al-

gorithm in Section 3.3.1 to derive the Nash equilibrium for the approximate

network access game.
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3.5.1.2 Stage I: Approximate Membership Selection Game

Now we study the approximate membership selection game in the large-scale

system.

The players are the set Ks of subscribers. Each subscriber decides his prob-

ability of choosing to be a Bill. Because of the limited computation capability,

users are bounded rational. Each user aims to maximize his perceived payoff

which is based on the expected behaviors of other users.

We define the approximate membership selection game in the large-scale

system as follows.

Game (Approximate Membership Selection Game).

• Players: the set Ks of subscribers.

• Strategies: α̃i ∈ [0, 1], ∀i ∈ Ks.

• Payoffs: ω̃i(α̃i, α̃−i), ∀i ∈ Ks.

The perceived expected payoff of subscriber i choosing to be a Bill with

probability α̃i is:

ω̃i(α̃i, α̃−i) = (1− α̃i)Ṽ
L
i (0, α̃−i) + α̃iṼ

B
i (1, α̃−i), (3.28)

where Ṽ L
i (0, α̃−i) is the perceived payoff when subscriber i chooses to be a

Linus, and Ṽ B
i (1, α̃−i) is the perceived payoff when subscriber i chooses to be

a Bill. Due to the limited computation capability of subscriber i, subscriber

i can not calculate Ṽ L
i (0, α̃−i) and Ṽ B

i (1, α̃−i) based on the enumeration of

all possible membership selections of other users, as in Eq. (3.17). The

calculation of Ṽ L
i (0, α̃−i) and Ṽ B

i (1, α̃−i) is based on the expected behaviors

of other users perceived by subscriber i.

Specifically, if subscriber i chooses to be a Linus, his perceived payoff

Ṽ L
i (0, α̃−i) includes his perceived utility on all possible APs that he may
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travel to during the whole time period.

When Linus i stays at home and access his own AP, his perceived payoff

is:

Ṽ L
i,i(0, α̃−i) = ρi log(1 + r̄i,i · 1).

Recall that r̄i,i corresponds to the average data rate that Linus i achieves at

his private channel. When Linus i travels to AP k, his perceived payoff of

connecting to AP k is:

Ṽ L
i,k(0, α̃−i) = ρi log(1 + r̃k(σ̃k) · 1).

When Linus i travels to an area that is not covered by any of the K Wi-Fi

APs, his perceived payoff is:

Ṽ L
i,0(0, α̃−i) = 0.

Based on the above, the perceived payoff of Linus i is

Ṽ L
i (0, α̃−i) = T

K∑
k=0

ηi,kṼ
L
i,k(0, α̃−i). (3.29)

If subscriber i chooses to be a Bill, his perceived payoff Ṽ B
i (1, α̃−i) includes

his payoff on all possible APs that he may travel to during the whole time

period and the expected revenue that subscriber i collects on his own AP.

Similarly, when Bill i stays at home and access his own AP, his perceived

payoff is:

Ṽ B
i,i (1, α̃−i) = ρi log(1 + r̄i,i · 1).

When Bill i travels to AP k, his perceived payoff of connecting to AP k is:

Ṽ B
i,k(1, α̃−i) = ρi log(1 + r̃k(σ̃k)σ̃

B∗
i,k )− p̃kσ̃

B∗
i,k ,
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where σ̃B∗
i,k is calculated by Eq. (3.27). When Bill i travels to an area that is

not covered by any of the K Wi-Fi APs, his perceived payoff is:

Ṽ B
i,0(1, α̃−i) = 0.

The expected revenue that Bill i collects on his own AP is a δ portion of

the payment of all Aliens and Bills, which can be calculated as:

Π̃B
i (1, α̃−i) = Tδp̃i

⎛⎝ ∑
j∈Ku

⋂Ka

ηj,iσ̃
B∗
j,i +

∑
j∈Ku

⋂Ks,j 	=i

ηj,iα̃jσ̃
B∗
j,i

⎞⎠ .

Based on the above, the perceived payoff of Bill i is

Ṽ B
i (1, α̃−i) = Π̃B

i (1, α̃−i) + T
K∑
k=0

ηi,kṼ
B
i,k(0, α̃−i). (3.30)

Regarding the existence of the Nash equilibrium, we have the same con-

clusions in Theorem 3.2 as the membership selection game in the Stackelberg

model, in Section 3.3.2. We can use the same smoothed best response update

algorithm in Section 3.3.2 to derive the Nash equilibrium for the approximate

membership selection game.

3.5.2 Layer I: Operator Pricing Design

In this section, we study the operator’s pricing design in Layer I of the approx-

imate Stackelberg model. Similarly, we propose a partial price differentiation

scheme.

In the partial price differentiation scheme, the operator first segment the

APs in the network into different groups, based on AP attributes, as in Section

3.4.2.1. We denote the set of APs in group g (g = 1, 2, · · · , G) as set S̃g, and

we denote the AP segmentation result as S̃ = {S̃1, S̃2, · · · , S̃G}.
Then the operator sets one price to APs in the same group. The operator’s
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goal is to maximize the total revenue he collected on all APs in the network:

H̃(p̃P ) =
K∑
i=1

h̃i(p̃
P ).

Here h̃i(p̃
P ) is the expected revenue collected by the operator on AP i, which

can be written as:

h̃i(p̃
P ) = (1 · (1− α̃∗

i ) + (1− δ) α̃∗
i ) p̃

P
g σ̃

∗
i (p̃

P ), (3.31)

Here i ∈ S̃g, and σ̃∗
i (p̃

P ) is the expected charged network usage from all Bills

(except subscriber i) and Aliens at equilibrium on AP i:

σ̃∗
i (p̃

P ) = T p̃Pg

⎛⎝ ∑
j∈Ku

⋂Ka

ηj,iσ̃
B∗
j,i +

∑
j∈Ku

⋂Ks,j 	=i

ηj,iα̃jσ̃
B∗
j,i

⎞⎠ .

Given the AP segmentation S̃ = {S̃1, S̃2, · · · , S̃G}, the operator’s partial

price differentiation problem in the approximate Stackelberg model can be

written as follows:

Problem 3: Approximate Partial Price Differentiation

max H̃(p̃P ) =
K∑
i=1

h̃i(p̃
P )

var: p̃Pg ≥ 0, ∀g = 1, 2, · · · , G

Problem 3 has similar structure as Problem 2. Hence, we propose to use

DYCORS algorithm to solve Problem 3.
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3.6 Simulation Results

We provide simulation results to illustrate the users’ behaviors in Section

3.6.1 and evaluate the operator’s revenue in Section 3.6.2.

3.6.1 User Behaviors

Regarding user behaviors, we numerically study how the network access valu-

ation parameter ρi and the mobility pattern ηi affect subscriber i’s member-

ship selection decision, given other system parameters fixed. In what follows,

we will first simulate a small network with 2 APs (subscribers) and 1 Alien,

to gain insights of a single user’s best choice. Then, we will simulate a large

network with 500 APs and 500 Aliens to understand the system-level perfor-

mance.

3.6.1.1 A Small Network Example

We simulate a small network with 2 subscribers (each owns an AP) and 1

Alien. We study how subscriber 1’s network access valuation parameter ρ1

and his probability of staying at home η1,1 affect his membership selection.

We assume that the revenue sharing ratio δ = 0.5. Both APs have the

same price p = 1. In Section 3.6.2, we will consider the operator’s price

optimization problem. The mobility patterns of subscriber 2 and the Alien are

the same: η2 = ηa = [1/3, 1/3, 1/3]. We assume that ρ1 ∈ [0, 1]. Subscriber

1 stays at home with probability η1,1, and travels to AP 2 and outside the

Wi-Fi coverage with a same probability η1,2 = η1,0 = (1− η1,1)/2.

Figure 3.5 shows subscriber 1’s membership selection decision in the equi-

librium (Definition 3.5 in Section 3.3.2.4), under different values of ρi ∈ [0, 1]

and η1,1 ∈ [0, 1]. The color represents the value of α1, which is subscriber 1’s

probability of choosing to be a Bill. The black region corresponds to α1 = 1,
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Figure 3.5: Membership Decision under Different Parameters (Color denoting subscriber
1’s probability of choosing to be a Bill.)

and the white region corresponds to α1 = 0. The color in between corre-

sponds to a mixed strategy of α1 ∈ (0, 1), as shown in the colorbar on the

right.

Figure 3.5 shows that when η1,1 is large enough (i.e., larger than 0.82), i.e.,

subscriber 1 stays at home most of the time, his will always choose to be a

Bill (with the probability α1 = 1), independent of subscriber 2’s membership

decision. As η1,1 becomes smaller and ρ1 becomes larger, the performance

and payment during roaming becomes increasingly important, so subscriber

1 starts to choose a mixed strategy with a smaller number of α1. When η1,1 is

small enough and ρ1 is large enough, e.g., the right bottom corner of Figure

3.5, he will always choose to be a Linus with a probability 1− α1 = 1.

3.6.1.2 Simulation Results for Large Network

Next, we simulate a larger network with 500 APs and 500 Aliens. We assume

the price p = 1 and the revenue sharing ratio δ = 0.5 . We study how

the system parameters, i.e., the location popularity and the network access

evaluation, affect subscribers’ membership decisions.
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Different Location Popularities

1 100 200 300 400 500
0

0.2

0.4

0.6

0.8

1

AP index i (ρi increasing)

α
i

Figure 3.7: Membership Decisions under
Different Network Access Evaluations

We first study how the location popularity of an AP affects the subscriber’s

membership selection decision. We assume that each subscriber’s network

access valuation parameter ρi = 1, ∀i ∈ Ks. Since Aliens do not have APs, we

assume that Aliens value the network access more, and ρi = 5, ∀i ∈ Ka. We

assume that all users show up at a particular AP, e.g., AP i (i ∈ Ks), with

the same probability η̄i, i.e.,

ηj,i = η̄i, ∀j ∈ Ku.

We denote η̄0 as the probability of users showing up at areas that are not

covered by any WiFi AP. Obviously, we have:

K∑
i=0

η̄i = 1.

For simplicity, we assume that the location popularity η̄i increases with the

AP index i.

Figure 3.6 shows each of the 500 subscribers’ membership selection deci-

sion. Simulation result shows that the subscriber’s probability of choosing

to be a Bill increases with his AP location popularity. The reason is that



CHAPTER 3. ECONOMIC ANALYSIS 105

network access evaluation
0 1 2 3 4 5 6 7 8

lo
ca

tio
n 

po
pu

la
rit

y

0

1

2

3

4

5

6

7

8

Figure 3.8: Subscribers’ Network Access Evaliation and Location Popularity Parameters

a subscriber whose AP is located at a more popular location can earn more

revenue from other Bills and Aliens.

We then study how the network access evaluation of a subscriber affects

his membership selection decision. We assume that the probability of each

user showing up at each location is uniform and same. We assume that the

subscribers’ network access evaluation parameters ρi increases with the AP

index i.

Figure 3.7 shows each of the 500 subscribers’ membership selection deci-

sion. Simulation result shows that the subscriber’s probability of choosing

to be a Bill decreases with his network access evaluation. This is because

he cares more about the network access benefit when roaming, and hence is

more willing to be a Linus to enjoy free access and consume more data during

roaming.

3.6.2 The Operator’s Revenue

Regarding the operator’s revenue, we numerically study the performance of

the partial price differentiation scheme in a large network. We consider a
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Figure 3.9: Operator’s Revenue under the Patial Price Differentiation

network which consists of 100 APs and 100 Aliens.

We assume that subscribers’ network access evaluation parameters ρi, ∀i ∈
Ks follow the Gaussian distribution with a mean value of 4 and a variance of 2.

We obtain the APs’ location popularity η̄i =
∑

j 	=i ηj,i (∀i ∈ Ks) based on the

the realistic mobility data in [71]. Figure 3.8 shows the relationship between

network access evaluation parameter and location popularity parameter.

We study the performance of the partial price differentiation scheme. We

first use the weighted k-means clustering algorithm to segment APs into dif-

ferent groups considering the attributes of network access evaluation and

location popularity. We assign a weight β to the attribute of network access

evaluation and 1 − β to the attribute of location popularity in the weighted

k-means clustering algorithm. The AP segmentation results under different

weight β are provided in Section 3.8. Then we apply the price differentiation

scheme and optimize over the prices to maximize the operator’s revenue.

Figure 3.9 shows the operator’s revenue under different number of groups

and different weight β. Given a particular weight β, we can see that (i) the

operator’s revenue increases with the number of groups; and (ii) the revenue
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increase rate slows down as the number of groups increase. Given a particular

number of groups, the revenue difference under different β is small. Compared

with the single pricing scheme, the two-price scheme can effectively increase

the operator’s revenue by up to 124.44%. However, the revenue increase from

the 6-price scheme to the 7-price scheme is only 0.78%. Hence, the operator

can achieve a good tradeoff of total revenue and implementation complexity,

by applying the partial price differentiation scheme.

3.7 Chapter Summary

In this chapter, we analyze the user behavior and the operator pricing design

for the crowdsourced wireless community network. We model the interactions

between the operator and users as a Stackelberg model where users are fully

rational in small-scale systems. For the large-scale systems where users are

bounded rational due to the limited computation capability, we propose and

analyze an approximate Stackelberg model. We study the user behaviors

under both full rationality and bounded rationality systematically. We show

that a user with a more popular home location, a smaller probability of

travelling, or a smaller network access evaluation is more likely to choose

to be a Bill. Moreover, we propose a partial price differentiation scheme for

the operator, based on the analysis of users response to the pricing scheme.

Our numerical results show that the proposed partial price differentiation

scheme with only two prices can increase the operator’s revenue up to 124.44%

comparing with the single pricing scheme, and can achieve an average of 80%

of the maximum operator revenue under the complete price differentiation

scheme.
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3.8 Appendix

3.8.1 Proof of Lemma 3.1

Proof. If user i is a Linus, his payoff on AP k can be derived from Eq. (3.4),

which is an increasing function of σi,k. Hence, regardless of other users’ strate-

gies, a Linus-type user i’s best response is always to choose the maximum

network access time, i.e., σ∗
i,k = 1.

3.8.2 Proof of Lemma 3.2

Proof. If user i is a Bill or an Alien, his payoff at AP k can be derived from

Eq. (3.5). Hence, the payoff maximization problem for user i on AP k can

be written as follows

max ρi log(1 + r̄i,k(σ−i,k) · σi,k)− pσi,k

s.t. 0 ≤ σi,k ≤ 1

var: σi,k

which is a concave maximization problem. By using the first-order optimality

condition, we can derive a Bill-type or Alien user i’s best response:

σ∗
i,k = min

{
1,max

{
ρi
p
− 1

r̄i,k(σ−i,k)
, 0

}}
,

which is a function of other users’ strategies σ−i,k.

3.8.3 Proof of Theorem 3.1

Proof. To prove Theorem 3.1, we first introduce the Brouwer fixed-point the-

orem [65], which states that every continuous mapping f from a compact

convex set to itself has a fixed point z0 satisfying z0 = f(z0).
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The Nash equilibrium σ∗
k = {σ∗

i,k, ∀i ∈ K(k)} is computed by Lemma 3.1

and Lemma 3.2. Specifically,

σi,k =

⎧⎪⎨⎪⎩1, Linus i;

min
{
1,max

{
ρi
p
− 1

r̄i,k(σ−i,k)
, 0
}}

, Bill or Alien i.

This is a continuous mapping from a compact convex set [0, 1] to itself, which

satisfies the requirement of the Brouwer fixed-point theorem. Hence, there

exists a fixed point σ∗
k satisfying

σ∗
i,k =

⎧⎪⎨⎪⎩
1, Linus i;

min
{
1,max

{
ρi
p
− 1

r̄i,k(σ
∗
−i,k)

, 0
}}

, Bill or Alien i.

The fixed point σ∗
k is the Nash equilibrium.

3.8.4 Proof of Proposition 3.1

Assume there are 2 APs and 1 Alien in the network, and we study the two-

player network access game on AP 2. The two players are subscriber 1 and

the Alien, and their strategies are σ1,2 ∈ [0, 1] and σa,2 ∈ [0, 1]. We have

already shown that there exists a Nash equilibrium (σ∗
1,2, σ

∗
a,2) where:

σ∗
1,2 =

⎧⎪⎨⎪⎩
1, if x1 = 0;

min
{
1,max

{
ρ1
p
− 1

r̄1,2(σ∗
a,2)

, 0
}}

, if x1 = 1;

and

σ∗
a,2 = min{1,max{ρa

p
− 1

r̄a,2(σ∗
1,2)

, 0}}.
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Here the expected data rates of subscriber 1 and the Alien are

r̄1,2(σ
∗
a,2) = (1− σ∗

a,2)R̄(1) + σ∗
a,2R̄(2),

r̄a,2(σ
∗
1,2) = (1− σ∗

1,2)R̄(1) + σ∗
1,2R̄(2).

Now we show Proposition 3.1 is true.

Proof. If subscriber 1 chooses to be a Linus, i.e., x1 = 0, then σ∗
1,2 = 1, and

σ∗
a,2 = min{1,max{ρa

p
− 1

R̄(2)
, 0}}.

The Nash equilibrium is unique and we can directly derive it.

If subscriber 1 chooses to be a Bill, i.e., x1 = 1, then we consider the

following cases:

A: If ρ1
p
− 1

R̄(1)
< 0, then σ∗

1,2 = 0 and

σ∗
a,2 =

ρa
p

− 1

R̄(1)
.

B: If ρ1
p
− 1

R̄(2)
> 1, then σ∗

1,2 = 1 and

σ∗
a,2 =

ρa
p

− 1

R̄(2)
.

C: If ρ1
p
− 1

R̄(1)
≥ 0 and ρ1

p
− 1

R̄(2)
≤ 1, then we further consider the following

three subcases:

• If ρa
p
− 1

R̄(1)
< 0, then σ∗

a,2 = 0 and

σ∗
1,2 =

ρ1
p

− 1

R̄(1)
.
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• If ρa
p
− 1

R̄(2)
> 1, then σ∗

a,2 = 1 and

σ∗
1,2 =

ρ1
p

− 1

R̄(2)
.

• If ρa
p
− 1

R̄(1)
≥ 0 and ρa

p
− 1

R̄(2)
≤ 1, then we have

σ∗
1,2 =

ρ1
p

− 1

r̄1,2(σ∗
a,2)

,

σ∗
a,2 =

ρa
p

− 1

r̄a,2(σ∗
1,2)

,

which can be denoted as the following mapping

σ∗
2 = T (σ∗

2).

We have:∣∣∣∣∣
(
ρ1
p

− 1

r̄1,2(σ∗
a,2)

)
−
(
ρ1
p

− 1

r̄1,2(σ
†
a,2)

)∣∣∣∣∣
=

∣∣∣∣∣ 1

r̄1,2(σ
†
a,2)

− 1

r̄1,2(σ∗
a,2)

∣∣∣∣∣
=

∣∣∣∣∣ 1

R(1)− σ†
a,2(R(1)−R(2))

− 1

R(1)− σ∗
a,2(R(1)−R(2))

∣∣∣∣∣
=

[R(1)−R(2)] · |σ∗
a,2 − σ†

a,2|
[R(1)− σ∗

a,2(R(1)−R(2))][R(1)− σ†
a,2(R(1)−R(2))]

≤c · |σ∗
a,2 − σ†

a,2|,

and similarly∣∣∣∣∣
(
ρa
p

− 1

r̄a,2(σ∗
1,2)

)
−
(
ρa
p

− 1

r̄a,2(σ
†
1,2)

)∣∣∣∣∣ ≤ c|σ∗
1,2 − σ†

1,2|.
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The above shows that

‖T (σ∗
2)− T (σ†

2)‖ ≤ c‖σ∗
2 − σ†

2‖.

The condition in Proposition 3.1, i.e., c < 1, implies that the mapping func-

tion T (·) is contractive.
The contract mapping implies that the Nash equilibrium (σ∗

1,2, σ
∗
a,2) is

unique.

3.8.5 Cases with More Than Two Players

For the cases with more than two players, the uniqueness of the Nash equi-

librium depends on the system parameter in a more complicated fashion. For

example, for the case with three players, the Nash equilibrium is unique as

long as 2max{R̄1− R̄2, R̄2− R̄3}/min{R̄1, R̄2, 2R̄2− R̄1, R̄1+ R̄3− 2R̄2} < 1.

The proof idea is similar as the the proof for the case with two players.

3.8.6 A Best Response Update Algorithm for the Network Access

Game

We further design a Best Response Update Algorithm to derive the Nash

equilibrium. The basic idea is as follows. Given the strategy profile σn
k at

the n-th round, each player computes the corresponding best response. We

denote the best responses of all players by T (σn
k ). Each user updates the

strategy at the (n+ 1)-th round as the best response in T (σn
k ).

As shown in Appendix 3.8.4, the mapping T (·) under the condition c < 1 is

contractive in the Network Access Game with two players. This immediately

implies that the sequence generated by the Best Response Update Algorithm

converges to the unique Nash equilibrium and the convergence rate is linear.
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Algorithm 5 Best Response Update Algorithm

Input: σ0
k, ε.

Output: σ∗
k.

1: Set n = 0 and Flag = 0.

2: while Flag = 0 do

3: Calculate σn+1
k = T (σn

k ).

4: if |σn+1
k − σn

k | ≤ ε then

5: Set Flag = 1.

6: end if

7: Set n = n+ 1.

8: end while

9: Set σ∗
k = σn

k .

3.8.7 Proof of Lemma 3.3

Proof. We first prove the necessity. If fi(x
∗
−i) < 0, the best membership for

subscriber i is x∗
i = 0 (Linus), hence (2x∗

i − 1) · fi(x∗
−i) = −fi(x

∗
−i) > 0. If

fi(x
∗
−i) > 0, the best membership for subscriber i is x∗

i = 1 (Bill), hence

(2x∗
i − 1) · fi(x∗

−i) = fi(x
∗
−i) > 0. Then we prove the sufficiency. Suppose

fi(x
∗
−i) < 0. Then the desired x∗

i that satisfies the condition in Lemma 3.3

is x∗
i = 0, which is obviously the best strategy of subscriber i. Suppose

fi(x
∗
−i) > 0. Then the desired x∗

i that satisfies the condition in Lemma 3.3 is

x∗
i = 1, which is also the best strategy of subscriber i.

3.8.8 Proof of Proposition 3.2

Proof. We notice that a subscriber i’s will choose to be a Bill (i.e., xi = 1) if

Vi(1,x
∗
−i) > Vi(0,x

∗
−i), i.e.,

δ · Π̄i(x
∗
−i) >

∑
k∈Ks

ηi,k ·
(
Vi,k(0,x

∗
−i)− Vi,k(1,x

∗
−i)

)
=

∑
k∈Ks/{i}

ηi,k ·
(
Vi,k(0,x

∗
−i)− Vi,k(1,x

∗
−i)

)
.
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The equality in the second line follows because Vi,i(0,x
∗
−i) = Vi,i(1,x

∗
−i). This

is because a subscriber does not need to pay for using his own AP, either as

a Bill or as a Linus. Hence, he will achieve the same payoff on his own AP

regardless of his membership selection.

We further notice that if

ηi,i > η
i
� 1− δ · Π̄i(x

∗
−i)∑

k∈Ks/{i}
(
Vi,k(0,x∗

−i)− Vi,k(1,x∗
−i)

) ,
then, we have:

δ · Π̄i(x
∗
−i) > (1− ηi,i) ·

∑
k∈Ks/{i}

(
Vi,k(0,x

∗
−i)− Vi,k(1,x

∗
−i)

)
.

It is easy to see that the right-hand side of the above inequality is larger than

∑
k∈Ks/{i}

ηi,k ·
(
Vi,k(0,x

∗
−i)− Vi,k(1,x

∗
−i)

)
as 1− ηi,i =

∑
j 	=i ηi,j ≥ ηi,k, ∀k ∈ Ks/{i}. This implies that if the condition

ηi,i > η
i
holds, then Vi(1,x

∗
−i) > Vi(0,x

∗
−i), and accordingly, subscriber i’s

best strategy is to choose Bill.

3.8.9 A Simple Example Showing Inexistence of a Pure Strategy

Nash Equilibrium for the Membership Selection Game

Here we provide a small example with 3 subscribers {1, 2, 3}, where the pure-
strategy Nash equilibrium does not exist. Consider the following example:

• Subscriber 1 travels to APs 2 and 3 with the same probability 0.3 and

stays at home with the probability 0.4, i.e., η1 = (0, 0.4, 0.3, 0.3);

• Subscriber 2 only travels to AP 3 (i.e., never travels to AP 1) with the
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probability 0.3 and stays at home with the probability 0.7, i.e., η1 =

(0, 0.7, 0, 0.3);

• Subscriber 3 always stays at home, i.e., η3 = (0, 1, 0, 0);

Obviously, subscriber 3’s best strategy is always Bill, regardless of the

membership selections of other two subscribers.

Next we observe the best strategies of subscribers 1 and 2. For illustrative

purpose, we assume the following payoff or revenue for subscriber 1:

• The total expected payment on AP 1 (from Aliens) is 1.0, with a portion

δ = 12% is transferred to subscriber 1 when choosing to be a Bill;

• The expected payoffs on AP 2 are 1.5 when choosing Linus, and 1.2 when

choosing Bill;

• The expected payoffs on AP 3 are 1.0 when choosing Linus, and 0.8 when

choosing Bill, supposing that subscriber 2 is a Bill;

• The expected payoffs on AP 3 are 0.7 when choosing Linus, and 0.6 when

choosing Bill, supposing that subscriber 2 is a Linus;

It is easy to see that if subscriber 2 is a Bill, the best choice of subscriber

1 is Linus, because

1.5× 0.3 + 1.0× 0.3 > 1.2× 0.3 + 0.8× 0.3 + 1.0× 12%,

while if subscriber 2 is a Linus, the best choice of subscriber 1 is Linus, because

1.5× 0.3 + 0.7× 0.3 < 1.2× 0.3 + 0.6× 0.3 + 1.0× 12%.

Furthermore, we assume the following payoff or revenue for subscriber 2:

• The total expected payment on AP 2 (from subscriber 1 and Aliens) is

1.0 (supposing that subscriber 1 is a Bill), with a portion δ = 12% is
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transferred to subscriber 2 when choosing to be a Bill.

• The total expected payment on AP 2 (from Aliens) is 0.2 (supposing

that subscriber 1 is a Linus), with a portion δ = 12% is transferred to

subscriber 2 when choosing to be a Bill.

• The expected payoffs on AP 3 are 1.0 when choosing Linus, and 0.8 when

choosing Bill, supposing that subscriber 1 is a Bill;

• The expected payoffs on AP 3 are 0.7 when choosing Linus, and 0.6 when

choosing Bill, supposing that subscriber 1 is a Linus;

It is easy to see that if subscriber 1 is a Bill, the best choice of subscriber

2 is Bill, because

1.0× 0.3 < 0.8× 0.3 + 1.0× 12%,

while if subscriber 1 is a Linus, the best choice of subscriber 1 is Linus, because

0.7× 0.3 > 0.6× 0.3 + 0.2× 12%.

Obviously, in the above example, subscriber 1 seeks to choose the different

membership as subscriber 2, while subscriber 2 seeks to choose the same

membership as subscriber 1. Hence, it is easy to check that there is no pure-

strategy Nash equilibrium.

3.8.10 Proof of Theorem 3.2

Proof. The Membership Selection Game is a finite game, with K players and

each player having two strategies (i.e., 0 and 1). Hence, there exists at least

one mixed strategy equilibrium (which includes the pure strategy equilibrium

as a special case) [19].
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3.8.11 DYCORS Algorithm for the Operator’s Price Optimization

Problem

In the DYCORS algorithm, we denote n0 as the number of space-filling design

points, n as the number of previously evaluated points, An = {p(1), . . . ,p(n)}
as the set of previously evaluated points, and sn(p) as the response surface

model built using the points in An. We denote Nfmax as the maximum num-

ber of function evaluations allowed, and a strict decreasing function Υ(n) as

the probability of perturbing a coordinate whose values are in [0, 1]. Detailed

discussions regarding the physical meanings of these parameters can be found

in [27].

3.8.12 Weighted k-Means Algorithm for AP Segmentation

The AP segmentation problem deals with the set Ks = {1, 2, · · · , K} of APs

in the network. We use an attribute vector yi to represent AP i. If we

consider M attributes of APs, then yi is a M -dimension vector. Let w =

{w1, w2, · · · , wM} be the weights for the M attributes. Obviously, wm ∈
[0, 1], ∀m = 1, 2, · · · ,M , and

∑M
m=1 wm = 1.

The weighted k-means clustering [70] searches for a segmentation of the

K APs into G groups, i.e., S = {S1,S2, · · · ,SG}, which is:

argmin
S

G∑
g=1

∑
yi∈Sg

M∑
m=1

wm||yi,m − zg,m||2.

Here zg = {zg,1, zg,2, · · · , zg,m} represents the the centroids of group g.

The AP segmentation problem is computationally difficult (NP hard).

However, there are efficient heuristic algorithms that are commonly employed

and converge quickly to a local optimum. Detailed algorithm can be referred

to [70].
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Algorithm 6 DYCORS Algorithm [27]

Input: K,KA,η,ρ, δ.

Output: p∗,α∗.

1: Evaluate the initial points I = {p(1), . . . ,p(n0)}.
2: Find the best point found so far p∗.

3: Set n = n0,An = I.
4: while n < Nfmax do

5: Fit/update a response surface model sn(p) using the data points: Bn = {(p, H(p)) :

p ∈ An}.
6: Determine the probability: Υ(n).

7: Generate trial points Ωn = {yn,1, . . . , yn,m} by:

8: (1) Select the coordinates to perturb.

9: (2) Randomly generate the trial points according to the normal distribution.

10: (3) Project the trial points onto the domain {pi : 0 ≤ pi ≤ p̄, ∀i ∈ Ks} (if necessary).
11: Select the next iterate p(n+ 1) from Ωn that maximizes sn(p).

12: Compute α∗(p(n + 1)) by the smoothed best response update algorithm, compute

σ̄∗
i (p(n+ 1)) by (3.18), and compute H(p(n+ 1)).

13: If H(p(n+ 1)) > H(p∗), then p∗ = p(n+ 1).

14: Set An+1 = An ∪ {p(n+ 1)}, and reset n = n+ 1.

15: end while

16: Compute α∗ by the smoothed best response update algorithm.

3.8.13 AP Segmentation Results under Different Weights

We do the AP segmentation under different weights. Specifically, we segment

APs under β = 0, β = 0.3, β = 0.5, β = 0.7, and β = 1. Recall that β is

the weight assigned to the network access evaluation parameter, and 1 − β

is the weight assigned to the location hotness parameter. AP segmentations

under different β are different. Figure 3.10 shows the AP segmentation result

under β = 0.7 where APs are segmented into five groups. Figure 3.11 shows

the AP segmentation result under β = 1 where APs are segmented into five

groups. We can see that when β = 1, the AP segmenation only depends on
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Figure 3.10: AP Segmentation Result (Five
Groups) under β = 0.7
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Figure 3.11: AP Segmentation Result (Five
Groups) under β = 1

the network access evaluation parameter. However, when β = 0.7, the AP

segmentation depends on both the network access evaluation parameter and

the location hotness parameter.



Chapter 4

A Contract-Based Incentive

Mechanism

4.1 Introduction

4.1.1 Background and Motivation

In this work, we focus on studying the incentive issues in a crowdsourced

wireless community network managed by a network operator. Several recent

studies have been devoted to related issues, including user behavior analysis

[52,55], pricing scheme design [58,59], and competition analysis [56,57]. All of

these works focused on the complete information scenario, where the network

operator is assumed to know detailed attributes of all APOs, e.g., user’s

daily mobility pattern and quality of the provided Wi-Fi access. In practice,

however, it is often difficult for the operator to obtain such information.1

To this end, we consider a more general incomplete information scenario in

this work, where each APO has certain private information not known by the

operator and other APOs. In particular, we will study the incentive issues

1Take an AP’s Wi-Fi access quality as example. It depends on many factors, such as the quality
of a user’s backhaul, Wi-Fi protocol, transmission power, wireless bandwidth, backhaul bandwidth, and
network congestion.
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Figure 4.1: An Example of Crowdsourced Wireless Community Network

under incomplete information, and aim to design an incentive mechanism

that (i) encourages individual APOs to join the community network and

share their home Wi-Fi APs properly, and (ii) offers a considerable revenue

for the operator to manage such a community network.

4.1.2 Model and Problem Formulation

We consider a crowdsourced wireless community network, consisting of a set

of individual APOs who share their private APs with each other. The com-

munity network is open to not only community members but also those users

(called Aliens) who do not own Wi-Fi APs. Figure 4.1 illustrates a commu-

nity network with 3 APOs, where APO 1 stays at home and accesses his own

AP, APO 2 roams to APO 3’s home location and accesses AP 3, and APO

3 roams to a location without any member Wi-Fi coverage. Moreover, there

are 2 Aliens in the network, accessing APs 1 and 2, respectively.

Inspired by the success of FON [60] and the existing studies [52, 55], we

consider two different sharing schemes for community members (APOs), cor-

responding to two membership types: Linus and Bill. As a Linus, an APO

can get free Wi-Fi access at other APs in the community, and meanwhile he

has to share his own AP without any monetary compensation. As a Bill, an

APO needs to pay for accessing other APs in the community, and meanwhile
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he can earn some money from sharing his own AP with others. Such a dual

membership scheme has achieved a great success in practice (e.g., FON [60]),

as it captures two major motivations for APOs to join the community [55]:

getting free Wi-Fi access and earning money. Moreover, Aliens always need

to pay for accessing any AP in the community, as they do not contribute to

the community. Therefore, as far as the network operator is concerned, she

will get all the money collected at a Linus AP (paid by Bills and Aliens),

while only partially from a Bill AP.

In this work, we are interested in the following key problems in such a

community network with dual membership:

• Membership Selection: which membership will each APO select (i.e., Bill

or Linus)?

• Wi-Fi Pricing : how should the network operator set the Wi-Fi access

price on each AP?

• Revenue Division: how should the network operator share the revenue

collected at each Bill AP with the Bill?2

We formulate the interactions between the network operator and APOs as

a two-stage decision process. In Stage I, the network operator decides the

pricing and revenue division strategy. In Stage II, each APO chooses the

membership, given the operator’s pricing and revenue division strategy.

We aim to design the best pricing and revenue division strategy that max-

imizes the network operator’s profit. Such a design is challenging due to

several reasons. First, each APO may be associated with certain private in-

formation (e.g., his mobility pattern and the quality of his provided Wi-Fi

access), which cannot be observed by the network operator. Hence, it will

be challenging for the network operator to predict each APO’s behavior. To

2The operator will always get all revenue collected at a Linus AP.
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this end, some incentive compatible mechanisms are necessary for eliciting

the private information of APOs. Second, APOs’ decisions are coupled with

each other, as one APO’s membership choice may affect other APOs’ payoffs,

hence affect their membership choices. Thus, the comprehensive analysis of

APOs’ membership choices is challenging, even under the fixed pricing and

revenue division strategy [52].

4.1.3 Solution Approach

We propose a contract-based operation scheme: (i) the network operator of-

fers a contract to APOs, which contains a set of contract items, each consisting

of a Wi-Fi access price and a subscription fee for Bills ;3 and (ii) each APO

chooses the best membership, and the best contract item if choosing to be

Bill.

Contract theory [77] is a promising theoretic tool for dealing with prob-

lems under incomplete information, and has been recently used in analyzing

various wireless resource allocation problems, such as spectrum trading [78],

cooperative spectrum sharing [79,80], data offloading [81], and D2D commu-

nications [82].

The key difference between the contract in this work and the existing

contracts [78–82] for wireless networks is that in our contract, each APO’s best

choice depends not only on his private information (as in standard contracts),

but also on other APOs’ choices. This greatly complicates the contract design,

as the operator needs to analyze the equilibrium choices of all APOs, rather

than the best choice of each single APO. Moreover, in our contract, the private

information of each APO is multi-dimensional (i.e., the Wi-Fi access quality

and daily mobility pattern), which further complicates the contract design.

We summarize our key contributions as follows.

3That is, the revenue division between the network operator and each Bill is via the subscription fee
that the Bill pays the operator.
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• Novel Model: To our best knowledge, this is the first work that sys-

tematically studies the incentive mechanism design under incomplete

information for crowdsourced wireless community networks.

• Novel Solution: We propose a contract-based mechanism, where users’

choices are coupled with each other, which differs from the existing con-

tract mechanisms for wireless networks. We analyze the feasibility and

optimality of the proposed contract systematically, based on user equi-

librium choices.

• Practical Insights: Our analysis helps understand how different users

choose their Wi-Fi sharing schemes, which facilitates the network oper-

ator to better optimize her profit in different scenarios. Specifically, we

find that (i) a user who provides a higher quality Wi-Fi access is more

willing to be a Bill, and choose a larger price and a higher subscription

fee regardless of the mobility pattern; (ii) a user who travels less is more

likely to choose to be a Bill to earn money by sharing his Wi-Fi with

others; and (iii) in a network with a larger average Wi-Fi quality, the

operator can gain more profit by setting lower prices and subscription

fees to all users.

The rest of the chapter is organized as follows. In Section 4.2, we present

the system model. In Section 4.3, we provide the contract formulation. In

Section 4.4, we analyze the contract feasibility. In Section 4.5, we design

the optimal contract. The contract design in Sections 4.3–4.5 focuses on

the homogeneous mobility scenario. In Section 4.6, we analyze the optimal

contract design with heterogeneous mobility. We provide simulation results

in Section 4.7, and conclude the chapter in Section 4.8. We put some proofs

in Section 4.9.
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4.2 System Model

We consider a crowdsourced wireless community network, consisting of a set

N = {1, ..., N} of N APOs coordinated (but not owned) by a network op-

erator. Each APO can access not only his own AP but also other members’

APs. The community network is also open to a set of NA = aN Aliens who

do not own Wi-Fi APs, where a ≥ 0 is the ratio between Aliens and APOs.

Aliens have to pay for accessing the community network through, for example,

purchasing Wi-Fi passes from the operator.

To ensure the security, privacy, and QoS, each APO splits his Wi-Fi chan-

nel into a private channel for his own use and a public channel for other

roaming users’ access, as was done in FON [75]. Hence, a roaming user’s

access to an AP (on the public channel) will not affect the APO’s own QoS

(on the private channel), but will affect other roaming users who access this

AP at the same time (hence reducing the Wi-Fi access quality on the public

channel).

1) APO Classification: The Wi-Fi access provided by different APOs for

roaming users (on the public channel) may have different qualities, depending

on both the wireless characteristics (such as Wi-Fi standard, backhaul, public

channel bandwidth, channel fading, and network congestion) and the location

popularity. For example, the Wi-Fi access in a popular location may be more

valuable, hence the APO may choose to install an AP with a carrier grade

Wi-Fi standard that provides a better quality than a regular home Wi-Fi [76].

The service quality will affect roaming users’ lengths of connection on this

Wi-Fi, hence affect the APO’s revenue (see Section 4.3.1.2 for details).

We classify the APOs into K types, according to the quality of their Wi-

Fi access (on the public channel).4 Let θk denote the Wi-Fi access quality

provided by a type-k APO, and let Nk denote the number of type-k APOs.

4Our discrete model can approximate a continuous distribution of Wi-Fi access quality when K is large.
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Without loss of generality, we assume that θ1 < θ2 < · · · < θK . It is important

to note that the exact type (quality) is each APO’s private information, and

cannot be observed by the network operator or other APOs. Similar as in

many existing literatures [78–82], we assume that the distribution information

regarding APO type (i.e., θk and Nk, ∀k ∈ K, where K = {1, ..., K}) is public
information and known by the network operator and all APOs.5

2) Membership: Similar as in [52,55,60], an APO can share his AP in two

different ways, corresponding to two different membership types: Linus and

Bill. Specifically,

• As a Linus, an APO can get free Wi-Fi access at other APs in the

community, and meanwhile he has to share his own AP without any

monetary compensation.

• As a Bill, an APO needs to pay for accessing other APs in the community,

and meanwhile he can earn some money from sharing his own AP with

others.

Specifically, the network operator will design a unit Wi-Fi access price pn

($/min) for each APO n ∈ N . This price pn is designed for charging other

users (Bills and Aliens) who access AP n.

• When an APO n chooses to be a Bill, he needs to pay for accessing every

other AP m �= n at a unit price pm (per unit Wi-Fi connection time),

and meanwhile he can charge other users (Bills and Aliens) for accessing

his AP at a unit price pn.

• When an APO n chooses to be a Linus, he neither pays for accessing

other APs, nor charges other users for accessing his AP. In this case, the

network operator will instead charge other users (Bills and Aliens) for

accessing AP n.
5The network operator can obtain the distribution of APO type through, for example, historical infor-

mation or long-term learning.
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Table 4.1: A Summary of Three User Types

Type
Pay for using

other APs

Paid by sharing

his AP

Subscription

fee

Linus No No No

Bill Yes Yes Yes

Alien Yes N.A. N.A.

Moreover, the network operator will charge a fixed subscription fee δn

($/month) for each Bill (APO) n ∈ N . Note that δn can be negative, which

is essentially a bonus from the operator to incentivize the APO to be a Bill. A

Linus does not need to pay the subscription fee. Furthermore, Aliens always

pay for accessing any AP in the community, without any subscription fee.

For clarity, we summarize the properties of three user types in Table 4.1.

3) Mobility: We first study the impact of Wi-Fi access quality, assuming

a homogeneous mobility pattern for APOs: (i) each APO stays at home6

with probability η, and roams outside home with probability 1 − η, and (ii)

when roaming outside, each APO roams to every other AP with the same

probability 1−η
N

.7 Moreover, we assume that each Alien roams to each AP

with the same probability 1
N
. The analysis in Sections 4.3–4.5 will be based

on this homogeneous mobility. In Section 4.6, we will further consider a

more general heterogeneous mobility pattern, where different APOs may have

different probabilities of staying at home (or roaming outside).

4.3 Contract Formulation

To deal with the private information, we propose a contract-based operation

scheme, where the operator will provide a range of choices (contract items) for

6We use “home” to denote the location of a user’s own Wi-Fi AP, which can correspond to residence,
office, or even public areas.

7Here we use the approximation 1−η
N−1

≈ 1−η
N

as N is usually large.
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each APO to choose. More specifically, each contract item is a combination

of price and subscription fee, denoted by φ � (p, δ). A special combination

φ0 = (0, 0) indicates the membership choice of Linus. Based on the revelation

principle [83], the operator needs to design one contract item for each type

of APOs, to induce them to truthfully reveal their types. Hence a contract is

such a list of contract items, denoted by

Φ = {φk � (pk, δk), k ∈ K}, (4.1)

where φk denotes the contract item designed for the type-k APOs. Note that

the same type APOs will choose the same contract item, as they have the

same preference, which will be justified later in Section 4.3.2.

A contract is feasible if any APO is willing to choose the contract item

designed for his type (i.e., achieving the maximum payoff under the item

designed for his type). We will discuss the conditions for feasibility in Section

4.4.

4.3.1 Operator Profit

We now characterize the network operator’s profit under a given feasible con-

tract Φ = {φk, k ∈ K}, where each APO chooses the contract item designed

for his type.

Under the contract Φ, let L(Φ) � {k ∈ K | φk = φ0} denote the set of

APO types choosing Linus, and NL(Φ) =
∑

k∈L(Φ) Nk is the number of Linus.

Let B(Φ) � {k ∈ K | φk �= φ0} denote the set of APO types choosing Bills,

and NB(Φ) =
∑

k∈B(Φ) Nk is the number of Bills. When there is no confusion,

we will also write L for L(Φ), and similarly for B, NL, NB. Table 4.2 lists the

key notations in this chapter.
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4.3.1.1 Profit Achieved from a Bill AP

If a type-k APO is a Bill who chooses φk = (pk, δk), the operator’s profit

achieved from this AP is simply the subscription fee δk.

4.3.1.2 Profit Achieved from a Linus AP

If a type-k APO is a Linus who chooses φk = φ0, the network operator will

charge other users (Bills and Aliens) accessing this AP directly, at a price p0

per unit Wi-Fi connection time.

Based on our mobility assumption, the expected number of Bills accessing

this AP is
∑

i∈B
1−η
N

Ni =
1−η
N

NB, and the expected number of Aliens accessing

this AP is NA

N
. We further denote the average Wi-Fi connection time of a

Bill or Alien on this (type-k) AP under the price p as dk(p). Intuitively,

dk(p) reflects a Bill’s or Alien’s demand for using a type-k AP, which is non-

negative, monotonically decreasing with p, and monotonically increasing with

θk. For example, one widely-used demand function in literatures (e.g., [84,85])

is:

dk(p) =
T

1+p/θk
. (4.2)

Here T is the length of per subscription period (e.g., one month).8 However,

our analysis in the chapter is general and does not rely on the specific form

of (4.2). We will talk about the assumptions on demand function at the end

of Section 4.3. Thus, the total profit from this type-k Linus AP is:

(
1−η
N

NB(Φ) + a
)
p0dk(p0), (4.3)

where p0 is the price charged by the operator on Linus AP.

8Function dk(p) is decreasing convex in p. When p = 0, dk(0) = T , which represents the maximum
length of connection time. We may also multiple a constant less than 1 to the demand function, for
example, to represent that the users will not connect 24 hours a day even with zero price. Such a constant
scaling will not change the analysis results.
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4.3.1.3 Total Profit

To summarize, the network operator’s profit achieved from all APs can be

computed as follows:

∑
k∈L(Φ)

[
Nk

(
1−η
N

NB(Φ) + a
)
p0dk(p0)

]
+
∑

k∈B(Φ) Nkδk. (4.4)

4.3.2 APO Payoff

We now define the payoff of each APO under a feasible contract Φ = {φk, k ∈
K}.

4.3.2.1 Payoff of a Linus

If a type-k APO chooses to be a Linus (i.e., φk = φ0), he neither pays for

using other APs, nor gains from sharing his own AP. Hence, his payment is

zero, and his payoff is simply the difference between utility and cost. Let

constant Uh denote the utility when staying at home and accessing Wi-Fi

through his own AP, constant Ur denote the utility when roaming outside

and accessing Wi-Fi through other APs, and constant Cs denote the cost

(e.g., energy, bandwidth) of serving other users. Note that Uh, Ur, and Cs do

not depend on the APO’s membership choice. Then a type-k Linus APO’s

payoff is:

uk(φ0) = uk(0, 0) = ηUh + (1− η)Ur − Cs. (4.5)

4.3.2.2 Payoff of a Bill

If a type-k APO chooses to be a Bill (i.e., φk �= φ0), his payment consists of

(i) the revenue earned at his own AP, (ii) the payment for accessing other

APs, and (iii) the subscription fee to the network operator.

First, the revenue earned at his own AP equals the payment of other Bills

and Aliens accessing his AP. The average Wi-Fi connection time of a Bill or
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Alien on this (type-k) AP under the price pk is dk(pk). The average payment

of a Bill or Alien for accessing this AP is

gk(pk) � pkdk(pk), (4.6)

which monotonically increases with the Wi-Fi quality θk, as the demand

dk(pk) monotonically increases with θk (as the example in (4.2)). The ex-

pected number of paying users (including the other Nk − 1 Bills of type-k, all

Bills of other types, and all Aliens) accessing this AP depends on the given

contract Φ, and can be computed as follows:

ω(Φ) � 1−η
N

(NB(Φ)− 1) + NA

N
. (4.7)

Note that ω(Φ) is the same for all Bills, and does not depend on k. Thus,

the revenue earned at his own AP is ω(Φ)gk(pk).

Second, the expected payment of this (type-k) APO for accessing other

APs includes (i) the payment for accessing the other Nk−1 Bill APs of type-

k, (ii) the payment for accessing all Bill APs of other types, and (iii) the

payment for accessing Linus APs, which can be calculated as

βk(Φ) � 1−η
N

[
(Nk−1)gk(pk)+

∑
i∈B(Φ),i 	=k Nigi(pi)+

∑
j∈L(Φ) Njgj(p0)

]
. (4.8)

Similarly, when there is no confusion, we will also write ω and βk for ω(Φ)

and βk(Φ), respectively.

Third, the subscription fee to the network operator is δk. Hence, a type-k

Bill APO’s total revenue (when choosing φk under a feasible contract Φ) is

ω(Φ)gk(pk)− δk−βk(Φ). Based on the definition of Uh, Ur, and Cs in Section
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4.3.2.1, the type-k Bill APO’s payoff is

uk(φk; Φ) = uk(pk, δk; Φ) = ω(Φ)gk(pk)− δk − βk(Φ) + ηUh + (1− η)Ur − Cs.

(4.9)

Without loss of generality, in the rest of the chapter, we normalize ηUh+(1−
η)Ur − Cs = 0.

By (4.9), it is easy to see that the payoff of an APO depends not only on his

contract item choice, but also on other APOs’ choices. For example, the first

term in ω(Φ) depends on how many APOs choosing to be Bills, the second

term in βk(Φ) depends on how other Bills choosing prices, and the last term

in βk(Φ) depends on how many APOs choosing to be Linus. Such a strategy

coupling makes our contract design problem very different from and more

challenging to analyze than traditional contract models in literatures [78–82].

To make the model more practical and to facilitate the later analysis, we

make the following assumptions throughout the chapter:

Assumption 4.1.

(a) 0 ≤ pk ≤ pmax, ∀k ∈ K;

(b) gk(p) increases with p ∈ [0, pmax], ∀k ∈ K;

(c) gi(p
′) − gi(p) > gj(p

′) − gj(p), for any types i > j and prices p′ > p

(where p, p′ ∈ [0, pmax]).

Assumption 1(a) states that all prices are upper-bounded by pmax, con-

sidering the potential competition from cellular. The Wi-Fi access service is

usually a complement to the cellular access service [86], and hence a higher-

priced Wi-Fi service is less competitive and may drive all APOs to the cellular

network when roaming [87]. Assumption 1(b) implies that the Wi-Fi connec-

tion demand of APOs (on other APs) is inelastic when p ∈ [0, pmax]. The

demand is usually inelastic at the bottom of the demand curve, i.e., when the
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price p ≤ pmax. When Wi-Fi costs so little that users use it like water, increas-

ing the price of Wi-Fi access will not reduce revenue [86]. This assumption

is satisfied when the demand function is based on (4.2). Assumption 1(c)

states that when increasing the price by a same amount, the increased pay-

ment achieved by a higher type APO (i.e., with a higher quality) is larger

than that by a lower-type APO. This is usually referred to as “increasing

differences” in economics [88], and is satisfied for many widely-used demand

functions, e.g., (4.2) and the ones in [84, 85].

4.4 Feasibility of the Contract

The network operator needs to design a feasible contract, such that each APO

chooses the contract item designed for his type. In this section, we discuss

the sufficient and necessary conditions for a contract to be feasible.

Formally, a contract is feasible, if and only if it satisfies the following

Incentive Compatibility (IC) and Individual Rationality (IR) constraints.

Definition 4.1 (Incentive Compatibility – IC). A contract is incentive com-

patible, if each type-k APO maximizes his payoff when choosing the contract

item φk intended for his type k instead of any other contract item φi, i �= k,

i.e.,

uk(φk; Φ) ≥ uk(φi; Φ), ∀k, i ∈ K. (4.10)

Definition 4.2 (Individual Rationality – IR). A contract is individual ra-

tional, if each type-k APO achieves a non-negative payoff when choosing the

item φk intended for his type k, i.e.,

uk(φk; Φ) ≥ 0, ∀k ∈ K. (4.11)

Obviously, if a contract satisfies the IC and IR constraints, each APO will
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choose the contract item designed for his type. Hence, we can equivalently

say that he truthfully reveals his type (private information) to the operator.

4.4.1 Necessary Conditions

We now characterize necessary conditions for a feasible contract. For nota-

tional convenience, we rewrite a contract as Φ = {(0, 0), k ∈ L}∪{(pk, δk), k ∈
B}, where L and B are the type sets of Linus and Bills, respectively, and both

are functions of Φ (omitted for notation simplicity).

Lemma 4.1. If a contract Φ = {(0, 0), k ∈ L} ∪ {(pk, δk), k ∈ B} is feasible,

then

pi > pj ⇐⇒ δi > δj, ∀i, j ∈ B.

Proof. We prove this lemma by using the IC constraint.

We first prove that if pi > pj, then δi > δj. For any type-j (∀j ∈ B) APO,

the following IC constraint must be satisfied:

uj(pj, δj; Φ) ≥ uj(pi, δi; Φ), ∀i ∈ B,

which is

ω(Φ)gj(pj)− δj − βj(Φ) ≥ ω(Φ)gj(pi)− δi − βj(Φ).

This implies that

δi − δj ≥ ω(Φ)(gj(pi)− gj(pj)) > 0.

We now prove that if δi > δj, then pi > pj. For any type-i (∀i ∈ B) APO,

the following IC constraint must be satisfied:

ui(pi, δi; Φ) ≥ ui(pj, δj; Φ), ∀j ∈ B,
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which is

ω(Φ)gi(pi)− δi − βi(Φ) ≥ ω(Φ)gi(pj)− δj − βi(Φ).

This implies that

gi(pi)− gi(pj) ≥
δi − δj
ω(Φ)

> 0.

Based on Assumption 1(b), we have

pi > pj.

Lemma 4.1 shows that in a feasible contract, a larger Wi-Fi access price

corresponds to a larger subscription fee (for Bill).

Lemma 4.2. If a contract Φ = {(0, 0), k ∈ L} ∪ {(pk, δk), k ∈ B} is feasible,

then

θi > θj =⇒ pi > pj, ∀i, j ∈ B.

Proof. We prove the lemma by the contradiction principle. Assume to the

contrary that there exists θi > θj and pi < pj.

From the IC constraints for the type-i (∀i ∈ B) APOs and the type-j

(∀j ∈ B) APOs, we have

ui(φi; Φ) ≥ ui(φj; Φ), uj(φj; Φ) ≥ uj(φi; Φ),

which are equivalent to

ω(Φ)gi(pi)− δi − βi(Φ) ≥ ω(Φ)gi(pj)− δj − βi(Φ),

ω(Φ)gj(pj)− δj − βj(Φ) ≥ ω(Φ)gj(pi)− δi − βj(Φ).
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Combining the above two inequations, we have

gi(pi)− gi(pj) ≥ gj(pi)− gj(pj).

This contracts with Assumption 1(c). Hence we complete the proof.

Lemma 4.2 shows that in a feasible contract, a higher type APO will be

designed with a higher Wi-Fi access price.

For notational convenience, we denote

μ(Φ) � 1− η

N
NB(Φ) +

NA

N

as the expected number of Bills and Aliens connecting to an AP, and

ν(Φ) � 1− η

N

⎛⎝ ∑
i∈B(Φ)

Nigi(pi) +
∑

i∈L(Φ)

Nigi(p0)

⎞⎠
as the expected payment of an APO when choosing to be a Bill.

Lemma 4.3. If a contract Φ = {(0, 0), k ∈ L} ∪ {(pk, δk), k ∈ B} is feasible,

then there exists a critical APO type m ∈ {1, 2, . . . , K + 1}, such that k ∈ L
for all k < m and k ∈ B for all k ≥ m, i.e.,

L = {1, 2, . . . ,m− 1},B = {m,m+ 1, . . . , K}. (4.12)

Proof. We prove the lemma by the contradiction principle. Suppose a type-j

APO chooses to be Linus, but a type-i (i < j) APO chooses to be Bill.

From the IC constraint for the type-j (Linus) APO, we have

uj(pi, δi; Φ) ≤ uj(0, 0),

equivalently,

μ(Φ)gj(pi)− δi − ν(Φ) ≤ 0.
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Then for the type-i (i < j) (Bill) APO, we have

ui(pi, δi; Φ) = μ(Φ)gi(pi)− δi − ν(Φ)

< μ(Φ)gj(pi)− δi − ν(Φ) = uj(pi, δi; Φ) ≤ 0

which contradicts with the IR constraint for the type-i (Bill) APO.

Therefore, for a feasible contract Φ = {φk, ∀k ∈ K}, there exists a critical

AP type m such that k ∈ L for all k < m, and k ∈ B for all k ≥ m.

Lemma 4.3 shows that there exists a critical APO type: all APOs with

types lower than the critical type will choose to be Linus, and all APOs with

types higher than or equal to the critical type will choose to be Bills. When all

APOs are Bills, we havem = 1; when all APOs are Linus, we havem = K+1.

4.4.2 Sufficient and Necessary Conditions

We can show that the above necessary conditions together are also sufficient

for a contract to be feasible. We now characterize the sufficient and necessary

conditions for a feasible contract.

Theorem 4.1 (Feasible Contract). A contract Φ = {φk, k ∈ K} is feasible,

if and only if the following conditions hold:

L = {1, . . . ,m− 1},B = {m, . . . ,K}, m ∈ {1, ..., K + 1}, (4.13)

0 ≤ p0 ≤ pmax, 0 ≤ pi ≤ pk ≤ pmax, ∀k, i ∈ B, i < k, (4.14)

δk ≥ δk � μ(Φ)gj(pk)− ν(Φ), ∀k ∈ B, ∀j ∈ L, (4.15)

δk ≤ δ̄k � ω(Φ)gk(pk)− βk(Φ), ∀k ∈ B, (4.16)

ω(Φ) (gi(pk)− gi(pi)) ≤ δk − δi ≤ ω(Φ) (gk(pk)− gk(pi)) , ∀k, i ∈ B, i < k.

(4.17)

Here, (4.15) can be derived from the IC constraints of Linus APOs, i.e., a
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type-j Linus APO will achieve a non-positive payoff if he chooses any contract

item designed for Bills, i.e., (pk, δk), k ∈ B. Similarly, (4.16) and (4.17) can

be derived from the IR and IC constraints of Bill APOs.

The proof is given in Section 4.9.1.

4.5 Optimal Contract Design

In this section, we study the optimal contract that maximizes the network

operator’s profit. We focus on finding an optimal contract from the set of

feasible contracts characterized by Theorem 4.1. By the revelation principle

[83], the optimal contract in the feasible set is the global optimal contract

among all possible (feasible and non-feasible) contracts.

4.5.1 Optimal Contract Formulation

Given the network operator’s profit (4.4) and using Theorem 4.1, we can

formulate the following contract optimization problem:

Problem 1: Optimal Contract

max
∑
k∈L

[
Nk

(
(1− η)

NB

N
+ a

)
gk(p0)

]
+
∑
k∈B

Nkδk

s.t. (4.13), (4.14), (4.15), (4.16), (4.17)

var: m, p0, {(pk, δk), k ∈ B}.

In Problem 1, m is the critical AP type; p0 is the Wi-Fi access price on

Linus APs, where the network operator will charge Bills or Aliens with this

price p0; and (pk, δk), k ∈ B, are the Wi-Fi access prices and subscription fees

for Bills.

Next we define the feasible price assignment, which we will use in later

discussions.
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Definition 4.3 (Feasible Price Assignment). A price assignment {p0, pk, k ∈
B} is feasible if it satisfies constraint (4.14).

We solve Problem 1 in the following steps. First, we derive a closed-

form solution of the best subscription fees {δk, k ∈ B}, given the feasible

price assignment {p0, pk, k ∈ B} and critical type m. Then, we design an

algorithm to compute the optimal price assignment {p0, pk, k ∈ B}, given
the critical type m. Finally, substituting the best subscription fees and price

assignment, we search the critical type m for the optimal contract.

4.5.2 Optimal Subscription Fee

We first derive the best subscription fees, given the feasible price assignment

and critical type.

Problem 2: Optimal Subscription Fees Given

Feasible {p0, pk, k ∈ B} and m

max
∑
k∈B

Nkδk

s.t. (4.15), (4.16), (4.17)

var: δk, k ∈ B.

Lemma 4.4 gives the optimal solution of Problem 2.

Lemma 4.4. Given a critical type m ∈ {1, . . . , K + 1} and a feasible price

assignment {p0, pk, k ∈ B}, the optimal subscription fees {δ∗k, k ∈ B} are given

by:

δ∗m = ωgm(pm)− βm, (4.18)

δ∗k = δ∗k−1 + ω (gk(pk)− gk(pk−1)) , (4.19)
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for all k ∈ {m+ 1, ..., K}.

Note that ω and βm depends on the critical type m and the price assign-

ment {p0, pk, k ∈ B}, and can be calculated in (4.7) and (4.8), respectively.

Proof. We first prove that the subscription fees in (4.18) and (4.19) form a

feasible subscription fee assignment, i.e., they satisfy the conditions (4.15),

(4.16), and (4.17). Obviously, δ∗m in (4.18) is feasible, that is, it satisfies

(4.15)–(4.17). For δ∗m+1 = δ∗m + ω (gm+1(pm+1)− gm+1(pm)]), we first prove

that it satisfies (4.15). We know that

δ∗m+1 − δ∗m = ω (gm+1(pm+1)− gm+1(pm)) ,

δm+1 − δm = ω (gm−1(pm+1)− gm−1(pm)) .

Given Assumption 1(c), the above two equations lead to:

δ∗m+1 ≥ δm+1 + δ∗m − δm ≥ δm+1,

which proves that δ∗m+1 satisfies (4.15). We then prove that δ∗m+1 satisfies

(4.16):

δ∗m+1 =ωgm(pm)− βk + ω (gm+1(pm+1)− gm+1(pm))

=μgm(pm)− ν + ω (gm+1(pm+1)− gm+1(pm))

≤μgm(pm)− ν + μ (gm+1(pm+1)− gm+1(pm))

=μgm+1(pm+1)− μ (gm+1(pm)− gm(pm))− ν

≤μgm+1(pm+1)− ν

=ωgm+1(pm+1)− βm+1 = δ̄m+1.

Finally, δ∗m+1 satisfies (4.17) since δ∗m+1 − δ∗m = ω (gm+1(pm+1)− gm+1(pm)).

Hence, δ∗m+1 in (4.19) is feasible, that is, it satisfies (4.15)–(4.17). Similarly,
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δ∗k (for all k ∈ {m+ 1, . . . , K}) in (4.19) is feasible.

Now we prove that the monthly subscription fees in (4.18) and (4.19)

form a best monthly fee assignment that can maximize the operator’s profit.

The operator’s profit collected from Bill APs is
∑

k∈B Nkδk. Assume there is a

monthly subscription fees assignment {δ̃k} such that
∑

k∈B Nkδ̃k >
∑

k∈B Nkδ
∗
k.

So there is at least one fee δ̃i > δ∗i . To make the contract feasible, {δ̃k} must

satisfy the following constraint according to Lemma 4.4:

δ̃i ≤ δ̃i−1 + ω(gi(pi)− gi(pi−1)).

Combining the above equation with (4.19), we have:

δ̃i−1 ≥ δ̃i − ω(gi(pi)− gi(pi−1)) > δ∗i − ω(gi(pi)− gi(pi−1)) = δ∗i−1.

Continuing the above process, we can finally obtain that δ̃m > δ∗m = ωgm(pm)−
βm, which violates the IR constraint for type m. Therefore, there does not

exist any feasible {δ̃k} such that
∑

k∈B Nkδ̃k >
∑

k∈B Nkδ
∗
k, which implies that

the revenue is maximized under {δ∗k}.
Then we show that {δ∗k} is the unique best monthly fees assignment. As-

sume there is a {δ̃k} �= {δ∗k} such that
∑

k∈B Nkδ̃k =
∑

k∈B Nkδ
∗
k. Without

loss of generality, we assume that there is one fee δ̃j < δ∗j . It is easy to see

that there must exist another fee δ̃i > δ∗i . Using the same argument, we can

obtain that δ̃m > δ∗m = ωgm(pm) − βm. Therefore, there does not exist any

feasible {δ̃k} �= {δ∗k} such that
∑

k∈B Nkδ̃k =
∑

k∈B Nkδ
∗
k, which implies that

the best monthly fees assignment {δ∗k} is unique.

We define sk =
∑K

i=k Ni for all k ∈ B. We can rewrite the network

operator’s profit from Bill APOs as follows:

∑
k∈B

Nkδ
∗
k �

∑
k∈B

fk(pk),
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where fk(pk) is related to pk only, and is defined as:

fm(pm) =
(
1−η
N

+ ω
)
smgm(pm)− ωsm+1gm+1(pm),

fk(pk) = ω (skgk(pk)− sk+1gk+1(pk)) , k = m+ 1, ..., K − 1,

fK(pK) = ωNKgK(pK).

4.5.3 Optimal Price Assignment

Next we solve the operator’s optimal prices, given a fixed critical type m.

Given the best subscription fees {δ∗k, k ∈ B} in Lemma 4.4, we have the

following optimization problem.

Problem 3: Optimal Price Assignment Given m

max
∑
k∈L

[
Nk

(
(1− η)

NB

N
+ a

)
gk(p0)

]
+
∑
k∈B

fk(pk)

s.t. (4.14)

var: p0, {pk, k ∈ B}.

We denote the solution of Problem 3 as {p∗0, p∗k, k ∈ B}, which depends on

the critical typem. Hence, we will also write {p∗0, p∗k, k ∈ B} as {p∗0(m), p∗k(m), k ∈
B} when we want to emphasize such dependances.

We can show that the optimal price p∗0 for Linus is the price upper-bound

pmax, i.e., p
∗
0 = pmax. This is because gk(p0) monotonically increases with

p0 ∈ [0, pmax].

The optimal price assignment {p∗k, k ∈ B} for Bills can be solved by

max
pm,...,pK

∑
k∈B

fk(pk) (4.20)

s.t. 0 ≤ pm ≤ pm+1 ≤ · · · ≤ pK ≤ pmax.
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Since fk(pk) only depends on pk, we can first compute the maximizer of each

fk(pk) for all k ∈ B, and check whether the feasible price condition in (4.20)

is satisfied.

Let p†k denote the price that maximizes fk(pk), i.e.,

p†k = arg max
0≤pk≤pmax

fk(pk), ∀k ∈ B. (4.21)

Note that if {p†k, k ∈ B} is feasible, i.e., satisfying the constraint in (4.20),

then it is the optimal solution of Problem 3, i.e., p∗k = p†k, ∀k ∈ B.
In the general case, however, {p†k, k ∈ B} may not be feasible. In this case,

we propose a two-stage algorithm to solve (4.20). In Stage I, we use a Dual

Algorithm to solve problem (4.20), where {p†k, k ∈ B} computed in (4.21)

will serve as the initial price choices. If the solution returned by the Dual

Algorithm is feasible, then it is optimal to problem (4.20); otherwise, we use

it as an initial point for a Dynamic Algorithm in Stage II, which will return

a feasible (but sub-optimal) solution of problem (4.20).

4.5.3.1 Dual Algorithm

Let λk be the Lagrange multiplier associated with the linear constraint pk ≤
pk+1, k = m,m+1, . . . , K− 1. We denote p � {pk, k ∈ B}, and λ � {λk, k =

m, · · · , K − 1}. Then the Lagrangian of problem (4.20) is:

L(p,λ) = −
∑
k∈B

fk(pk) +
K−1∑
k=m

λk(pk − pk+1), (4.22)

and it can be written as

L(p,λ) �
∑
k∈B

Lk(pk,λ),
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where Lk(pk,λ) only involves pk, and is defined as:

Lm(pm,λ) = −fm(pm) + λmpm, (4.23)

Lk(pk,λ) = −fk(pk) + (λk − λk−1)pk,m < k < K, (4.24)

LK(pK ,λ) = −fK(pK)− λK−1pK . (4.25)

The dual algorithm aims to solve the convex but possibly nondifferentiable

dual problem of (4.20):

max
λ≥0

d(λ), (4.26)

where

d(λ) �
∑
k∈B

min
0≤pk≤pmax

Lk(pk,λ). (4.27)

Computing d(λ) involves K −m+ 1 separate subproblems,

min
0≤pk≤pmax

Lk(pk,λ), k ∈ B,

where each subproblem is a single variable minimization problem and is easy

to solve.

Note that the right-hand side of (4.27) might have multiple solutions, hence

the dual function d(λ) may not be differentiable. We apply the subgradient

method [89] to solve the dual problem (4.26), i.e., we update the dual variable

according to (4.28) in Algorithm 7, where t is the iteration index. The update

rule (4.28) is intuitive: the dual variable λk increases if the constraint pk ≤
pk+1 is violated. In Algorithm 7, ε ∈ (0, 1) is a tolerance parameter.

The sequence {λt} generated by Algorithm 7 converges to an optimal dual

solution [89]. Let λL be the limiting point of the sequences of {λt}, and

pL = arg
∑
k∈B

min
0≤pk≤pmax

Lk(pk,λ
L). (4.29)
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Algorithm 7 Dual Algorithm

Input: {p†k, k ∈ B}
Output: {pLk , k ∈ B}
1: Initiate λ0 = 0,λ−1 = −1, t = 0, {ptk, k ∈ B} = {p†k, k ∈ B}
2: while If ∃ i such that |λt

i − λt−1
i | > ε do

3: For all k = m, . . . ,K − 1, update

λt+1
k = max{λt

k +
1√
t
(ptk − ptk+1), 0}. (4.28)

4: Calculate pt+1 = argmin0≤p≤pmax L(p,λ
t+1).

5: Set t = t+ 1.

6: end while

7: Set λL = λt,pL = pt.

By the weak duality theory [90], we have

∑
k∈B

fk(p
L
k ) ≥

∑
k∈B

fk(p
∗
k). (4.30)

Recall that {p∗k, k ∈ B} is the optimal solution of Problem 3. Hence, if

{pLk , k ∈ B} is feasible to problem (4.20), it is the optimal solution to problem

(4.20), i.e., {p∗k, k ∈ B} = {pLk , k ∈ B}. If {pLk , k ∈ B} is not feasible to

problem (4.20), we will further compute a feasible solution using the dynamic

algorithm introduced later.

To summarize, the dual algorithm fully takes advantage of the separable

structure of the objective function in problem (4.20); it is easy to implement,

since the optimal solution of the Lagrangian can be obtained easily; it pro-

vides us an upper bound of problem (4.20); it is possible to return us the

global solution of problem (4.20) with a certificate (if the returned solution

is feasible); if not, it returns us a good approximate solution, which can be

used as an initial point for a possible local search.



CHAPTER 4. A CONTRACT-BASED INCENTIVE MECHANISM 146

4.5.3.2 Dynamic Algorithm

Now we deal with the case where {pLk , k ∈ B} generated by the Dual Algo-

rithm is not feasible.9

Definition 4.4 (Infeasible Sub-sequence). We denote a sub-sequence of {pk, k ∈
B}, say {pi, pi+1, . . . , pj}, as an infeasible sub-sequence, if pi ≥ pi+1 ≥ · · · ≥
pj and pi > pj.

We propose to use a Dynamic Algorithm in Algorithm 8 (based on a sim-

ilar algorithm proposed in [78]) to make all the infeasible sub-sequences in

{pLk , k ∈ B} feasible, by enforcing all prices in the infeasible sub-sequence to

be equal (Line 4 of Algorithm 8). Specifically, for an infeasible sub-sequence

{pi, pi+1, . . . , pj}, we combine fi(pi), fi+1(pi+1), . . . , fj(pj) and set:

pi = pi+1 = · · · = pj = arg max
0≤p≤pmax

j∑
t=i

ft(p). (4.31)

It is easy to solve (4.31), as it has only a single variable p. We denote the

solution returned by Algorithm 8 as {pDk , k ∈ B}.

Algorithm 8 Dynamic Algorithm

Input: {pLk , k ∈ B}
Output: {pDk , k ∈ B}
1: Initiate {pDk , k ∈ B} = {pLk , k ∈ B}
2: while {pDk , k ∈ B} is infeasible do

3: Find the first and shortest infeasible sub-sequence {pDi , pDi+1, . . . , p
D
j } of {pDk , k ∈ B}.

4: Set pDk = arg max
0≤p≤pmax

j∑
t=i

ft(p), ∀k = i, . . . , j.

5: end while

The Dynamic Algorithm will terminate withinK−m times, as we combine

9Numerical results show that the price assignment {pLk , k ∈ B} derived by the Dual Algorithm is almost
always feasible (and hence optimal) when the number of APs is large. Hence in practice we do not need
to activate the dynamic algorithm most of the time.
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at least two different fi(·) at each time,10 hence we need to do at most K−m

times.

Since {pDk , k ∈ B} satisfies the constraints of problem (4.20), it provides a

lower bound of problem (4.20), i.e.,

∑
k∈B

fk(p
D
k ) ≤

∑
k∈B

fk(p
∗
k). (4.32)

4.5.4 Optimal Critical Type

Finally, after obtaining the subscription fees in Section 4.5.2 and the price

assignment in Section 4.5.3, we can sequentially search for the optimal critical

type m∗ ∈ {1, . . . , K +1}. Obviously, we only need to search K +1 times for

m∗.

4.6 Heterogeneous Mobility Scenario

The discussions in Sections 4.3–4.5 have assumed homogenous user mobility.

In this section, we study the more general heterogeneous mobility scenario,

where different APOs may have different probabilities of staying at home (or

roaming outside). We consider a set M = {1, 2, . . . , L} of possible probabili-

ties of staying at home, and denote ηl, l ∈ M as the l-th probability. Without

loss of generality, we assume η1 < η2 < · · · < ηL.

Recall that in our previous analysis, all APOs are divided into K types

based on their provided Wi-Fi access qualities, and a type-k APO’s Wi-

Fi access quality is denoted by θk, ∀k ∈ K. In this section, each APO is

characterized not only by his provided Wi-Fi access quality, but also by his

mobility pattern. Hence, all APOs can be divided into K × L types based

on their provided Wi-Fi access qualities and their mobility patterns, where a

10The same fi(·) will not be considered multiple times in the Dynamic Algorithm.
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type-{k, l} APO provides the Wi-Fi access with quality θk and stays at home

with probability ηl. Note that θk and ηl are private information of each APO,

and are not known by the network operator.

4.6.1 Contract Formulation

To induce APOs to reveal their private information truthfully, the operator

needs to design a contract item for each type of APO (characterized by θk

and ηl). Hence, the contract that the operator offers is

Φ = {φk,l � (pk,l, δk,l), k ∈ K, l ∈ M}. (4.33)

Here the contract item φk,l is designed for the type-{k, l} APO. A special

combination φ0 = (0, 0) indicates the membership choice of Linus. We let

Nk,l denote the number of the type-{k, l} APOs. We let L(Φ) denote the set

of all Linus, and let B(Φ) denote the set of all Bills. We further denote Ll(Φ)

as the set of Linus with ηl, and denote Bl(Φ) as the set of Bills with ηl, for

all l ∈ M. When there is no confusion, we will also write L for L(Φ), and
similarly for B,Ll,Bl.

Similar as in Section 4.3, we characterize the network operator’s profit and

each APO’s payoff under a given feasible contract, where each APO chooses

the contract item designed for his type.

The network operator’s profit includes the profit achieved from all Linus’

APs and the profit achieved from all Bill APs, and can be computed as follows:⎡⎣ L∑
l=1

∑
k∈Ll

Nk,l

⎛⎝ L∑
j=1

∑
i∈Bj

1− ηj
N

Ni,j + a

⎞⎠ p0dk(p0)

⎤⎦+
L∑
l=1

∑
k∈Bl

Nk,lδk,l. (4.34)

If a type-{k, l} APO chooses to be a Linus, his payoff is the difference
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between utility and cost,

uk,l(φ0) = ηlUh + (1− ηl)Ur − Cs. (4.35)

If a type-{k, l}APO chooses to be a Bill, his payoff is the difference between

his revenue, utility, and cost,

uk,l(φk,l; Φ) = ωl(Φ)gk(pk,l)− δk,l − βk,l(Φ) + ηlUh + (1− ηl)Ur − Cs. (4.36)

Here ωl(Φ) is the expected number of paying users (including others type-

{k, l} Bills characterized by θk and ηl, all other types of Bills, and all Aliens)

accessing this AP:

ωl(Φ) �
∑L

j=1

∑
i∈Bj

1−ηj
N

Ni,j +
1
N
NA − 1−ηl

N
, (4.37)

and βk,l(Φ) is the expected payment of this type-{k, l} APO for accessing

other APs:

βk,l(Φ) � 1−ηl
N

[∑L
j=1

∑
i∈Bj

Ni,jgi(pi,j) +
∑L

j=1

∑
i∈Lj

Ni,jgi(p0)− gk(pk,l)
]
.

(4.38)

For notational convenience, we denote

μ(Φ) =
L∑

j=1

∑
i∈Bj

1− ηj
N

Ni,j +
NA

N
,

ν(Φ) =
L∑

j=1

∑
i∈Bj

Ni,jgi(pi,j) +
L∑

j=1

∑
i∈Lj

Ni,jgi(p0).

Then, a Bill APO’s payoff can be written as

uk,l(φk,l; Φ) = μ(Φ)gk(pk,l)− δk,l −
1− ηl
N

ν(Φ). (4.39)

When there is no confusion, we will also write ωl for ωl(Φ), and similarly for



CHAPTER 4. A CONTRACT-BASED INCENTIVE MECHANISM 150

βk,l, μ, ν.

4.6.2 Feasibility of the Contract

We now characterize the necessary conditions for a feasible contract.

Lemma 4.5. If a contract Φ is feasible, then

pk,l > pi,j ⇐⇒ δk,l > δi,j, ∀k ∈ Bl, i ∈ Bj, l, j ∈ M.

The idea of the proof is similar as that of Lemma 4.1. Detailed proof is

given in Section 4.9.2.

Lemma 4.5 shows that in the heterogeneous mobility scenario, a larger

Wi-Fi access price corresponds to a larger subscription fee (for Bill).

Lemma 4.6. If a contract Φ is feasible, then

θk > θi =⇒ pk,l > pi,l, ∀k, i ∈ Bl, l ∈ M

ηl > ηj =⇒ pk,l ≥ pk,j, ∀k ∈ Bl, k ∈ Bj, l, j ∈ M

ηl < ηj and θk > θi =⇒ pk,l > pi,j, ∀k ∈ Bl, i ∈ Bj, l, j ∈ M.

The idea of the proof is similar as that of Lemma 4.2. Detailed proof is

given in Section 4.9.3.

Lemma 4.6 shows that with the same probability of staying at home, an

APO who provides a higher Wi-Fi quality will be designed with a higher

Wi-Fi access price. With the same Wi-Fi quality, an APO who has a larger

probability of staying at home will be designed with a higher Wi-Fi access

price. What is most significant is the their relationship in Lemma 4.6: if an

APO provides a higher Wi-Fi quality, even if he stays at home with a smaller

probability, he will be designed with a higher Wi-Fi access price, which implies

that the Wi-Fi quality is more important than the mobility pattern.
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Lemma 4.7. If a contract Φ is feasible, then there exists a critical APO type

ml ∈ {1, 2, . . . , K + 1} for each ηl (∀l ∈ M), such that k ∈ Ll for all k < ml

and k ∈ Bl for all k ≥ ml, i.e.,

Ll = {1, 2, . . . ,ml − 1},Bl = {ml,ml + 1, . . . , K}, ∀l ∈ M.

The idea of the proof is similar as that of Lemma 4.3. Detailed proof is

given in Section 4.9.4.

Lemma 4.7 shows that for APOs with the same probability of staying at

home, there exists a critical APO type: all APOs with types lower than the

critical type will choose to be Linus, and all APOs with types higher than or

equal to the critical type will choose to be Bills.

Lemma 4.8. If a contract Φ is feasible, then

ml ≤ mj, ∀l, j ∈ M, l > j.

Proof. We prove this lemma by contradiction. Assume to the contrary that

∃l > j such that ml > mj. Then there exists k ∈ K such that k ∈ Ll

(the type-(k, l) APOs choose to be Linus), but k ∈ Bj (the type-(k, j) APOs

choose to be Bills).

From the IC constraint for the type-{k, j} (Bill) APO (characterized by

ηj and θk), we have

uk,j(pk,j, δk,j; Φ) = μgk(pk,j)− δk,j −
1− ηj
N

ν ≥ 0.

Since l > j, we have ηl > ηj. Then for the type-{k, l} Linus APO (charac-
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terized by ηl and θk), if he chooses to be Bill, we have

uk,l(pk,j, δk,j; Φ) = μgk(pk,j)− δk,j −
1− ηl
N

ν

> μgk(pk,j)− δk,j −
1− ηj
N

ν ≥ 0,

which contradicts with the IC constraint for the type-{k, l} Linus APO.

Hence, we have ml ≤ mj, ∀l, j ∈ M, l > j.

Lemma 4.8 shows that APOs who stay at home with larger probabilities

are more likely to choose to be Bills.

Given Lemmas 4.6, 4.7, and 4.8, we can provide a lower bound and an

upper bound for each Bill’s price:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
pk−1,L ≤ pk,1 ≤ pk,2, ∀k ∈ B1,

max {pk,l−1, pk−1,L} ≤ pk,l ≤ pk,l+1, ∀k ∈ Bl, ∀1 < l < L,

max {pk,L−1, pk−1,L} ≤ pk,L ≤ pk+1,j, ∀k ∈ BL, j = mini∈M{i : k + 1 ≥ mi}.
(4.40)

Recall that a Linus APO will choose the contract item φ0 = (0, 0), i.e., set his

price to be p = 0. Hence, if the type-{k − 1, L} APO chooses to be a Linus,

then pk−1,L = 0. Note that pk−1,L ≤ pk,l and pk,L ≤ pk+1,j are due to the third

relationship in Lemma 4.6, and j = mini∈M{i : k + 1 ≥ mi} enables that the

type-{k + 1, j} APO chooses to be a Bill and has the smallest probability of

staying at home among Bills with θk+1. Intuitively, the relationships in (4.40)

can be interpreted from two aspects: (a) a Bill APO who provides a higher

Wi-Fi quality will be designed with a higher Wi-Fi access price, regardless

of the mobility pattern; (b) with the same Wi-Fi access quality, a Bill APO

who has a larger probability of staying at home will be designed with a higher

Wi-Fi access price.

We use a small example to illustrate the relationship among all APOs’
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prices, where K = 4, L = 5,m1 = 5,m2 = 4,m2 = 3, and m4 = m5 = 1. The

price matrix of all APOs in the example is as follows:⎛⎜⎜⎜⎜⎜⎝
0 0 0 p1,4 p1,5

0 0 0 p2,4 p2,5

0 0 p3,3 p3,4 p3,5

0 p4,2 p4,3 p4,4 p4,5

⎞⎟⎟⎟⎟⎟⎠
where APOs in the same column have the same ηl (l ∈ M), and APOs in the

same row have the same θk (k ∈ K). The 0 elements represent the choices of

Linus, while the elements pk,l (∀k ∈ K, l ∈ M) represent the choices of Bill.

From (4.40), we know that Bills’ prices satisfy:

p1,4 ≤ p1,5 ≤ p2,4 ≤ p2,5 ≤ p3,3 ≤ · · · ≤ p4,5.

We now characterize the sufficient and necessary conditions for a feasible

contract.

Theorem 4.2 (Feasible Contract). A contract Φ = {φk,l, k ∈ K, l ∈ M} is



CHAPTER 4. A CONTRACT-BASED INCENTIVE MECHANISM 154

feasible, if and only if the following conditions hold:

Ll = {1, . . . ,ml − 1},Bl = {ml, . . . , K}, ml ∈ {1, ..., K + 1}, ∀l ∈ M,

(4.41)

m1 ≥ m2 ≥ m3 ≥ · · · ≥ mL, (4.42)

0 ≤ p0 ≤ pmax, 0 ≤ pk,l ≤ pmax, ∀k ∈ K, ∀l ∈ M, (4.43)

pk−1,L ≤ pk,1 ≤ pk,2, ∀k ∈ B1, (4.44)

max {pk,l−1, pk−1,L} ≤ pk,l ≤ pk,l+1, ∀k ∈ Bl, ∀1 < l < L, (4.45)

max {pk,L−1, pk−1,L} ≤ pk,L ≤ pk+1,j, ∀k ∈ BL, j = min
i∈M

{i : k + 1 ≥ mi},

(4.46)

δk,l ≥ μ(Φ)gi(pk,l)−
1− ηj
N

ν(Φ), ∀k ∈ Bl, i ∈ Lj, l, j ∈ M, (4.47)

δk,l ≤ ωl(Φ)gk(pk,l)− βk,l(Φ), ∀k ∈ Bl, l ∈ M, (4.48)

ωj(Φ) (gi(pk,l)− gi(pi,j)) ≤ δk,l − δi,j

≤ ωl(Φ) (gk(pk,l)− gk(pi,j)) , ∀k ∈ Bl, i ∈ Bj, l, j ∈ M. (4.49)

The proof follows the same argument in the proof of Theorem 4.1.

4.6.3 Optimal Contract Design

The optimal contract is the one that maximizes the network operator’s profit.

Given the network operator’s profit (4.34) and using Theorem 4.2, we can

formulate the following contract optimization problem:

Problem 4: Optimal Contract (Heterogeneous Mobility)

max

⎡⎣ L∑
l=1

∑
k∈Ll

Nk,l

⎛⎝ L∑
j=1

∑
i∈Bj

1− ηj
N

Ni,j + a

⎞⎠ p0dk(p0)

⎤⎦+
L∑
l=1

∑
k∈Bl

Nk,lδk,l

s.t. (4.41)− (4.49)

var: {ml, ∀l ∈ M}, p0, {(pk,l, δk,l), ∀l ∈ M, k ∈ Bl}.
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Next we define the feasible price assignment in the heterogeneous mobility

scenario, which we will use in later discussions.

Definition 4.5 (Feasible Price Assignment in Heterogeneous Mobility Sce-

nario). A price assignment {p0, pk,l, l ∈ M, k ∈ Bl} is feasible if it satisfies

constraints (4.43), (4.44), (4.45), and (4.46).

We solve Problem 3 in the following steps similar as in Section 4.5. First,

we derive a closed-form solution of the best subscription fees {δk,l, l ∈ M, k ∈
Bl}, given the feasible price assignment {p0, pk,l, l ∈ M, k ∈ Bl} and critical

types {ml, l ∈ M}. Then, we propose an algorithm to solve the optimal price

assignment {p0, pk,l, l ∈ M, k ∈ Bl}, given the critical types {ml, l ∈ M}.
Finally, based on the best subscription fees and price assignment, we search

the critical types {ml, l ∈ M} for the optimal contract.

We first derive the best subscription fees, given the feasible price assign-

ment and critical types.

Problem 5: Optimal Subscription Fees Given Feasible

{p0, pk,l, ∀l ∈ M, k ∈ Bl} and {ml, ∀l ∈ M}

max
L∑
l=1

∑
k∈Bl

Nk,lδk,l

s.t. (4.47), (4.48), (4.49)

var: δk,l, ∀l ∈ M, k ∈ Bl.

Lemma 4.9 gives the optimal solution of Problem 5.

Lemma 4.9. Given critical types {ml, ∀l ∈ M} and a feasible price as-

signment {p0, pk,l, ∀l ∈ M, k ∈ Bl}, the optimal subscription fees {δ∗k,l, ∀l ∈
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M, k ∈ Bl} are given by:

δ∗mj ,j
= ωjgmj

(pmj ,j)− βmj ,j, j = min
i∈M

{i : mi = mL}, (4.50)

δ∗k,l = δ∗k,l−1 + ωl (gk(pk,l)− gk(pk,l−1)) , ∀l ∈ M, k ≥ ml−1, (4.51)

δ∗k,l = δ∗k−1,L + ωl (gk(pk,l)− gk−1(pk−1,L)) , ∀l ∈ M, k < ml−1. (4.52)

Note that ωj, ωl and βmj ,j depend on {ml, ∀l ∈ M} and {p0, pk,l, ∀l ∈
M, k ∈ Bl}, and can be calculated in (4.37) and (4.38), respectively.

We define sk,l =
∑

j≥l Nk,j +
∑

j∈M
∑

i∈Bj ,i>k Ni,j for all l ∈ M, k ∈ Bl.

Based on Lemma 4.9, we can rewrite the network operator’s profit from Bills

as follows:
L∑
l=1

∑
k∈Bl

Nk,lδ
∗
k,l �

L∑
l=1

∑
k∈Bl

fk,l(pk,l),

where fk,l(pk,l) only depends on pk,l, and is defined as:

fmj ,j(pmj ,j) =
(

1−ηj
N

+ ωj

)
smj ,jgmj

(pmj ,j)− ωj+1smj ,j+1gmj
(pmj ,j),

j = min
i∈M

{i : mi = mL}, (4.53)

fk,l(pk,l) = ωlsk,lgk(pk,l)− ωl+1sk,l+1gk(pk,l), l < L, k ∈ Bl, (4.54)

fk,L(pk,L) = ωLsk,Lgk(pk,L)− ωisk+1,igk+1(pk,L),

k ∈ BL, i = min
l∈M

{l : k + 1 ≥ ml}, (4.55)

fK,L(pK,L) = ωLNK,LgK(pK,L). (4.56)

Next we solve the operator’s optimal prices, given critical types {ml, ∀l ∈
M}. Given the best subscription fees {δ∗k,l, ∀l ∈ M, k ∈ Bl} in Lemma 4.9,
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we have the following optimization problem.

Problem 6: Optimal Price Assignment Given {ml, ∀l ∈ M}

max

⎡⎣ L∑
l=1

∑
k∈Ll

Nk,l

⎛⎝ L∑
j=1

∑
i∈Bj

1− ηj
N

Ni,j + a

⎞⎠ p0dk(p0)

⎤⎦+
L∑
l=1

∑
k∈Bl

fk,l(pk,l)

s.t. (4.43), (4.44), (4.45), (4.46)

var: p0, {pk,l, ∀l ∈ M, k ∈ Bl}.

We can use the same algorithm in Section 4.5.3 to solve Problem 6.

Finally, after obtaining the subscription fees and the price assignment, we

can sequentially search for the optimal critical type {m∗
l , l ∈ M}. Due to

constraints (4.41) and (4.42), we only need to search (K + 1)(K + 2)/2 times

for {m∗
l , l ∈ M}.

4.7 Simulation Results

In this section, we first simulate a network where all APOs have the homoge-

neous mobility pattern in Section 4.7.1, and then simulate a network where

APOs have heterogeneous mobility patterns in Section 4.7.2.

4.7.1 Optimal Contract and Impact of Alien Number

We simulate a network with N = 2000 APOs, which are classified intoK = 20

types, associated with Wi-Fi qualities θ = {1, 2, . . . , 20}. All APOs have a

homogeneous mobility pattern. Each APO stays at home with probability

η = 0.5, and the maximal unit price is pmax = 10. We study the optimal

contracts under three different APO type distributions, as shown in Figure

4.2, where Case I is low type APO dominant, Case II is uniform distribution,

and Case III is high type APO dominant.
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Figure 4.2: Distribution of APOs (Case I: low type APO dominant; Case II: uniform
distribution; Case III: high type APO dominant)

In this part, we assume that the ratio between Aliens and APOs is a = 0.25.

We study the optimal contracts under the three cases. The contract item

φ0 = (0, 0) for Linus is implicitly included in the contract. Figure 4.3 and

Figure 4.4 show the optimal contract items for Bills, i.e., the best subscription

fees and the optimal prices, under the three cases. Those APO types that

do not have representations in the figures are those choosing to be Linus.

Specifically, no APO chooses Linus in Case I, the first 4 types of APOs choose

Linus in Case II, and the first 8 types of APOs choose Linus in Case III.

Observation 4.1. More types of APOs choose to be Linus in Case III where

the population is high type APO dominant (Figures 4.3 and 4.4).

The reason is that higher type APOs charge higher prices (and many of

them charge pmax). In the high type APO dominant case (Case III), on

average it is more expensive for a Bill to access other APs. As a result, a

lower type APO’s payoff as a Bill is smaller due to the higher payment on

other APs. Hence, more APOs will choose to be Linus.

Observation 4.2. The subscription fee can be negative, and the subscription
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Figure 4.3: Subscription Fees for Bills (Case
I: low type APO dominant; Case II: uniform
distribution; Case III: high type APO dom-
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Figure 4.4: Wi-Fi Access Prices for Bills
(Case I: low type APO dominant; Case II:
uniform distribution; Case III: high type
APO dominant)

fee is the highest in Case I where the population is low type APO dominant

(Figure 4.3).

As a lower type APO charges a smaller price at his own AP but pays

higher prices to higher type APOs, his payoff can be negative without proper

compensation from the operator. Hence, the network operator will give bonus

to the lower type APO for joining the community and sharing Wi-Fi.

In the low type APO dominant case (Case I), each type APO’s payoff as a

Bill is higher comparing with other two cases, since lower type APOs charge

smaller prices and on average it is less expensive to use other APs. Hence,

the network operator will set higher subscription fees to extract more profit.

Observation 4.3. The price is the highest in Case I where the population is

low type APO dominant (Figure 4.4).

The highest price (Figure 4.4) corresponds to the highest subscription fee

(Figure 4.3). An APO will choose a higher price since he needs to pay a

higher subscription fee to the operator.

Figure 4.5 plots each APO’s payoff in the three cases.
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Figure 4.5: Payoffs of Bill APOs

Observation 4.4. The higher type Bill APO gains more payoff than the lower

type Bill APO, and each Bill APO’s payoff is the largest in Case I where the

population is low type APO dominant (Figure 4.5).

The reason is that the higher type APO receives more revenue on his own

AP and pays less to other lower type APOs, hence achieves a payoff higher

than that of a lower type APO.

In the low type APO dominant case (Case I), on average each Bill APO

pays less to access other APs than in other two cases. This turns out to

the dominant factor in determining the payoff, although every Bill APO pays

more to the operator (Observation 4.2) and charges other users more (Obser-

vation 4.3).

We study how the ratio a = NA

N
affects the optimal contract. Figure 4.6

shows the relationship between a and the critical AP type m in the three

cases.

Observation 4.5. The number of APO types choosing to be Linus increases

with the number of Aliens (Figure 4.6).
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Figure 4.6: Critical AP Type
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Figure 4.7: Profit of the Network Operator

Recall the operator’s total profit defined in (4.4), i.e.,

∑
k∈L

[
Nk

(
(1− η)NB

N
+ a

)
gk(p0)

]
+
∑

k∈B Nkδk.

The operator sets the same price on all Linus APs as p0 = pmax. As a in-

creases, the term agk(pmax) becomes increasingly important for the operator’s

total revenue. Hence, in the optimal contract, the operator increases m to

gain more revenue from Aliens’ Wi-Fi access on Linus APs.

Figure 4.7 shows the relationship between a and the operator’s profit under

different ratio a, or equivalently, the number of Aliens NA = aN since N is

fixed.

Observation 4.6. The network operator’s profit increases with the number

Aliens, and the profit is largest in Case III where the population is high type

APO dominant (Figure 4.7).

The operator’s profit increases with a, as more Aliens bring more revenue.

The operator’s profit is the largest in the high type APO dominant case (Case

III), because as the Wi-Fi quality increases, users generate more demand in

the network, and hence the operator gains more revenue.
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Figure 4.8: Impact of η1 to Critical AP Types (η2 = 0.8)

4.7.2 Heterogeneous Mobility Scenario

We simulate a network with N = 4000 APOs with L = 2 mobility patterns

(η1, and η2) and K = 20 Wi-Fi qualities θ = {1, 2, . . . , 20}. The maximal

unit price is pmax = 10, and the ratio between Aliens and APOs is a = 0.6.

In Section 4.6, we have theoretically proved that if η1 < η2, then m1 ≥ m2.

In this section, we numerically study how the critical AP types m1 and m2

change with the mobility parameters η. Figure 4.8 shows the relationship

between η1 and the critical AP types {m1,m2} when η2 = 0.8.

Observation 4.7. The critical AP type m1 decreases with η1, i.e., more

APOs who stay at home with probability η1 choose to be Bills as η1 increases

(Figure 4.8).

The reason is that as η1 increases, APOs with η1 stay at home with a

larger probability, while roam to other APs with a smaller probability. So

APOs with η1 prefer to be Bills to gain profit at his own APs rather than be

Linus to enjoy free Wi-Fi at other APs. Hence, more APOs with η1 choose

to be Bills as η1 increases.
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Observation 4.8. (a) The critical AP type m2 first decreases with η1, i.e.,

more APOs who stay at home with probability η2 choose to be Bills as η1

increases. (b) When η1 is large enough, i.e., η1 > 0.7, m2 increases with η1,

i.e., less APOs who stay at home with probability η2 choose to be Bills as η1

increases (Figure 4.8).

The reason for Observation 4.8(a) is that as η1 increases from small to

medium values, more APOs with η1 choose to be Bills (Observation 4.7).

Since the number of paying users (Bills) increases, APOs with η2 can gain

larger profit if they choose to be Bills. Hence, more APOs with η2 choose to be

Bills. The reason for Observation 4.8(b) is that as η1 increases from medium

to large values, Bill APOs with η1 stay at home with a larger probability, so

the profit achieved by Bills from these paying users (Bill APOs with η1) will

decrease. Hence, less APOs with η2 choose to be Bills.

4.8 Chapter Summary

In this chapter, we proposed a novel contract mechanism for crowdsourced

wireless community networks under incomplete information. Different from

existing contract mechanisms for wireless networks, the proposed contract

considers the coupling among users’ contract item choices, hence is more

complicated to design. We analyzed the feasibility and optimality of the

proposed contract systematically, and provided simulation results to illustrate

the optimal contract and the profit of the operator.
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4.9 Appendix

4.9.1 Proof of Theorem 4.1

Proof. We first prove that the conditions in Theorem 4.1 are sufficient by

mathematical induction.

We denote Φ(m−1+n) as a subset of Φ which contains the first m−1+n

contract items in Φ, i.e., Φ(m − 1 + n) = {(0, 0), k ∈ L} ∪ {(pk, δk), k ∈ B}
with |L| = m−1 and |B| = n. Let Φ(m−1+n) be a contract for the network

which contains the first m−1+n types of AP owners of the original network.

Obviously, m = K + 1 indicates that all AP owners choose to be Linus.

In the following proof, we consider the case where m ≤ K.

We first verify that Φ(m) = {(0, 0), ∀k = 1, 2, . . . ,m − 1} ∪ {(pm, δm)} is

feasible, where only the type-m APOs choose to be Bills, while other types of

APOs choose to be Linus. The conditions for such a contract to be feasible

are the IR and IC constraints for all APOs. Obviously, conditions in Theorem

4.1 imply

ω(Φ)gm(pm)− δm − βm(Φ) ≥ 0,

μ(Φ)gj(pm)− δm − ν(Φ) ≤ 0, ∀j ∈ L.

Thus the IR and IC constraints for all APOs are satisfied and Φ(m) is a

feasible contract.

We then show that if Φ(m − 1 + k) = {(0, 0), ∀i = 1, . . . ,m − 1} ∪
{(pi, δi), ∀i = m, . . . ,m− 1+ k} (k ≥ 1) is a feasible contract, then Φ(m+ k)

is also feasible. To achieve this, we need to prove that (I) for the new type
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θm+k, the IC and IR constraints are satisfied, i.e.,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ω(Φ)gm+k(pm+k)− δm+k − βm+k(Φ) ≥ ω(Φ)gm+k(pi)

− δi − βm+k(Φ), ∀i = m, . . . ,m− 1 + k,

ω(Φ)gm+k(pm+k)− δm+k − βm+k(Φ) ≥ 0,

and (II) for the existing types θ1, . . . , θm−1, θm, . . . , θm−1+k, the IC constraints

are still satisfied in the presence of type θm+k, i.e.,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
μ(Φ)gj(pm+k)− δm+k − ν(Φ) ≤ 0, ∀j = 1, . . . ,m− 1,

ω(Φ)gi(pi)− δi − βi(Φ) ≥ ω(Φ)gi(pm+k)− δm+k

− βi(Φ), ∀i = m, . . . ,m− 1 + k.

Next, we prove (I) and (II) separately.

Proof of I: Since

δm+k − δi ≤ ω(Φ) (gm+k(pm+k)− gm+k(pi)) , ∀i = m, . . . ,m− 1 + k,

we have

ω(Φ)gm+k(pm+k)− δm+k − βm+k(Φ) ≥ ω(Φ)gm+k(pi)− δi − βm+k(Φ),

∀i = m, . . . ,m− 1 + k,

which proves that the IC constraint is satisfied. Since

δm+k ≤ ω(Φ)gm+k(pm+k)− βm+k(Φ)

we have

ω(Φ)gm+k(pm+k)− δm+k − βm+k(Φ) ≥ 0,

which proves that the IR constraint is satisfied.
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Proof of II: Since

δm+k ≥ μ(Φ)gj(pm+k)− ν(Φ), ∀j = 1, . . . ,m− 1,

we have

μ(Φ)gj(pm+k)− δm+k − ν(Φ) ≤ 0, ∀j = 1, . . . ,m− 1,

which proves that the IC constraints for the Linus AP owners in the set L =

{1, . . . ,m−1} are satisfied. Since δm+k− δi ≥ ω(Φ) (gi(pm+k)− gi(pi)) , ∀i =
m, . . . ,m− 1 + k, we have

ω(Φ)gi(pi)− δi − βi(Φ) ≥ ω(Φ)gi(pm+k)− δm+k − βi(Φ),

∀i = m, . . . ,m− 1 + k,

which proves the IC constraints for the Bill AP owners in the set B =

{m, . . . ,m− 1 + k}.
Up to present, we have proved that (i) Φ(m) is feasible, and (ii) if Φ(m−

1 + k) (for k ≥ 1) is feasible, then Φ(m + k) is feasible. It follows that

Φ = Φ(K) is feasible.

Now we prove that the conditions in Theorem 4.1 are necessary. Note that

(4.13) has been proved by Lemma 4.3, and (4.14) has been proved by Lemma

4.2. We now prove that (4.15), (4.16), and (4.17) are necessary by using

the IC and IR constraints APOs in the network. For any type-j (∀j ∈ L)
Linus APO, his payoff by choosing to be a Linus is no smaller than the payoff

by choosing any contract item (pk, δk), ∀k ∈ B designed for a Bill under a

feasible contract, i.e., the following IC constraint must be satisfied:

uj(pk, δk; Φ) ≤ uj(0, 0),
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which is

μ(Φ)gj(pk)− δk − ν(Φ) ≤ 0.

This implies that (4.15) in Theorem 4.1 is satisfied:

δk ≥ μ(Φ)gj(pk)− ν(Φ), ∀k ∈ B, ∀j ∈ L.

For any type-k (∀k ∈ B) Bill APO, the following IR constraint must be

satisfied:

uk(pk, δk; Φ) ≥ 0,

which is

ω(Φ)gk(pk)− δk − βk(Φ) ≥ 0.

This implies that (4.16) in Theorem 4.1 is satisfied:

δk ≤ ω(Φ)gk(pk)− βk(Φ), ∀k ∈ B.

For any type-k (∀k ∈ B) Bill APO and type-i (∀i < k, i ∈ B) Bill APO, the

following IC constraints must be satisfied:

uk(pk, δk; Φ) ≥ uk(pi, δi; Φ),

ui(pi, δi; Φ) ≥ ui(pk, δk; Φ),

equivalently,

ω(Φ)gk(pk)− δk − βk(Φ) ≥ ω(Φ)gk(pi)− δi − βk(Φ),

ω(Φ)gi(pi)− δi − βi(Φ) ≥ ω(Φ)gi(pk)− δk − βi(Φ).
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This implies that (4.17) in Theorem 4.1 is satisfied:

ω(Φ) (gi(pk)− gi(pi)) ≤ δk − δi ≤ ω(Φ) (gk(pk)− gk(pi)) ,

∀k, i ∈ B, i < k.

4.9.2 Proof of Lemma 4.5

Proof. We prove this lemma by using the IC constraint.

We first prove that if pk,l > pi,j, then δk,l > δi,j. For any APO characterized

by ηj (j ∈ M) and θi (i ∈ Bj), the following IC constraint must be satisfied:

ui,j(pi,j, δi,j; Φ) ≥ ui,j(pk,l, δk,l; Φ), ∀l ∈ M, k ∈ Bl,

which is

ωj(Φ)gi(pi,j)− δi,j − βi,j(Φ) ≥ ωj(Φ)gi(pk,l)− δk,l − βi,j(Φ).

This implies

δk,l − δi,j ≥ ωj(Φ)(gi(pk,l)− gi(pi,j)) > 0,

which follows the fact that gi(p) is an strictly increasing function with respect

to p.

We now prove that if δk,l > δi,j, then pk,l > pi,j. For any APO characterized

by ηl (l ∈ M) and θk (k ∈ Bl), the following IC constraint must be satisfied:

uk,l(pk,l, δk,l; Φ) ≥ uk,l(pi,j, δi,j; Φ), ∀j ∈ B,

which is

ωl(Φ)gk(pk,l)− δk,l − βk,l(Φ) ≥ ωl(Φ)gk(pi,j)− δi,j − βk,l(Φ).
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This implies

gk(pk,l)− gk(pi,j) ≥
δk,l − δi,j
ωl(Φ)

> 0.

Since gi(p) monotonically increases with p, we have

pk,l > pi,j.

4.9.3 Proof of Lemma 4.6

Proof. From the IC constraints for the APOs characterized by ηl (l ∈ M)

and θk (k ∈ Bl) and the APOs characterized by ηj (j ∈ M) and θi (i ∈ Bj),

we have

uk,l(pk,l, δk,l; Φ) ≥ uk,l(pi,j, δi,j; Φ),

ui,j(pi,j, δi,j; Φ) ≥ ui,j(pk,l, δk,l; Φ),

which are equivalent to

ωl(Φ)gk(pk,l)− δk,l − βk,l(Φ) ≥ ωl(Φ)gk(pi,j)− δi,j − βk,l(Φ),

ωj(Φ)gi(pi,j)− δi,j − βi,j(Φ) ≥ ωj(Φ)gi(pk,l)− δk,l − βi,j(Φ).

Combining the above two inequations, we have

ωl(Φ)(gk(pk,l)− gk(pi,j)) ≥ ωj(Φ)(gi(pk,l)− gi(pi,j)). (4.57)

If j = l and θk > θi, (4.57) is equivalent to

gk(pk,l)− gk(pi,l) ≥ gi(pk,l)− gi(pi,l),

which implies that pk,l > pi,l.
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If i = k and ηl > ηj, (4.57) is equivalent to

ωl(Φ)(gk(pk,l)− gk(pk,j)) ≥ ωj(Φ)(gk(pk,l)− gk(pk,j)),

which implies that pk,l ≥ pk,j.

If ηl < ηj and θk > θi, (4.57) is equivalent to

gk(pk,l)− gk(pi,j) > gi(pk,l)− gi(pi,j),

which implies that pk,l > pi,j.

4.9.4 Proof of Lemma 4.7

Proof. We prove the lemma by the contradiction principle. Suppose the APOs

characterized by ηl (l ∈ M) and θk choose to be Linus, but the APOs char-

acterized by ηl (l ∈ M) and θi (i < k) choose to be Bills.

From the IC constraint for the (Linus) APO characterized by ηl and θk,

we have

uk,l(pi,l, δi,l; Φ) ≤ uk,l(0, 0),

equivalently,

μ(Φ)gk(pi,l)− δi,l −
1− ηl
N

ν(Φ) ≤ 0.

For the (Bill) APO characterized by ηl and θi (i < k), we have

ui,l(pi,l, δi,l; Φ) = μ(Φ)gi(pi,l)− δi,l −
1− ηl
N

ν(Φ)

< μ(Φ)gk(pi,l)− δi,l −
1− ηl
N

ν(Φ)

= uk,l(pi,l, δi,l; Φ) ≤ 0,

which contradicts with the IR constraint for the (Bill) APO ηl and θi (i < k).
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Therefore, for a feasible contract Φ, there exists a critical APO type ml ∈
{1, 2, . . . , K + 1} for each ηl (∀l ∈ M) such that k ∈ Ll for all k < ml, and

k ∈ Bl for all k ≥ ml.
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Table 4.2: Key Notations

K The set of APO types, K = {1, 2, . . . ,K}
θk The Wi-Fi quality provided by the type-k

APOs

Nk The number of the type-k APOs

pk The unit Wi-Fi access price at the type-k

APs

δk The subscription fee of the type-k APOs

φk The contract item designed for the type-k

APOs

φ0 The contract item chosen by Linus

Φ The contract provided by the network op-

erator

B(Φ) The set of APO types choosing Bills under

Φ

L(Φ) The set of APO types choosing Linus under

Φ

NB(Φ) The number of Bills, NB(Φ) =∑
k∈B(Φ) Nk

NL(Φ) The number of Linus, NL(Φ) =∑
k∈L(Φ) Nk

NA The number of Aliens, NA = aN

a The ratio between Aliens and APOs, a ≥ 0

η The probability of an APO staying at home
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Chapter 5

Economic Analysis of Online

Markets

5.1 Introduction

5.1.1 Background and Motivations

Online markets make it possible for geographically separated sellers and buy-

ers to conduct transactions. Online markets such as Amazon, eBay, and

Taobao (the largest online market in China) are becoming increasingly pop-

ular in our daily lives; for example, the amount of Taobao sales on Nov. 11,

2016 reached 17 billion US dollars. One particular noteworthy recent form

of online market is the online-based sharing economy [91], which is online

peer-to-peer fee-based resource sharing business model. The main purpose

of the online sharing economy is to facilitate transactions between resource

owners (sellers) and buyers through online platforms: resource owners (sell-

ers) allow others to access their under-utilized resource (online or offline) and

earn profit, and buyers usually obtain the resources at cheaper prices than

through conventional approaches [92]. The increase of consumer awareness

and development of online platforms make online sharing economy increas-

174
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Seller 1 
Rating: 4.5 
Transactions: 60 

Seller 3 
Rating: 4.9 
Transactions: 20 

Seller 2 
Rating: 4.7 
Transactions: 5 

 Buyer 1  Buyer 2 
Stochastic buyer arrival 

Figure 5.1: An Online Market with 3 Sellers and 2 Buyers

ingly popular, with successful examples such as Airbnb for room sharing and

Uber for car sharing.

In online markets, the pricing and the quality of products (e.g., quality of

products on Amazon and comfort level of Airbnb rooms) have great impact on

sellers’ profits and buyers’ experiences. Since it is quite common for a buyer

to purchase products from a seller whom he has never transacted with before

in online markets, buyers have limited information about the product quality

at the time of a transaction. One way to estimate the product quality is to

observe a seller’s reputation, which depends on the number of transactions

completed by the seller and the ratings (or reviews) received from past buyers

[93]. A seller with a higher reputation naturally attracts more buyers and can

set a higher price, which in turn encourages sellers to provide better products

with potentially higher costs [94]. On the other hand, a seller with a lower

reputation is less attractive to buyers, and will have a significant disadvantage

when competing with other sellers who provide similar products.

5.1.2 Model and Problem Formulation

In this work, we analyze an online market (e.g., Amazon or Airbnb). All sell-

ers in the market sell products in the same category (for example, apartment
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slot 1 slot 2 … slot t … 

Single-Slot Game: Two-Stage Multi-Leader-Multi-Follower Game 
(in each time slot) 

Dynamic Game: Infinitely Repeated Game 

Time 

Figure 5.2: Game Modeing in the Infinite
Time Horizon

Stage I: Sellers competition and pricing decisions

Stage II: Buyers behavior response

Step I: Choose a seller

Step II: Buy a certain amount of products

Figure 5.3: Two-Stage Model of Sellers and
Buyers Interactions in a Single Time Slot

renting opportunities in Airbnb), and different sellers can choose different

prices. Sellers have different number of completed transactions with differ-

ent buyer ratings, which reflect their reputation levels. Buyers arrive at the

online market according to a stochastic process, and observe sellers’ reputa-

tions and prices upon arrival. Each buyer chooses a seller and determines the

corresponding purchasing amount to maximize the buyer’s payoff. Figure 5.1

illustrates such an online market with three sellers and two buyers.

In this chapter, we address the following key problems in such an online

market:

• Reputation Formulation: how to formulate a seller’s reputation based

on the number of completed transactions and also on buyer ratings?

• Selection of Sellers : how should a buyer select among sellers with het-

erogeneous reputations and prices?

• Seller Competition: how should sellers set their prices either compet-

itively or cooperatively, to maximize their own profits by taking their

reputation into consideration?

5.1.3 Solutions and Contributions

We consider an infinite time horizon that is divided into many time slots as

shown in Figure 5.2. Each time slot can be one day for Amazon or one week
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for Airbnb. At the beginning of each time slot, sellers announce their unit

prices for their products, then each buyer decides on which seller to choose

and the amount to buy based on the announced prices and publicly observable

seller reputations in that time slot. Hence, we model the interactions between

sellers and buyers in a single time slot as a two-stage multi-leader-multi-

follower game as shown in Figure 5.3. In the infinite time horizon, we model

the repeated competitions among sellers as a dynamic game.

As far as we know, this is the first work that provides a comprehensive

economic analysis of seller competition and cooperation in an online mar-

ket taking into account the impact of reputation. We summarize the key

contributions of this work as follows.

• Equilibrium Analysis: We examine the existence of equilibrium pricing

strategies for sellers with heterogeneous reputations in the infinite dy-

namic game, and characterize how to achieve the cooperative maximum

profit via punishment strategies.

• Unlimited Capacity Scenario Analysis: For the scenario where each seller

has an unlimited capacity, we show that if the gap between sellers’ high-

est and second highest reputation levels is large enough, then the market

becomes a monopoly market dominated by the highest reputation seller.

When the sellers’ reputation levels are relatively close, then a subset of

sellers with relatively high reputations will cooperate with each other at

the equilibrium, while the remaining low reputation sellers will be driven

out of the market.

• Limited Capacity Scenario Analysis: For the scenario where each seller

has a limited capacity, we consider two cases: (i) the one buyer per

seller case (e.g., Airbnb), for which we show that sellers will set their

own monopoly prices at the equilibrium, and (ii) the multiple buyers
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(e.g., Amazon), for which we show that sellers may set their maximum

prices at the equilibrium. Simulation results show that the dynamics of

sellers’ equilibrium reputations and prices in each time slot will converge

to stable states, and the equilibrium reputations and prices at the stable

state of sellers with limited capacity depend on ratings from the buyers.

• Industry Insights: Our analysis helps sellers decide the most important

aspect of their strategies. When a seller has an unlimited capacity, he

should try his best to achieve a high initial reputation. When a seller

has a limited capacity, he should focus on achieving a high buyer rating.

The rest of the chapter is organized as follows. We provide the literature

review in Section 5.2. We describe the system model and present the problem

formulation in Section 5.3. We analyze the scenario where each seller has an

unlimited capacity in Section 5.4. In Section 5.5, we analyze the scenario

where each seller has a limited capacity and can only serve one buyer in each

time slot. In Section 5.6, we analyze the scenario where a seller has a limited

capacity and can serve multiple buyers in a time slot. We present simulation

results in Section 5.7, and conclude in Section 5.8. Proofs of all results have

been relegated to appendices in Section 5.9.

5.2 Literature Review

5.2.1 Competition in Traditional Markets

There is a rich body of literature on competition of traditional (offline) mar-

kets, e.g., competition over prices where capacity is private information [95],

competition over capacities and prices [96], and competition targeted to buy-

ers embedded in a social network [97]. However, these works for offline mar-

kets have not considered the impact of sellers’ reputation, which is an im-

portant factor for online markets. Authors in [98] studied dynamic pricing
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where buyers acquire knowledge of a product in traditional offline markets

through word-of-mouth process in a social network. However, the reputation

and seller competition in online markets are different from offline markets, in

the sense that online reputation is public information.

5.2.2 Reputation of Online Markets

There has been some research on reputation systems [94] for online markets.

Many aspects of reputation systems have been studied, such as reputation

characterization [99], impact of reputation on behaviors of sellers and buy-

ers [100–105], reputation accumulation and manipulation [93, 106, 107], and

incentive mechanism design for feedback [108–110]. Although there are em-

pirical studies on the impact of reputation on sellers’ profits and buyers’

behaviors [100–105], there is no existing work that theoretically character-

izes how reputation explicitly affects sellers’ pricing competition and buyers’

choices. To the best of our knowledge, this work is the first one that the-

oretically studies the pricing competition among sellers with heterogeneous

reputations and explores the impact of seller reputation on buyers’ choices.

5.2.3 Online Sharing Economy

Research results regarding online sharing economy only emerged recently.

Authors in [92] studied people’s motivations to participate in online sharing

economy. Authors in [111] studied how an online platform in sharing economy

could maximize profit or social welfare. Authors in [112] studied the dynamic

pricing for online ride-sharing platforms to achieve a system performance

robust to the stochastic dynamics of the marketplace. Authors in [113] studied

the ratings at Airbnb and concluded that the average rating on Airbnb was

higher than that on TripAdvisor. However, there is no prior work focusing

on the impact of reputation on the interactions among sellers and buyers in
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an online sharing economy where sellers have limited capacity, and this work

is the first attempt in this direction to the best of our knowledge.

5.3 Model

We consider a time-slotted model with an infinite time horizon as shown in

Figure 5.2. Each time slot can be viewed as one day for Amazon or one week

for Airbnb.

We study an online market consisting of a set S = {1, 2, . . . , S} of S sellers

who sell the same category of products. We denote the rating of seller s in

time slot t as ωs[t] ∈ [0, 1]. We let Xs[t] denote the number of completed

transactions of seller s up to time slot t in the online market. Hence, the

reputation of seller s in time slot t, denoted by rs[t], can be calculated as

a function of ωs[t] and Xs[t]. In this work we will choose the form of this

function based on the Pólya urn model [114]:

rs[t] =
ωs[t]Xs[t]∑
i∈S ωi[t]Xi[t]

. (5.1)

Our theoretic analysis in Sections 5.4, 5.5, and 5.6, is quite general and does

not rely on the specific form of (5.1).

Buyers arrive at the online market according to a stochastic process. Each

buyer will evaluate the reputation of each seller by considering the seller’s

transaction history (the number of completed transactions) and buyer ratings.

We assume that buyers are homogeneous in evaluating each seller’s reputation

and product.1

At the beginning of each time slot, each seller announces the unit price for

his product, then each buyer decides on which seller to choose and the amount

to buy from the chosen seller, based on the prices and the available seller

1The analysis of the simple homogeneous buyers scenario is an initial step, and it is interesting and
necessary to study the more practical heterogeneous buyers case in the future.
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reputations during the time slot. Hence, we model the interactions between

sellers and buyers in a single time slot as a two-stage multi-leader-multi-

follower game that can be analyzed within the Stackelberg game framework.

In the infinite time horizon, since buyers are usually bounded rational due

to limited computation capabilities [115], we assume that each user is myopic

and is interested in optimizing his objective only in the current time slot,

without taking into account possible future transactions [120]. As the demand

of a particular buyer is limited and a buyer will not constantly buy products

from the same seller (e.g., a buyer will not buy a kindle from Amazon every

day or book rooms on Airbnb every week), hence it is difficult for a buyer to

know the true quality of each seller through his own purchase experiences.

Hence, it would be more natural for a buyer to choose among sellers only

based on the sellers’ current prices and reputations.

In the infinite time horizon, sellers will optimize their long-term profits.

Through the repeated competitions, each seller will acquire information re-

garding other sellers’ current and history reputations and prices. Hence, we

model the repeated competitions among sellers as a dynamic game.

We consider two market scenarios: an unlimited capacity scenario where

each seller has an unlimited capacity and hence can always satisfy the buyers’

demands, and a limited capacity scenario where each seller has a limited

capacity. These two scenarios correspond to different types of online markets

in practice and lead to different equilibrium results.

5.4 Unlimited Capacity Scenario

In this section, we analyze the unlimited capacity scenario where each seller

has an unlimited capacity. Although it is impossible for sellers to have unlim-

ited capacity in real practice, this can be a good approximation for the case
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where sellers can provide adequate products. Furthermore, the analysis for

the unlimited capacity scenario will lay the foundation for the more general

analysis of the limited capacity scenario in the next section. In the following,

we first analyze the single-slot game, i.e., the two-stage game in a single time

slot, and then analyze the dynamic game.

5.4.1 Single-Slot Game Analysis

Since the single-slot game is a Stackelberg game, we first analyze the buyers’

purchase decision in Stage II, and then study the sellers’ pricing decisions in

Stage I.

5.4.1.1 Buyers’ Purchasing Decisions in Stage II

We consider homogeneous buyers in our model, and hence there is no need to

index the buyers. Buyers arrive at the online market randomly according to a

stochastic process. In the unlimited capacity scenario, the number of buyers

in the market does not affect the behaviors of buyers and sellers. This means

that our results are applicable to both the case where the total number of

buyers per time slot is fixed and the case where the total number of buyers per

time slot is a random variable. We let us(xs) denote a generic buyer’s utility

achieved by buying xs amount of products from seller s. As good reputation

leads to an increase in the buyer’s valuation of the products [117], we will

adopt the following utility function that captures the effect of a reputation rs

of a seller s:

us(xs) = ρ log(1 + rsxs), (5.2)

where ρ > 0 is the buyers’ homogeneous product evaluation parameter, which

describes how important the product is to a buyer [118]. The buyer’s payoff

obtained from purchasing from seller s at price ps is the difference between
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his utility and the payment:

vs(xs, ps) = us(xs)− psxs. (5.3)

Lemma 5.1. If a buyer chooses seller s, then his optimal consumption amount

at seller s is:

x∗
s = max

{
ρ

ps
− 1

rs
, 0

}
. (5.4)

Proof. See Section 5.9.1.

If the buyer’s optimal consumption at seller s is positive, i.e., x∗
s = ρ/ps −

1/rs > 0, then his optimal payoff at seller s is:

vs(x
∗
s, ps) = ρ log

(
ρ
rs
ps

)
+

ps
rs

− ρ, (5.5)

which monotonically increases in ϕs � rs
ps
, the reputation-price ratio.

The buyer aims to choose a seller and decide the consumption amount to

maximize his payoff:

max
s∈S

max
xs≥0

vs(xs, ps). (5.6)

We assume that if two (or more) different sellers yield the same maximum

payoff to the buyer, the buyer will randomly choose one of them with equal

probabilities.

Due to sellers’ pricing competition, a buyer’s consumption amount at a

particular seller s depends not only on seller s’s price, but also on other

sellers’ prices. Given a price vector p = (ps, s ∈ S), we denote the buyer’s

optimal consumption amount at seller s by x∗
s(ps, p−s), where p−s � p \ {ps}.

From (5.5), the buyer’s optimal payoff increases with ϕs. Hence, we have

the following result.

Lemma 5.2. Each buyer will choose a seller with the highest reputation-price

ratio, i.e., s∗ ∈ argmaxi∈S ϕi, in Stage II.
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Table 5.1: Key Notations

S The set of sellers, S = {1, 2, . . . , S}
ωs[t] The rating of seller s in time slot t

Xs[t] The number of completed transactions of seller s up to time slot t

rs[t] The reputation of seller s in time slot t

ps The unit price announced by seller s

xs The amount of products that a buyer buys at seller s

ρ The buyers’ common product evaluation parameter

ϕs The reputation-price ratio of seller s

Recall that if two (or more) sellers have the same highest ratio maxi∈S ϕi,

then the buyer will randomly choose one of them with equal probabilities.

We denote the set of sellers who have the same highest ratio as Sr = {s :

ϕs = maxi∈S ϕi}, whose size is Sr.

From Lemmas 5.1 and 5.2, we have the following result.

Lemma 5.3. Given a price vector p, the buyer’s optimal consumption amount

at each seller s ∈ S is

x∗
s(ps, p−s) =

⎧⎪⎨⎪⎩
1

Sr

(
ρ

ps
− 1

rs

)
, if s ∈ argmax

i∈S
ϕi and ϕs >

1

ρ
;

0, otherwise.

(5.7)

If N buyers arrive at the online market in a single time slot, then the

expected total consumption amount at seller s is:

q∗s(ps, p−s) =

⎧⎪⎨⎪⎩
N

Sr

(
ρ

ps
− 1

rs

)
, if s ∈ argmax

i∈S
ϕi and ϕs >

1

ρ
;

0, otherwise.

Table 5.1 lists the main terms we have introduced so far.
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5.4.1.2 Sellers’ Pricing Decisions in Stage I

We model Stage I as a competition game.

Game (Static Seller Competition Game with Unlimited Capacity).

• Players: the set S of sellers.

• Strategies: price ps ∈ [c, ρrs], ∀s ∈ S.

• Payoffs: profit πs(ps, p−s) = (ps − c)q∗s(ps, p−s), ∀s ∈ S.

Here c is sellers’ common marginal cost. The price upper bound ρrs is due

to the nonnegative requirement of the optimal consumption ρ/ps − 1/rs in

(5.7).

We let rmax be the highest level of reputation in the network, i.e., rmax =

maxi∈S ri, and let m be the index of one such seller. We let rsec be the second

highest level of reputation, i.e., rsec = maxi∈S\{m} ri. If more than one seller

has the highest level of reputation, then rsec = rmax. We let ε denote a

sufficiently small positive number.

Now we analyze the Nash equilibrium (NE) of the single-slot Stage I game,

i.e., Game 5.4.1.2.

Lemma 5.4. If rsec = rmax, the unique Nash equilibrium of Game 5.4.1.2 is

a price profile p∗ such that

p∗s = c, ∀s ∈ S.

Proof. See Section 5.9.2.

If more than one seller has the highest reputation, i.e., rsec = rmax, then

all sellers set their prices equal to the marginal cost c at the equilibrium due

to competition, and they all receive zero profits.
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Lemma 5.5. If rsec < rmax, the unique Nash equilibrium of Game 5.4.1.2 is

a price profile p∗ such that

p∗s =

⎧⎪⎨⎪⎩
min

{
rmax

rsec
c− ε,

√
cρrs

}
, if rs = rmax;

c, otherwise.

Here
√
cρrs is seller s’s monopoly price, i.e., the price that seller s would

choose to maximize his profit if he were the only seller in the market.

Proof. See Section 5.9.3.

If only one seller has the highest level of reputation, i.e., rsec < rmax, then

the unique highest reputation seller can win the competition and achieve

a positive profit, while all other sellers achieve zero profits. The quantity

rmax

rsec
c− ε in Lemma 5.5 enables seller s with rs = rmax to set the ratio rs/ps

slightly higher than all other sellers’ ratios, and hence attracts all buyers. If

the monopoly price satisfies
√
cρrs <

rmax

rsec
c, the highest reputation seller will

set his monopoly price at p∗s =
√
cρrs at the equilibrium, and achieve a profit

equal to his maximum profit achieved in a monopoly market.

From Lemmas 5.4 and 5.5, we arrive at the Nash equilibrium of Game

5.4.1.2, which we state in the following Theorem.

Theorem 5.1. The unique Nash equilibrium of Game 5.4.1.2 is a price profile

p∗ such that

p∗s =

⎧⎪⎨⎪⎩
max

{
min

{
rmax

rsec
c− ε,

√
cρrs

}
, c

}
, if rs = rmax;

c, otherwise.

Next we will discuss the possibility of a cooperative maximum, i.e., a

strategy whereby sellers cooperate and maximize their joint profits. Although

the cooperative maximum is often NOT an equilibrium of the single-slot game,
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it will be useful for our later dynamic game analysis.

Under cooperation, a group of sellers (not necessarily all the sellers) set

the same reputation-price ratio. In this case, buyers are indifferent among

different sellers, and hence will randomly make their seller choices with equal

probabilities.

Theorem 5.2. There exists a unique cooperative price vector pcoop that max-

imizes the sellers’ joint profits:

pcoops = max

{
rs

ϕcoop
, c

}
, ∀s ∈ S, (5.8)

where

ϕcoop =

√
rmax

cρ
. (5.9)

Proof. See Section 5.9.4.

Under the cooperative strategy described in Theorem 5.2, not every seller

can achieve a positive profit, i.e., pcoops > c. In the following, we derive

the condition under which the seller can achieve a positive profit under the

cooperative strategy.

Corollary 5.1. For all s ∈ S, seller s is able to achieve a positive profit

under pcoop if and only if

rs > rth �
√

crmax

ρ
. (5.10)

Proof. See Section 5.9.5.

Corollary 5.1 implies that sellers with low reputation will be driven out of

the market in such a cooperative scenario. We denote the set of sellers who

satisfy rs > rth by SC , whose size is SC .

In general, sellers have no incentive to cooperate in a single-slot game, as

the cooperative strategy is often not an equilibrium of the single-slot game.
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In the following sub-section, we show that the cooperative maximum can be

enforced by a punishment strategy in the infinite horizon dynamic game. In

particular, we use the Friedman punishment, where sellers revert to the Nash

equilibrium of the single-slot game if anyone deviates [119].

5.4.2 Dynamic Game Analysis

In the repeated interactions among sellers and buyers, since buyers are usually

bounded rational [115], we assume that each buyer is myopic and chooses to

maximize his payoff only in the current time slot [120]. Hence, the buyers’

decisions are the same as in the static game (due to decoupling across time

slots). However, sellers will optimize their long-term discounted total profits.

We denote the sellers’ price profile in time slot t as p[t], and the price profile

history till time slot t as the price profiles announced up to the previous slot,

i.e.,

h[t] � [p[0],p[1], . . . ,p[t− 1]].

We assume that the history is public information known to all sellers. We

let πs(p[t]) denote seller s’s profit in time slot t. Then, seller s’s long-term

discounted total profit is

Πs(h[∞]) �
∞∑
t=0

δtsπs(p[t]). (5.11)

Here δs ∈ [0, 1) is seller s’s discount factor, which can represent his discount

of the payoff received in time slot t [119].

We model the sellers’ repeated competition as a dynamic game.

Game (Dynamic Seller Competition Game with Unlimited Capacity).

• Players: the set S of sellers.

• Strategies: price profile p[t] in each time slot t.
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• Histories: price profile history h[t] till time slot t.

• Payoffs: long-term discounted total profit Πs(h[∞]), ∀s ∈ S.

Next we characterize the conditions under which the sellers choose the

cooperative price profile pcoop[t] in each time slot at the subgame perfect

Nash equilibrium (SPNE) of Game 5.4.2. Here pcoop[t] is calculated as in

(5.8), with an additional time slot index t because reputations change with

time. We denote the index of one seller with the highest reputation in time

slot t as m[t]. We let πNE
s [t] denote seller s’s profit achieved at the NE of the

single-slot game in time slot t as defined in Theorem 5.1, and let πcoop
s [t] denote

the corresponding single-slot profit under cooperation defined in Theorem 5.2.

We let SL[t] denote the number of sellers with the highest reputation in time

slot t, and let SC [t] denote the number of sellers who satisfy (5.10) in time

slot t.

Theorem 5.3. Consider the following strategy profile: all sellers set the co-

operative price profile p[t] = pcoop[t] in each time slot t until a seller deviates,

in which case all sellers choose the price profile according to the Nash equi-

librium of the single-slot game in all future time slots. Such a strategy profile

is an SPNE if

δs >
SC [t]− 1

SC [t]
· πcoop

s [t]

πcoop
s [t]− πNE

s [t]
SL[t]

, ∀s ∈ SC [t], (5.12)

and
πcoop
m[t] [t]

SC [t]
>

πNE
m[t][t]

SL[t]
. (5.13)

Proof. See Section 5.9.6.

Condition (5.12) indicates that cooperative sellers in set SC [t] are suffi-

ciently patient. Recall that only the highest reputation seller can make a
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positive profit at the NE of the single-slot game. Condition (5.13) indicates

that the highest reputation seller is willing to play the cooperative strategy.

We then show that a highest reputation seller may only be willing to play

the NE of the single-slot game, when (5.13) is not satisfied.

Theorem 5.4. Choosing the price profile according to the Nash equilibrium

of the single-slot game starting from time slot t is the unique SPNE of the

dynamic game if in time slot t,

rmax[t] >
ρ (rsec[t])

2

c
. (5.14)

Proof. See Section 5.9.7.

Since the price upper bound is no smaller than the price lower bound, i.e.,

ρrsec[t] ≥ c, (5.14) implies that rmax[t] > rsec[t], and a single seller has the

highest reputation rmax[t]. Condition (5.14) is equivalent to
√
cρrmax[t] <

rmax[t]
rsec[t]

c. Under such a condition, the highest reputation seller m[t] will set his

monopoly price at the NE of the single-slot game, i.e., p∗m[t][t] =
√

cρrmax[t],

and can achieve the maximum profit as in a monopoly market. Hence, the

highest reputation seller prefers to play the NE of the single-slot game instead

of the cooperative strategy.

5.5 Limited Capacity and One Buyer Per Seller Sce-

nario

In this section, we address the alternative scenario—the situation in which

each seller has a limited capacity and can serve only one buyer in each time

slot. Such an analysis is motivated by practical online sharing economies such

as Airbnb. On Airbnb, a host of one apartment typically only serves one

buyer (or one family or group) at any given time. Let bs denote the capacity
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of seller s. The limit of serving one buyer does not imply that bs = 1, as a

single buyer can request multiple products (e.g., one family using two rooms

in an apartment). Later in Section 5.6, we consider the scenario where each

seller still has a limited capacity but can serve multiple buyers in each time

slot.

In practice, buyers arrive at the online market randomly. We start our

analysis from the simple case where the number of buyers on the market per

time slot is fixed, and then consider the case where the number of buyers per

time slot is a random variable.

5.5.1 Fixed Number of Buyers

We let N denote the number of buyers in the online market.

5.5.1.1 Single-Slot Game

Recall that the single-slot game is a Stackelberg game.

In line with the analysis in Section 5.4.1.1, each buyer prefers to choose

the seller with the highest reputation-price ratio. However, the conclusion in

Section 5.4.1.1 is not directly applicable here, as each seller can only serve

one buyer in each time slot. Once a seller is chosen by a buyer, the seller

cannot serve any other buyers in the same time slot. Hence, sellers with the

first N highest reputation-price ratios will be chosen by the N buyers. Given

a price vector p, we let ϕth(p) denote the N -th highest reputation-price ratio,

and let SN(p) denote the number of sellers who sets ϕth(p).

Since a seller’s capacity is limited by bs, the seller should consider a price

lower bound such that once he is chosen by a buyer, the buyer’s optimal

consumption amount is no larger than bs. This means x∗
s = ρ/ps − 1/rs ≤ bs,

which leads to ps ≥ ρ/(bs+1/rs). Combining the fact that the price ps should

be no smaller than the marginal cost c, we have the following lower bound
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for ps:

ps ≥ pmin
s � max

{
c,

ρ

bs + 1/rs

}
. (5.15)

Lemma 5.6. Given a price vector p, the amount of products/services sold

by each seller s ∈ S is

x∗
s(ps, p−s) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ρ

ps
− 1

rs
, if ϕs > ϕth(p);

1

SN(p)

(
ρ

ps
− 1

rs

)
, if ϕs = ϕth(p);

0, otherwise.

(5.16)

Intuitively, sellers whose reputation-price ratio is larger than the (N+1)-th

highest reputation-price ratio will serve buyers in the online market.

We model the sellers’ competition as a seller competition game.

Game (Fixed Seller Competition Game for One Buyer Per Seller).

• Players: the set S of sellers.

• Strategies: price ps ∈
[
max

{
c, ρ

bs+1/rs

}
, ρrs

]
, ∀s ∈ S.

• Payoffs: profit πs(ps, p−s) = (ps − c)x∗
s(ps, p−s), ∀s ∈ S.

Here pmax
s � ρrs is due to the nonnegative requirement of the optimal

consumption ρ/ps − 1/rs.

We now derive the Nash equilibrium of the above seller competition game

case by case. Since each seller can serve at most one buyer, sellers will compete

with each other only when the number of sellers, S, is larger than the number

of buyers, N . In the following, we first consider the simple case where S ≤ N ,

and then consider the more challenging case where S > N .

Case I: S ≤ N . In this case, there is no competition among the sellers.

Hence, every seller will serve a buyer, and the optimal price is the monopoly

price of each seller.
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Lemma 5.7. The unique Nash equilibrium of Game 5.5.1.1 when S ≤ N is

a price profile p∗ such that

p∗s =
√
cρrs, ∀s ∈ S. (5.17)

Here
√
cρrs is seller s’s monopoly price.

Proof. See Section 5.9.8.

Case II: S > N . In this case, sellers compete for buyers.

We define the highest reputation-price ratio that a seller s can set as

ϕmax
s � rs

pmin
s

, and we let ϕ̄th define the (N + 1)-th highest ratio in {ϕmax
s }s∈S .

As in Lemma 5.5, the Nash equilibrium of Game 5.5.1.1 is as follows.

Lemma 5.8. The unique Nash equilibrium of Game 5.5.1.1 when S > N is

a price profile p∗ such that

p∗s =

⎧⎪⎨⎪⎩
max

{
min

{
rs

ϕ̄th + ε
,
√
cρrs

}
, pmin

s

}
, if ϕmax

s > ϕ̄th;

pmin
s , otherwise.

(5.18)

Proof. See Section 5.9.9.

The quantity ϕ̄th+ε enables seller s to set the ratio ϕs higher than ratios of

sellers with ϕmax
s ≤ ϕ̄th. Intuitively, sellers with the firstN highest reputation-

price ratios will win the competition.

Next we will discuss whether there exists any cooperative maximum, i.e.,

a price profile whereby sellers cooperate and maximize their joint profits. We

define 1{A} as the indicator of event A.

Lemma 5.9. If the highest reputation seller sets a non-monopoly price at the

NE of Game 5.5.1.1, then there exists a unique cooperative price vector pcoop
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that maximizes the sellers’ joint profits:

pcoops = max

{
rs

ϕcoop
, pmin

s

}
, ∀s ∈ S, (5.19)

where ϕcoop � ϕmax
th + ε and ϕmax

th is a chosen seller’s highest reputation-price

ratio that satisfies all the conditions in (5.20)-(5.23) for each seller s ∈ S,

ϕmax
th ≥

√
rmax

cρ
, (5.20)

rs
pcoops

≤ ϕmax
th , if ϕmax

s ≤ ϕmax
th , (5.21)

rs
pcoops

= ϕmax
th + ε, if ϕmax

s > ϕmax
th , (5.22)

N∑
s∈S 1 {ϕmax

s > ϕmax
th }(p

coop
s − c)

(
ρ

pcoops
− 1

rs

)
> (p∗s − c)

(
ρ

p∗s
− 1

rs

)
,

if ϕmax
s > ϕmax

th . (5.23)

Proof. See Section 5.9.10.

Condition (5.20) ensures that the cooperative price of the highest reputa-

tion seller is no larger than his own monopoly price, i.e., the highest reputa-

tion seller is willing to cooperate. Condition (5.21) ensures that each seller

s with ϕmax
s ≤ ϕmax

th will set his cooperative price to be his minimum price.

Conditions (5.22) and (5.23) ensure the cooperative sellers, i.e., sellers with

ϕmax
s > ϕmax

th , to set their prices to achieve the same reputation-price ratio

and obtain higher profits under the cooperative strategy than their profits

under the Nash equilibrium of the single-slot game.

In general, sellers have no incentive to cooperate in a single-slot game.

However, the cooperative maximum can be enforced by a punishment strategy

in the infinitely dynamic game.
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5.5.1.2 Dynamic Game Analysis

Similar as in Section 5.4.2, when the cooperative sellers are sufficiently pa-

tient and the highest reputation seller is willing to cooperate, the cooperative

strategy enforced by punishment strategies is an SPNE. We provide detailed

discussions in Section 5.9.11.

5.5.2 Stochastic Number of Buyers

In this subsection, we consider the case where the number of buyers at each

time slot t is a random variable drawn from a certain distribution. We let

P (X = k) denote the probability of k buyers arriving at the online market in

a time slot. Sellers only know the statistics of the buyers’ stochastic arrivals,

without knowing the exact number of buyers arriving in each time slot ahead

of time.

5.5.2.1 Single-Slot Game

As in Section 5.5.1.1, each buyer prefers to choose the seller with the highest

reputation-price ratio. Once a seller is chosen by a buyer, the seller cannot

serve any other buyers in the same time slot.

Given a fixed price vector p, the seller with the k-th highest reputation-

price ratio can serve a buyer if no fewer than k buyers arrive at the market

in a time slot. We let kth
s (ps, p−s) denote the buyer number threshold for

seller s, i.e., seller s will win the competition once no fewer than kth
s (ps, p−s)

buyers arrive the market in a time slot. For example, if seller s has the

4-th highest reputation-price ratio, then kth
s (ps, p−s) = 4. We define the

conditional probability Es(ps, p−s|X = k) as the probability of a seller being

chosen by a buyer if the total number of buyers arriving in the time slot is k,
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which can be calculated as:

Es(ps, p−s|X = k) =

⎧⎨⎩ 1, if k ≥ kth
s (ps, p−s);

0, otherwise.
(5.24)

We let Es(ps, p−s) denote the probability of seller s being chosen by a buyer

given buyers’ random arrivals. The value of Es(ps, p−s) depends on the prices

and the buyer arrival distribution:

Es(ps, p−s) = 0 ·
kths (ps,p−s)−1∑

k=0

P (X = k) + 1 ·
∞∑

k=kths (ps,p−s)

P (X = k)

= 1−
kths (ps,p−s)−1∑

k=0

P (X = k).

(5.25)

For the stochastic number of buyers, the seller competition game can be

modeled as follows.

Game (Random Seller Competition Game for One Buyer Per Seller).

• Players: the set S of sellers.

• Strategies: price ps ∈
[
max

{
c, ρ

bs+1/rs

}
, ρrs

]
, ∀s ∈ S.

• Payoffs: profit πs(ps, p−s) = (ps − c)
(

ρ
ps

− 1
rs

)
Es(ps, p−s), ∀s ∈ S.

Here the quantity ρ
ps
− 1

rs
is the amount of products/services that a buyer

will buy from seller s if seller s is chosen by the buyer.

Now we analyze the NE of Game 5.5.2.1. Although the two-seller case is

the easiest to present, we find that the three-seller case can yield more insights

than the two-seller case. In the following, we first characterize the NE of the

three-seller case, and then present the analysis of more general cases.

Without loss of generality, we assume that r1 > r2 > r3 for the three-seller

case.
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The NE of the three-seller case can be described in three cases, depending

on whether the two low reputation sellers want to set low prices to compete

with the high reputation seller.

Lemma 5.10. The unique Nash equilibrium of Game 5.5.2.1 with 3 sellers

is a price profile p∗ such that:

• Case I:

(
√
cρr2 − c)(

ρ√
cρr2

− 1

r2
)(1−

k=1∑
k=0

P (X = k))

≥ (

√
r2
r1

√
cρr2 − c)(

ρ√
r2
r1

√
cρr2

− 1

r2
)(1− P (k = 0)),

(5.26)

(
√
cρr3 − c)(

ρ√
cρr3

− 1

r3
)(1−

k=2∑
k=0

P (X = k))

≥ (

√
r3
r3

√
cρr3 − c)(

ρ√
r3
r2

√
cρr3

− 1

r3
)(1−

k=1∑
k=0

P (X = k)),

(5.27)

then

p∗1 =
√
cρr1, p∗2 =

√
cρr2, p∗3 =

√
cρr3. (5.28)

• Case II:

(
√
cρr2 − c)(

ρ√
cρr2

− 1

r2
)(1−

k=1∑
k=0

P (X = k))

< (

√
r2
r1

√
cρr2 − c)(

ρ√
r2
r1

√
cρr2

− 1

r2
)(1− P (k = 0)),

(5.29)

(
√
cρr3 − c)(

ρ√
cρr3

− 1

r3
)(1−

k=2∑
k=0

P (X = k))

≥ (

√
r3
r3

√
cρr3 − c)(

ρ√
r3
r2

√
cρr3

− 1

r3
)(1−

k=1∑
k=0

P (X = k)),

(5.30)
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then

p∗1 = max

{
min{√cρr1,

r1
r2
pmin
2 − ε}, pmin

1

}
, p∗2 = pmin

2 , p∗3 =
√
cρr3.

(5.31)

• Case III:

p∗1 = max

{
min{√cρr1,

r1
r2
p∗2 − ε}, pmin

1

}
,

p∗2 = max

{
min{√cρr2,

r2
r3
p∗3 − ε}, pmin

2

}
,

p∗3 = pmin
3 .

(5.32)

Proof. See Section 5.9.12.

Intuitively, Case I states that each seller sets his monopoly price at the

NE as in (5.28) when seller 2 and seller 3 cannot improve their payoffs by

lowering their prices as in (5.26) and (5.27). In Case II, seller 2 wants to

lower his price as in (5.29) while seller 3 does not as in (5.30), then at the

NE as in (5.31), seller 3 still sets his monopoly price, while seller 2 lowers

his price to the minimum price, and seller 1 lowers his price such that his

reputation-price ratio is slightly higher than that of seller 2. In Case III,

seller 3 wants to lower his price, then at the NE as in (5.32), seller 3 lowers

his price to the minimum level, and seller 2 (seller 1) lowers his price such

that his reputation-price ratio is slightly higher than that of seller 3 (seller

2).

We now analyze the general case where S ≥ 2. Without loss of general-

ity, we assume r1 > r2 > · · · > rS. We propose the Monopoly Sequential

Adjusting Algorithm (Algorithm 9) to derive the Nash equilibrium in the

random buyer arrival scenario. Based on the analysis of the three-seller case,

we know that the strategy that every seller sets the monopoly price, i.e.,

p∗s =
√
cρrs, (∀s ∈ S), is the Nash equilibrium if no one has incentive to

lower his price (Line 1 of Algorithm 9). However, if a seller i (i ∈ S) has an
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Algorithm 9 Monopoly Sequential Adjusting Algorithm for the Random Seller Competi-
tion Game for One Buyer Per Seller

Input: r, b, c, ρ.

Output: p∗.

1: Initiate p∗s =
√
cρrs, ∀s ∈ S.

2: for i = S : −1 : 2 do

3: if

(p∗i − c)

(
ρ

p∗i
− 1

ri

)(
1−

i−1∑
k=0

P (X = k)

)

< (
ri

ri−1
p∗i−1 − c)

(
ρ

ri
ri−1

p∗i−1

− 1

ri

)(
1−

i−2∑
k=0

P (X = k)

) (5.33)

then

4: Set p∗i = pmin
i .

5: for j = i− 1 : −1 : 1 do

6: Set p∗j = max
{
min

{√
cρrj ,

rj
rj+1

p∗j+1 − ε
}
, pmin

j

}
.

7: end for

8: end if

9: end for

incentive to lower his price to earn more profit (Line 3 of Algorithm 9), then

sellers 1, 2, . . . , i will compete and reach the following NE (Lines 5, 6, 7 of

Algorithm 9):

p∗i = pmin
i , p∗j = max

{
min

{
√
cρrj,

rj
rj+1

p∗j+1 − ε

}
, pmin

j

}
, ∀j < i.

Theorem 5.5. The price profile derived by Algorithm 9 is the unique Nash

equilibrium of Game 5.5.2.1.

Proof. See Section 5.9.13.

5.5.2.2 Dynamic Game Analysis

Now we derive the subgame perfect Nash equilibrium of the repeated seller

competition game.
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Theorem 5.6. Consider the following strategy profile: all sellers set the co-

operative price profile pts =
√

cρrs[t], ∀s ∈ S in each time slot t until a seller

deviates, in which case all sellers choose the price profile according to the

Nash equilibrium of the single-slot game for ever. Such a strategy profile is

an SPNE if

δs >
πdev
s [t]− πcoop

s [t]

πdev
s [t]− πNE

s [t]
, ∀s ∈ S. (5.34)

Proof. See Section 5.9.14.

Here πcoop
s [t] denotes the expected profit of seller s, achieved under coop-

eration in time slot t, πNE
s [t] denotes the profit of seller s, achieved at the NE

of the single-slot game in time slot t derived by Algorithm 9, and πdev
s [t] de-

notes the maximum expected profit that owner s can achieve by unilaterally

deviating from the cooperative strategy.

Intuitively, the strategy that each seller sets his monopoly price in ev-

ery time slot is the unique strategy that maximizes sellers’ joint profits. If

any seller deviates from the monopoly price, other sellers can play the Nash

equilibrium of the single-slot game to punish the deviating seller.

5.5.3 Comparison of the Results of Section 5.4, Section 5.5.1, and

Section 5.5.2

In Section 5.4 (the unlimited capacity scenario) and in Section 5.5 (the limited

capacity and one buyer per seller scenario), each buyer prefers to choose the

seller with the highest reputation-price ratio. Hence, due to the unlimited

capacity in Section 5.4, only the seller with the highest reputation will win the

competition and serve all buyers at the NE of the single-slot game. However,

in Section 5.5.1 and Section 5.5.2, sellers with relatively high reputations (not

necessarily the highest) will win the competition and serve buyers at the NE

of the single-slot game.
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In Section 5.5.1, we considered the fixed number of buyers in the online

market. In Section 5.5.2, we considered the case where the number of buyers

per single time slot is a random variable drawn from a known distribution,

and there is a positive probability that the number of buyers is very large.

Hence, in Section 5.5.1, each seller will set his monopoly price at NE of the

single-slot game only if the number of buyers is larger than the number of

sellers. In Section 5.5.2, sellers (even with low reputations) may set monopoly

prices at NE of the single-slot game.

In the dynamic game, sellers can be better off if the cooperative strategy is

enforced by punishment strategies at the SPNE. The cooperative strategy in

Section 5.5.2 is that each seller sets his monopoly price due to the stochastic

buyer arrival process. By comparison, in Section 5.5.1 and Section 5.4, only

the highest reputation seller may set his monopoly price.

5.6 Limited Capacity and Multiple Buyers Per Seller

Scenario

In this section, we analyze the scenario where each seller has a limited capacity

and can serve multiple buyers in each time slot. Such an analysis is motivated

by practical online markets such as Amazon. Different from the results of

Section 5.5, our analysis here shows that sellers who can serve multiple buyers

may set their maximum prices at equilibrium. We start our analysis from the

simple case where the number of buyers on the market per time slot is fixed,

and then consider the case where the number of buyers per time slot is a

random variable.

5.6.1 Fixed Number of Buyers

We let N denote the number of buyers in the online market.
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5.6.1.1 Single-Slot Game

As in Sections 5.4 and 5.5, each buyer prefers to choose the seller with the

highest reputation-price ratio. Comparing with Section 5.5, each seller can

serve multiple buyers within his capacity in a time slot. Given a price vector

p, if a buyer chooses seller s, the amount of products that the buyer buys

from seller s is xs = ρ/ps − 1/rs. Since the capacity of seller s is bs, the

number of homogeneous buyers that seller s can serve at most is

ns(ps) =

⌈
bs

ρ/ps − 1/rs

⌉
. (5.35)

Here �x� denotes the minimum integer that is no smaller than x. Note that

ns(ps) is non-decreasing in price ps. Once seller s serves ns(ps) buyers and

sells out all his products, he cannot serve any other buyers. Furthermore, a

seller s will have a positive demand only if all sellers whose reputation-price

ratios are higher than that of seller s have sold out all their products. We let

Ls(ps, p−s) denote the number of buyers served by sellers whose reputation-

price ratios are higher than that of seller s. Then, the total amount products

that buyers buy at seller s, denoted by qs(ps, p−s), can be calculated as

qs(ps, p−s) =

(
ρ

ps
− 1

rs

)
·max

{
min

{
ns(ps),

N − Ls(ps, p−s)∑
i∈S 1 {ϕi = ϕs}

}
, 0

}
.

(5.36)

We further assume that when a buyer chooses a seller, the minimum

amount of product that the buyer needs to buy is x0 (e.g., one book x0 = 1

on Amazon). This implies that if a buyer chooses seller s, the consumption

amount should satisfy x∗
s = ρ/ps − 1/rs ≥ x0, which leads to an upper bound

for ps:

ps ≤ pmax
s � ρ

x0 + 1/rs
. (5.37)

The seller competition game can then be modeled as follows:
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Game (Fixed Seller Competition Game for Multiple Buyers Per Seller).

• Players: the set S of sellers.

• Strategies: price ps ∈
[
max

{
c, ρ

bs+1/rs

}
, ρ
x0+1/rs

]
, ∀s ∈ S.

• Payoffs: profit πs(ps, p−s) = (ps − c)qs(ps, p−s), ∀s ∈ S.

Here qs(ps, p−s) is the total products that buyers purchase from seller s as

calculated in (5.36).

Note that when the number of buyers is large enough, seller s may be able

to sell out all his products, i.e., qs(ps, p−s) = bs. In this case, the price that

maximizes the profit of seller s is p∗s = pmax
s .

We now state the main result on the Nash equilibrium of Game 5.6.1.1.

Lemma 5.11. The unique Nash equilibrium of Game 5.6.1.1 is a price profile

p∗ such that

• If N ≤ ∑
s∈S ns(

rs
rS
pmin
S ), then

p∗s =

⎧⎪⎨⎪⎩
max

{
min

{
rs

ϕN + ε
,
√
cρrs

}
, pmin

s

}
, if ϕmax

s > ϕN ;

pmin
s , otherwise.

(5.38)

Here ϕN � ϕmax
th +ε and ϕmax

th is a chosen seller’s highest reputation-price

ratio that satisfies (5.39) for each seller s ∈ S,⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

rs
p∗s

= ϕmax
th + ε, if ϕmax

s > ϕmax
th ,

rs
p∗s

≤ ϕmax
th , if ϕmax

s ≤ ϕmax
th ,∑

s∈{s:ϕmax
s >ϕmax

th }
ns(p

∗
s) ≤ N <

∑
s∈{s:ϕmax

s ≥ϕmax
th }

ns(p
∗
s).

(5.39)
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• If N ≥ ∑
s∈S ns(p

max
s ), then

p∗s = pmax
s , ∀s ∈ S. (5.40)

• If
∑

s∈S ns(
rs
rS
pmin
S ) < N <

∑
s∈S ns(p

max
s ), then

p∗s =
Nρrs∑

i∈S biri +N
, ∀s ∈ S. (5.41)

Proof. See Section 5.9.15.

Intuitively, if the number of buyers is very small, then sellers will set low

prices to compete for buyers. If the number of buyers is very large, then each

seller can attract enough buyers to sell out all his products, and hence each

seller will set his maximum price to maximize his profit. If the number of

buyers is in between, sellers will set prices such that the reputation-price ratio

is the same at NE.

Next we investigate whether there exists any cooperative maximum, i.e., a

price profile whereby sellers cooperate and maximize their joint profits. The

following lemma captures the main result.

Lemma 5.12. If N <
∑

s∈S ns(
rs
rS
pmin
S ), then there exists a unique cooperative

price vector pcoop that maximizes the sellers’ joint profits:

pcoops = max

{
rs

ϕcoop
, pmin

s

}
, ∀s ∈ S, (5.42)

where ϕcoop � ϕmax
th + ε and ϕmax

th is a chosen seller’s highest reputation-price
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ratio that satisfies all the following conditions for each seller s ∈ S,

ϕmax
th ≥

√
rmax

cρ
, (5.43)

rs
pcoops

≤ ϕmax
th , if ϕmax

s ≤ ϕmax
th , (5.44)

rs
pcoops

= ϕmax
th + ε, if ϕmax

s > ϕmax
th , (5.45)

N coop =
∑

{s:ϕmax
s >ϕmax

th }
ns(p

coop
s ), (5.46)

N

N coop
(pcoops − c)

(
ρ

pcoops
− 1

rs

)
≥ (p∗s − c)

(
ρ

p∗s
− 1

rs

)
, ∀s ∈ S. (5.47)

Proof. See Section 5.9.16.

Note that only sellers with ϕmax
s > ϕmax

th can achieve positive profits in

such a cooperative scenario.

In general, sellers have no incentive to cooperate in a single-slot game.

However, the cooperative maximum can be enforced by a punishment strategy

in the infinite horizon dynamic game.

5.6.1.2 Dynamic Game

Similar to the analysis of Section 5.5.1.2, when the cooperative sellers are

sufficiently patient and the highest reputation seller is willing to cooperate,

the cooperative strategy enforced by punishment strategies is an SPNE. We

provide detailed discussions in Section 5.9.17.

5.6.2 Stochastic Number of Buyers

In this subsection, we consider the case where buyers arrive at the online

market randomly, i.e., the number of buyers at each time slot t is a random

variable drawn from a certain distribution.
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5.6.2.1 Single-Slot Game

As in Section 5.6.1, each buyer prefers to choose the seller with the highest

reputation-price ratio. We let Ns(ps, p−s) denote the expected number of

buyers that seller s serves considering buyers arriving randomly. Given a price

vector p, we let Ls(ps, p−s) denote the number of buyers that sellers whose

reputation-price ratios are higher than that of seller s can serve. We let Cs
denote the set of sellers who have the same reputation-price ratio as seller

s, and hence ls(ps, p−s) �
∑

i∈Cs ni(pi) denotes the number of buyers that

sellers in set Cs can serve. We define k1
s = Ls(ps, p−s) and k2

s = Ls(ps, p−s) +

ls(ps, p−s). Then Ns(ps, p−s) can be obtained as

Ns(ps, p−s) = max

{
0, ns(ps) ·min

{
1,

k2s∑
k=k1s+1

k − k1
s

k2
s − k1

s

P (X = k)

+
∞∑

k=k2s+1

P (X = k)

}}
.

(5.48)

For stochastic number of buyers, the seller competition game can be mod-

eled as follows:

Game (Random Seller Competition Game for Multiple Buyers Per Seller).

• Players: the set S of sellers.

• Strategies: price ps ∈
[
max

{
c, ρ

bs+1/rs

}
, ρ
x0+1/rs

]
, ∀s ∈ S.

• Payoffs: profit πs(ps, p−s) = (ps − c)( ρ
ps

− 1
rs
)Ns(ps, p−s), ∀s ∈ S.

Here ρ
ps
− 1

rs
is the total products that a buyer buys at seller s if seller s is

chosen by the buyer.

As in Section 5.5.2, we propose a Maximum Sequential Adjusting Algo-

rithm (Algorithm 10) to derive the Nash equilibrium. We initialize each

seller’s price as his maximum price, since if the seller can sell out all his prod-
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Algorithm 10 Maximum Sequential Adjusting Algorithm for the Random Seller Compe-
tition Game for Multiple Buyers Per Seller

Input: r, b, c, ρ.

Output: p∗.

1: Initiate p∗s = pmax
s , ∀s ∈ S.

2: for i = S : −1 : 1 do

3: while πi(p
∗
i − ε, p∗−i) > πi(p

∗
i , p

∗
−i) do

4: Set ϕ = ri
p∗
i
+ ε.

5: Set p∗j =
rj
ϕ , ∀j = 1, 2, . . . , i.

6: end while

7: end for

ucts, the optimal price that can maximize his profit is his maximum price.

However, if a seller i, i ∈ S, has incentive to lower his price to gain more profit,

then sellers 1, 2, . . . , i will compete and finally reach the Nash equilibrium.

5.6.2.2 Dynamic Game Analysis

As in Section 5.6.1.2, when the cooperative sellers are sufficiently patient and

the highest reputation seller is willing to cooperate, the cooperative strategy

enforced by punishment strategies is an SPNE. We provide detailed discus-

sions in Section 5.9.18.

5.6.3 Comparison of the Results of Section 5.6.1, Section 5.6.2,

and Section 5.5

In Section 5.6.1 and Section 5.6.2, since each seller can adjust the number of

buyers he serves by setting different prices, the seller is able to sell out all

his products. Hence, each seller will set his maximum price at the NE of the

single-slot game to maximize his profit when the number of buyers is very

large. However, in Section 5.5, when the number of buyers is very large, each

seller will set his monopoly price at the NE of the single-slot game, since each
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seller can only serve at most one buyer.

In Section 5.6.2, the NE of the single-slot game was derived by the Max-

imum Sequential Adjusting Algorithm, since each seller can serve multiple

buyers in a time slot. However, in Section 5.5.2, the NE of the single-slot

game was derived by the Monopoly Sequential Adjusting Algorithm, due to

the limit that each seller can only serve at most one buyer.

5.7 Simulation Results

We perform simulations to illustrate the dynamics of sellers’ reputations and

prices. Simulation results show that the dynamics of sellers’ equilibrium prices

and reputations in each time slot will converge to stable states.

According to [122], Chuo-ku of Osaka, Japan, is the most popular location

to visit in 2016. We collect the data on Airbnb in Chuo-ku of Osaka, Japan.

Currently, S = 6 houses in Chuo-ku, Osaka are available by Airbnb hosts. We

had talked about three possibilities of modeling in the former three sections;

we carry out simulations for all three types of modeling. If a single house has

many beds, each bed can serve one buyer, and the market demand is small (as

most travelers will rent apartments instead of houses), we can approximately

view each house as having an unlimited capacity. Furthermore, we can model

a house in the one buyer per seller scenario by limiting the service to one

buyer (or one family) a day, or model the house in the multiple buyers per

seller scenario by allowing the house to serve multiple buyers (or families) a

day.

We record the number of completed transactions of these 6 houses from

appeared on Airbnb up to June 2016 by deeply exploring the completed trans-

actions between hosts and guests, i.e., X = {60, 20, 29, 7, 21, 3}, and use it to

formulate the initial reputation of these 6 houses. We can see that seller 1 has
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Figure 5.4: Reputation and Price Dynamics
(Unlimited Capacity and ωI)
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Figure 5.5: Reputation and Price Dynamics
(Unlimited Capacity and ωII)

the largest transaction number, sellers 2, 3 and 5 have medium transaction

numbers, while sellers 4 and 6 have small transaction numbers.

To verify the impact of sellers’ rating, we do simulations for two scenarios

where sellers have different ratings which do not change with time:

• ωI = {0.1, 0.8, 0.95, 0.2, 0.6, 0.3} and

• ωII = {0.45, 0.8, 0.95, 0.2, 0.6, 0.3}.

Under ωI , sellers’ initial reputations are rωI
= {0.0931, 0.2483, 0.4275, 0.0217, 0.1955, 0.0140}.

We can see that seller 3 has the highest initial reputation. Under ωII , sellers’

initial reputations are rωII
= {0.3160, 0.1872, 0.3224, 0.0164, 0.1475, 0.0105}.

We can see that sellers 1 and 3 have similar top two initial reputations.

We assume that the marginal cost is c = 0.1, buyers’ evaluation parameter

is ρ = 10, and a small positive number is given as ε = 10−6. We assume

buyers’ arrival follows a Poisson distribution, with arrival rate λ = 10.

5.7.1 Unlimited Capacity Scenario

We first illustrate the dynamics of sellers’ equilibrium reputations and prices

in each time slot in the unlimited capacity scenario. Figure 5.4 and Figure
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5.5 show the dynamics of sellers’ equilibrium reputations and prices in each

time slot under ωI and ωII , respectively.

Under ωI , seller 3 has the highest initial reputation that is much larger

than that of anyone else. Hence, each seller will play the Nash equilibrium

of the single slot game in each time slot as in Theorem 5.4, where only seller

3 sets his equilibrium price to be larger than the marginal cost and makes a

postive profit. As a result, seller 3 will dominate the market.

Under ωII , sellers 1, 2, 3 and 5 will first cooperate in the first 3 time slots

as in Theorem 5.3, and in the later time slots, seller 3 accumulates large

enough reputation during the first 3 time slots and will always win the seller

competition as in Theorem 5.4. Note that the reputation, calculated in (5.1),

depends on both ω and X. Since the ratings of sellers 1, 2 and 5 are not large,

they cannot accumulate large enough reputation during the first 3 time slots

as seller 3. Hence, from time slot 4, similar as in Figure 5.4, each seller will

play the Nash equilibrium of the single slot game in each time slot. Finally,

seller 3 will dominate the market.

5.7.2 Limited Capacity and One Buyer Per Seller Scenario

Next we illustrate the dynamics of sellers’ equilibrium reputations and prices

in the limited capacity and one buyer per seller scenario. Figure 5.6 and

Figure 5.7 show the dynamics of sellers’ equilibrium reputations and prices

in each time slots under ωI and ωII , respectively.

We can see that the dynamics of sellers’ equilibrium reputations and prices

in each time slot will converge to a stable state where all of the 6 sellers have

positive market shares.

By comparing the results under ωI (Figure 5.6) and the results under ωII

(Figure 5.7), we see that sellers’ reputations under the stable state depend

on their ratings, i.e., ω.
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Figure 5.6: Reputation and Price Dynam-
ics (Limited Capacity, One Buyer Per Seller,
and ωI)
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Figure 5.7: Reputation and Price Dynam-
ics (Limited Capacity, One Buyer Per Seller,
and ωII)
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Figure 5.8: Reputation and Price Dynamics (Limited Capacity, One Buyer Per Seller, X ′

and ωI)

To better understand the impact of X on sellers’ reputations and prices

under the stable state, we perform simulations for sellers under ωI , but with

different initial transaction histories. We take the initial number of completed

transactions of these 6 houses to be X ′ = {3, 21, 7, 29, 20, 60}. Figure 5.8

shows the dynamics of sellers’ equilibrium reputations and prices in each

time slot under ωI and X ′. By comparing the results under X (Figure 5.6)

and the results under X ′ (Figure 5.8), we can see that sellers’ rating ω, rather

than the transaction history X, determines sellers’ equilibrium reputations
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Figure 5.9: Reputation and Price Dynam-
ics (Limited Capacity, Multiple Buyers Per
Seller, and ωI)
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Figure 5.10: Reputation and Price Dynam-
ics (Limited Capacity, Multiple Buyers Per
Seller, and ωII)

and prices under the stable state.

Observation 5.1. In the limited capacity and one buyer per seller scenario,

the dynamics of sellers’ equilibrium reputations and prices in each time slot

will converge to stable states, under which all sellers gain some market share.

Furthermore, sellers’ ratings determine sellers’ equilibrium reputations and

prices under the stable state.

5.7.3 Limited Capacity and Multiple Buyers Per Seller Scenario

Finally we illustrate the dynamics of sellers’ reputations and prices in the

limited capacity and multiple buyers per seller scenario. Figure 5.9 and Fig-

ure 5.10 show the dynamics of sellers’ reputations and prices under ωI and

ωII , respectively. As in Section 5.7.2, the dynamics of sellers’ equilibrium

reputations and prices in each time slot converge to stable states.
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5.8 Chapter Summary

In this chapter, we have analyzed the buyer behavior and seller pricing in

online markets, taking into account the impact of seller reputation. In the

unlimited capacity scenario, if the gap between sellers’ highest and second

highest reputations is large enough, then the highest reputation seller domi-

nates the market. If sellers’ reputation levels are relatively close, then sellers

with relatively high reputations will cooperate with each other at the equilib-

rium. In the limited capacity scenario, if each seller can serve one buyer, then

sellers will set monopoly prices at equilibrium; if each seller can serve multi-

ple buyers, then sellers may set maximum prices at equilibrium. Simulation

results have shown that the dynamics of sellers’ equilibrium reputations and

prices in each time slot will converge to stable states, and the equilibrium rep-

utations and prices of sellers with limited capacity at the stable state depend

on ratings.

For future work, one direction would be to consider heterogeneous buyers

with different product evaluations. It would also be interesting to study each

seller’s investment strategy to accumulate his early reputation.

5.9 Appendix

5.9.1 Proof of Lemma 5.1

We have:

v′s(xs) =
ρrs

1 + rsxs

− ps,

v′′s (xs) = − ρr2s
(1 + rsxs)2

< 0.

Hence, the buyer’s payoff maximization problem is strictly concave, thus ad-

mitting a unique maximum. If the maximum sulution x∗
s is positive, then it
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can be calculated by setting the first order derivative to zero:

v′s(x
∗
s) =

ρrs
1 + rsx∗

s

− ps = 0,

which leads to

x∗
s =

ρ

ps
− 1

rs
,

assuming that this quantity is nonnegative. Otherwise, the solution will have

to be on the boundary, x∗
s = 0, which leads to (5.4).

5.9.2 Proof of Lemma 5.4

Lemma 5.4 states that the unique Nash equilibrium of Game 5.4.1.2 is (p∗s =

c, ∀s ∈ S) if more than one seller has the highest level of reputation. We first

prove that the strategy profile (p∗s = c, ∀s ∈ S) is a Nash equilibrium, and

then prove that it is the unique equilibrium. Recall that buyers will choose

the seller with the highest reputation-price ratio, i.e., maxs∈S
rs
ps
.

Step 1: we prove that (p∗s = c, ∀s ∈ S) is a Nash equilibrium. If p∗s =

c, ∀s ∈ S, no seller will earn a positive profit. However, if p−s = c, then if seller

s deviates from the price profile by setting ps > c, then it will not improve his

profit, since all buyers will buy from the seller who has the highest reputation

and still sets the competitive price, i.e., the seller with the highest reputation-

price ratio. Hence no seller s, ∀s ∈ S, has an incentive to unilaterally increase

his price to be larger than c if other sellers set p−s = c, , and the strategy

profile (p∗s = c, ∀s ∈ S) is a Nash equilibrium.

Step 2: we prove that no other price vector is an equilibrium. If all sellers

set the same reputation-price ratio, i.e., rs
ps
, such that the price is above

the marginal cost, and share the market, then each seller has an incentive

to undercut the others by an arbitrarily small amount of decrease on price

and capture the whole market and increase its profits. So there can be no
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equilibrium with all sellers setting the same reputation-price ratio such that

the prices are above the marginal cost. Also, there can be no equilibrium

with sellers setting different reputation-price ratios and the prices are above

the marginal cost. The sellers setting the smaller ratio will earn nothing (the

seller with the largest ratio serves all the buyers). Hence the seller with a

smaller ratio will want to decrease its price to undercut the seller with a larger

ratio until the price is decreased to equal the marginal cost.

Hence the only equilibrium occurs when all sellers set their prices equal to

the marginal cost.

5.9.3 Proof of Lemma 5.5

Lemma 5.5 states that when only one seller has the highest reputation, the

unique Nash equilibrium of Game 5.4.1.2 is

p∗s =

⎧⎪⎨⎪⎩
min

{
rmax

rsec
c− ε,

√
cρrs

}
, if rs = rmax;

c, otherwise.

(5.49)

First we prove that the price profile in (5.49) is a Nash equilibrium. We

denote a seller who has the highest reputation rmax as seller m. If p−m = c,

then if seller m set pm < min
{

rmax

rsec
c− ε,

√
cρrs

}
, then its profit will decrease

due to the formulation of its profit; if pm > min
{

rmax

rsec
c− ε,

√
cρrs

}
, then its

ratio of reputation over price will decrease and it will lose buyers, leading to

decrease in its profit. If seller s (s �= m) sets ps > c, then it will earn nothing,

since all buyers will buy from seller m with the highest reputation, i.e., the

seller with the highest ratio of reputation over price. Then we can see that

the equilibrium price profile in (5.49) is unique, and no other price constitutes

an equilibrium, using a proof similar to that in Appendix 5.9.2.
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5.9.4 Proof of Theorem 5.2

Under cooperation, i.e., sellers have the same ratio ϕ = rs
ps

and buyers choose

each seller with the same probability, seller s’s profit from a buyer is:

πs(ϕs) = (
1

ϕs

− c

rs
)(ρϕs − 1).

For seller s, the ratio ϕs that maximizes his profit πs is

ϕ∗
s =

√
rs
cρ

.

If ϕs < ϕ∗
s, seller s’s profit increases with ϕs, and if ϕs > ϕ∗

s, seller s’s profit

decreases with ϕs.

Define the largest reputation by rmax = maxs∈S rs.

We claim that the ratio

ϕcoop =

√
rmax

cρ

is the unique one under which sellers are willing to cooperate and sellers’ joint

profits are maximized.

Case I: If ϕ > ϕcoop, sellers’ profits will be smaller under ϕ than the profit

under ϕcoop due to the structure of the profit function.

Case II: If ϕ < ϕcoop, the seller m with the highest reputation rmax has

incentive to increase his ratio to be ϕm = ϕcoop such that his profit obtained

from a single buyer is increased and he would be attractive to all buyers since

he has the highest ratio ϕm among all sellers.

In summary, ϕcoop is the unique ratio under which sellers are willing to

cooperate and sellers’ joint profits are maximized.

Note that if for seller s, rs
ϕcoop < c, then seller s is not able to earn positive

profit under ϕcoop. Hence, he will simply set his price to equal the marginal
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cost c.

Hence, the price strategy pcoops = max
{

rs
ϕcoop , c

}
, ∀s ∈ S, is the unique

price strategy under which sellers are willing to cooperative and sellers’ joint

profits are maximized.

5.9.5 Proof of Corollary 5.1

Seller s is able to achieve strictly positive profit under the cooperative strategy

if and only if the cooperative ratio is smaller than the largest ratio that seller

s can set, i.e.,

ϕcoop =

√
rmax

cρ
<

rs
c
,

which leads to

rs > rth �
√

crmax

ρ
.

5.9.6 Proof of Theorem 5.3

If πcoop
m

SC
> πNE

m

SL
, sellers have incentive to cooperate to achieve a higher profit

than the profit under the Nash equilibrium of the single-slot game. By the

one-step deviation principle, the cooperative strategy is a subgame-perfect

Nash equilibrium if:

∞∑
t=0

δt
N

SC

πcoop
s ≥ Nπcoop

s +
∞∑
t=1

δt
N

SL

πNE
s .

The left-hand side of the above equation is the profit of seller s if he plays

according to the cooperative strategy. The right-hand side of the above equa-

tion is the profit of seller s if he deviates from the cooperative strategy. By

solving the above equation, we can arrive at the following condition on the

discount factor:

δs >
SC − 1

SC

· πcoop
s

πcoop
s − πNE

s

SL

, ∀s ∈ SC .
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5.9.7 Proof of Theorem 5.4

If rmax > ρr2sec
c

, we have
√
cρrmax < rmax

rsec
c. Hence the highest reputation

seller will set the monopoly price at the NE of the single-slot game, i.e.,

p∗m =
√
cρrmax, and can attract all buyers at Nash equilibrium of the single-

slot game and the profit under the Nash equilibrium of the single-slot game

is larger than the profit under any other strategy. This seller will always play

the Nash equilibrium of the single-slot game and has no incentive to play any

other strategy. Hence, the repetition of the Nash equilibrium of the single-

slot game is the unique subgame perfect Nash equilibrium of the repeated

competition game.

5.9.8 Proof of Lemma 5.7

When S ≤ N , i.e., the number of sellers is no larger than the number of

buyers, every seller will serve a buyer. Hence, given a price vector p, the

profit of seller s is:

πs(ps, p−s) = (ps − c)x∗
s(ps, p−s) = (ps − c)

(
ρ

ps
− 1

rs

)
, ∀s ∈ S. (5.50)

We first prove that p∗s =
√
cρrs (∀s ∈ S) is a Nash equilibrium. Since S ≤

N , every seller will serve one buyer no matter how much price he charges, and

each seller’s profit can be calculated in (5.50). Hence, p∗s =
√
cρrs (∀s ∈ S)

maximizes the profit of seller s, and no seller has any incentive to deviate

from p∗s =
√
cρrs (∀s ∈ S).

We then prove that p∗s =
√
cρrs (∀s ∈ S) is the unique Nash equilibrium,

i.e., any price strategy p′ �= p∗ is not a Nash equilibrium. For seller s, no

matter how other sellers set p−s, the profit of seller s is calculated in (5.50).

If p′s �=
√
cρrs, seller s will change his price from p′s to p∗s =

√
cρrs to increase

his profit. Hence, any price strategy p′ �= p∗ is not a Nash equilibrium.
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5.9.9 Proof of Lemma 5.8

The proof of Lemma 5.8 follows the lines of the proof of Theorem 5.1, i.e., the

proofs of Lemma 5.4 and Lemma 5.5. The only difference is that in Theorem

5.1, each seller’s minimum price is ps = c, ∀s ∈ S, while in Lemma 5.8, sellers

have different minimum prices ps = pmin
s , ∀s ∈ S. However, this difference

does not change the main idea behind the proof.

5.9.10 Proof of Lemma 5.9

Only if the highest reputation seller sets non-monopoly price at Nash equi-

librium, sellers have incentive to play a cooperative strategy to make higher

profit.

Under cooperation, i.e., sellers have the same ratio ϕ = rs
ps

and buyers

choose each seller with the same probability, seller s’s profit from a buyer is:

πs(ϕs) = (
1

ϕs

− c

rs
)(ρϕs − 1).

For seller s, the ratio ϕs that maximizes his profit πs is

ϕ∗
s =

√
rs
cρ

.

If ϕs < ϕ∗
s, seller s’s profit increases with ϕs, and if ϕs > ϕ∗

s, seller s’s profit

decreases with ϕs.

We claim that the cooperative strategy described by ϕcoop derived by

Lemma 5.9 is the unique cooperative price strategy that maximizes sellers’

joint profit. We prove the Lemma by contradiction, i.e., there exists a co-

operative price vector described by ϕ′ �= ϕcoop that maximizes sellers’ joint

profit.

If ϕ′ < ϕcoop, or equivalently, ϕ
{
j max} <

√
rmax

cρ
, then seller m who has the



CHAPTER 5. ECONOMIC ANALYSIS OF ONLINE MARKETS 220

highest reputation rmax has incentive to increase his ratio to be ϕm =
√

rmax

cρ

such that his profit obtained from a single buyer is increased and he would be

more attractive to buyers since he has the highest ratio ϕm among all sellers.

If ϕ′ > ϕcoop, sellers’ profit will be smaller under ϕ′ than the profit under

ϕcoop due to the structure of the profit function.

In summary, ϕcoop is the unique ratio under which sellers are willing to

cooperate and sellers’ joint profits are maximized.

5.9.11 Subgame Perfect Nash equilibrium of Dynamic Seller Com-

petition Game with Limited Capacity, One Buyer Per Seller,

and Fixed Number of Buyers

We first analyze the case where no sellers set the monopoly price at Nash

equilibrium, i.e., p∗m[t] <
√
cρrmax[t], (m ∈ {s : rs[t] = rmax[t]}), at time

slot t. We let πNE
s [t] denote the profit of seller s, achieved at the NE of

the single-slot game in time slot t, as defined in Lemma 5.8, i.e., πNE
s [t] =

(p∗s[t]− c)
(

ρ
p∗s [t]

− 1
rs[t]

)
. We let πcoop

s [t] denote the profit of seller s, achieved

from one buyer under cooperation, as defined in Lemma 5.9, i.e., πcoop
s [t] =

(pcoops [t]− c)
(

ρ
pcoops [t]

− 1
rs[t]

)
. We let SC [t] denote the set of sellers who satisfy

ϕmax
s [t] > ϕmax

j [t] in time slot t. We provide the SPNE as follows.

Lemma 5.13. Consider the following strategy profile: all sellers set the co-

operative price profile p[t] = pcoop[t] calculated in Lemma 5.9 in each time

slot t until a seller deviates, in which case all sellers choose the price profile

according to the Nash equilibrium of the single-slot game for ever. Such a

strategy profile is an SPNE if

p∗m[t][t] <
√
cρrmax[t], (m[t] ∈ {s : rs[t] = rmax[t]}), (5.51)
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and

δs >

(
1− N

SC [t]

)
· πcoop

s [t]

πcoop
s [t]− πNE

s [t]
, ∀s ∈ SC [t]. (5.52)

Condition (5.51) indicates that a seller with the highest reputation level

is willing to play the cooperative strategy, and hence all sellers are willing

to play the cooperative strategy. Condition (5.52) indicates that cooperative

sellers in set SC [t] are sufficiently patient.

Proof. If p∗m[t] <
√
cρrmax, (m[t] ∈ {s : rs = rmax}), seller m[t] who has the

highest reputation will not set his monopoly price at Nash equilibrium of the

single-slot game, and hence all sellers will set equilibrium prices lower than

their monopoly prices. So sellers have incentive to cooperate to achieve a

higher profit than the profit under the Nash equilibrium of the single-slot

game. By the one-step deviation principle, the cooperative strategy is a

subgame-perfect Nash equilibrium if:

∞∑
t=0

δt
N

SC

πcoop
s ≥ πcoop

s +
∞∑
t=1

δtπNE
s .

The left-hand side of the above equation is the profit of seller s if he plays

according to the cooperative strategy. The right-hand side of the above equa-

tion is the profit of seller s if he deviates from the cooperative strategy. By

solving the above equation, we arrive at the following condition on the dis-

count factor:

δs >

(
1− N

SC

)
· πcoop

s

πcoop
s − πNE

s

, ∀s ∈ SC .

We next study the case where some sellers set the monopoly price at Nash

equilibrium, i.e., p∗m[t][t] =
√
cρrmax[t], (m[t] ∈ {s : rs[t] = rmax[t]}), at time

slot t. We provide the SPNE as follows.
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Lemma 5.14. Choosing the price profile according to the Nash equilibrium

of the single-slot game starting from time slot t is the unique SPNE of the

dynamic game if in time slot t,

p∗m[t][t] =
√
cρrmax[t], (m[t] ∈ {s : rs[t] = rmax[t]}). (5.53)

Under condition (5.53), the highest reputation seller m[t] will set his

monopoly price at the NE of the single-slot game, i.e., p∗m[t][t] =
√

cρrmax[t],

and can achieve the maximum profit as in a monopoly market. Hence, the

highest reputation seller prefers to play the NE of the single-slot game instead

of the cooperative strategy.

Proof. If p∗i [t] =
√
cρrmax[t], for i ∈ {s : rs[t] = rmax[t]}, the highest reputa-

tion seller will set the monopoly price at the NE of the single-slot game, and

can earn the maximum profit under the Nash equilibrium of the single-slot

game, which is larger than the profit under any other strategy. This seller will

always play the Nash equilibrium of the single-slot game and has no incentive

to play any other strategy. In the following time slots, the highest reputation

seller will always set the monopoly price at the NE of the single-slot game

due to his reputation accumulation in time slot t. Hence, the repetition of the

Nash equilibrium of the single-slot game starting from time slot t is the unique

subgame perfect Nash equilibrium of the repeated competition game.
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5.9.12 Proof of Lemma 5.10

For the random buyer arrival scenario, if the reputation-price ratio satisfies

r1
p∗1

> r2
p∗2

> r3
p∗3

at Nash equilibrium, sellers’ profits can be calculated as

π1(p1, p−1) = (p1 − c)

(
ρ

p1
− 1

r1

)
(1− P (k = 0)) ,

π2(p2, p−2) = (p2 − c)

(
ρ

p2
− 1

r2

)
(1− P (k = 0)− P (k = 1)) ,

π3(p3, p−3) = (p3 − c)

(
ρ

p3
− 1

r3

)
(1− P (k = 0)− P (k = 1)− P (k = 2)) .

Since 1−∑i
k=0 P (X = k) is independent of prices, the prices that can maxi-

mize sellers’ profits are the monopoly prices, i.e.,

p∗1 =
√
cρr1, p∗2 =

√
cρr2, p∗3 =

√
cρr3.

However, (p∗1, p
∗
2, p

∗
3) = (

√
cρr1,

√
cρr2,

√
cρr3) is Nash equilibrium only if

seller 2 and seller 3 have no incentive to deviate from p∗2 =
√
cρr2 and

p∗3 =
√
cρr3, respectively.

In the following, we first consider two cases: (i) seller 2 wants to lower his

price while seller 3 does not; and (ii) seller 3 wants to lower his price.

If seller 2 lowers his price until r2
p∗2

> r1
p∗1
, sellers’ profits can be calculated

as

π1(p1, p−1) = (p1 − c)

(
ρ

p1
− 1

r1

)
(1− P (k = 0)− P (k = 1)) ,

π2(p2, p−2) = (p2 − c)

(
ρ

p2
− 1

r2

)
(1− P (k = 0)) .

In this case, seller 1 and seller 2 will compete as in Game 5.4.1.2 until reaching
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the Nash equilibrium as follows

p∗1 = max

{
min{√cρr1,

r1
r2
pmin
2 − ε}, pmin

1

}
, p∗2 = pmin

2 , p∗3 =
√
cρr3.

If seller 3 lowers his price until r3
p∗3

> r2
p∗2
, sellers’ profits can be calculated

as

π2(p2, p−2) = (p2 − c)(
ρ

p2
− 1

r2
) (1− P (k = 0)− P (k = 1)− P (k = 2)) ,

π3(p3, p−3) = (p3 − c)(
ρ

p3
− 1

r3
) (1− P (k = 0)− P (k = 1)) .

In this case, the three sellers will compete as in Game 5.4.1.2 until reaching

the Nash equilibrium as follows

p∗1 = max

{
min{√cρr1,

r1
r2
p∗2 − ε}, pmin

1

}
,

p∗2 = max

{
min{√cρr2,

r2
r3
p∗3 − ε}, pmin

2

}
,

p∗3 = pmin
3 .

5.9.13 Proof of Theorem 5.5

If the price profile derived by Algorithm 9 is p∗s =
√
cρrs, ∀s ∈ S, we prove

that it is the unique Nash equilibrium. According to Algorithm 9, no seller

has incentive to lower his price. And monopoly price is the price that can

maximize each seller’s profit, so no seller has any incentive to increase his

price. Hence, no seller has any incentive to change his price, and the price

profile is a Nash equilibrium. Next we prove that it is the unique Nash

equilibrium. If a seller’s price is larger than his monopoly price, the seller

has an incentive to decrease his price to his monopoly price so that he can be

more attractive to buyers due to a larger reputation-price ratio and he can

obtain more profit from a single buyer by setting the monopoly price. If a
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seller’s price is smaller than his monopoly price, the seller has an incentive to

increase his price to his monopoly price due to the fact that the seller has no

incentive to lower his price from the monopoly price.

For the case when the price profile derived by Algorithm 9 is not the

monopoly price profile, the proof follows the lines of the proof of Theorem

5.1.

5.9.14 Proof of Theorem 5.6

Under the price strategy ps =
√
cρrs, ∀s ∈ S, sellers’ reputation-price ratio

satisfies

ϕi > ϕj, if ri > rj,

which is consistent with the result at Nash equilibrium of the single-slot game:

ϕ∗
i > ϕ∗

j , if ri > rj.

Also, under the price strategy ps =
√
cρrs, ∀s ∈ S, each seller s sets his

monopoly price and can achieve the maximum profit as the profit in a monopoly

market. By the one-step deviation principle, the cooperative strategy is a

subgame-perfect Nash equilibrium if:

∞∑
t=0

δtπcoop
s ≥ πdev

s +
∞∑
t=1

δtπNE
s .

The left-hand side of the above equation is the profit of seller s if he plays

according to the cooperative strategy. The right-hand side of the above equa-

tion is the profit of seller s if he deviates from the cooperative strategy. By

solving the above equation, we arrive at the following condition on the dis-

count factor:

δs >
πdev
s − πcoop

s

πdev
s − πNE

s

, ∀s ∈ S.
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5.9.15 Proof of Lemma 5.11

If N ≤ ∑
s∈S ns(

rs
rS
pmin
S ), sellers compete with each other. The proof of the

Nash equilibrium follows the proof of Lemma 5.8. The only difference is that

in Lemma 5.8, each seller was restricted to serve only one buyer in a time

slot, while in Lemma 5.11, each seller can serve multiple buyers in a time slot.

However, this difference does not change the main idea of the proof.

If N ≥ ∑
s∈S ns(p

max
s ), then the number of buyers is large enough so that

each seller can sell out all his products, and the profit of seller s is πs =

(ps − c)bs. Hence, the price that can maximzie the profit of seller s is his

maximum price p∗s = pmax
s and no seller has any incentive to deviate from

such a price.

If
∑

s∈S ns(
rs
rS
pmin
S ) < N <

∑
s∈S ns(p

max
s ), we claim that the price profile

p∗s =
Nρrs∑

i∈S biri +N
, ∀s ∈ S,

is the unique Nash equilibrium. Note that p∗s =
Nρrs∑

i∈S biri+N
(∀s ∈ S) implies

that all sellers set the same reputation-price ratio to be ϕ =
∑

i∈S biri+N

Nρ
.

Under p∗s = Nρrs∑
i∈S biri+N

, ∀s ∈ S, each seller sells out his products and his

profit is πs(p
∗
s, p

∗
−s) = (p∗s−c)bs. Given p∗−s, if seller s sets ps > p∗s, he will lose

buyers and his profit will be decreased; if seller s sets ps < p−s, he still sells

out bs products and hence his profit will be decreased. Hence seller s (∀s ∈ S)
has no incentive to deviate from his price p∗s if other sellers set p−s. No other

price is an equilibrium. If all sellers set the same reputation-price ratio, i.e.,

rs
ps
, such that the price is above p∗s, and share the market, then each seller can

not sell out all his products and has an incentive to undercut the others by

an arbitrarily small amount of decrease on price and attract more buyers and

increase its profits. If all sellers set the same reputation-price ratio, i.e., rs
ps
,

such that the price is below p∗s, then each seller can sell out all his products
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but achieves a smaller profit than the profit under p∗s, and some buyers are

unserved due to the larger demand from each buyer, so each seller has an

incentive to increase his price and increase its profits. Thus there can be no

equilibrium with all sellers setting the same reputation-price ratio such that

the prices are different from p∗s. Also, there can be no equilibrium with sellers

setting different reputation-price ratios. The seller with a smaller ratio will

want to decrease its price to undercut the seller with a larger ratio until the

ratio equals to the larger ratio. Hence the only equilibrium occurs when all

sellers set their prices according to p∗s.

5.9.16 Proof of Lemma 5.12

The proof of Lemma 5.12 follows the lines of the proof of Lemma 5.9. The

only difference is that in Lemma 5.9, each seller’s profit under cooperatrion is

N∑
s∈S 1

{
rs

p
coop
s

=ϕmax
j +ε

}(pcoops −c)
(

ρ
pcoops

− 1
rs

)
, while in Lemma 5.12, each seller’s

profit under cooperatrion is N
Ncoop (p

coop
s − c)

(
ρ

pcoops
− 1

rs

)
. However, this dif-

ference does not change the main idea of the proof.

5.9.17 Subgame Perfect Nash equilibrium of Dynamic Seller Com-

petition Game with Limited Capacity, Multiple Buyers Per

Seller, and Fixed Number of Buyers

We first analyze the case where sellers compete and set different reputation-

price ratios at Nash equilibrium, i.e., N <
∑

s∈S ns(
rs
rS
pmin
S ), at time slot t.

We let πNE
s [t] denote the profit of seller s, achieved at the NE of the single-

slot game in time slot t, as defined in Lemma 5.11. We let πcoop
s [t] denote

the profit of seller s under cooperation defined in Lemma 5.12. We let SC [t]

denote the set of sellers who satisfy ϕmax
s [t] > ϕmax

th [t] in time slot t.
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Lemma 5.15. Consider the following strategy profile: all sellers set the co-

operative price profile p[t] = pcoop[t] in each time slot t until a seller deviates,

in which case all sellers choose the price profile according to the Nash equi-

librium of the single-slot game for ever. Such a strategy profile is an SPNE

if

N <
∑
s∈S

ns(
rs[t]

rS[t]
pmin
S [t]), (5.54)

and

δs >

(
1− N

N coop[t]

)
· πcoop

s [t]

πcoop
s [t]− πNE

s [t]
, ∀s ∈ SC [t]. (5.55)

Condition (5.56) indicates that sellers are willing to play the cooperative

strategy. Condition (5.55) indicates that cooperative sellers in set SC [t] are

sufficiently patient.

Proof. The proof of Lemma 5.15 follows the lines of the proof of Lemma 5.13.

The only difference is that in Lemma 5.13, each seller’s profit under coopera-

trion is N
SC

πcoop
s , while in Lemma 5.15, each seller’s profit under cooperation

is N
Ncoopπ

coop
s . However, this difference does not change the main idea of the

proof.

We next show that some sellers may only be willing to play the NE of the

single-slot game, when (5.56) and (5.55) are not satisfied.

Lemma 5.16. Choosing the price profile according to the Nash equilibrium

of the single-slot game starting from time slot t is the unique SPNE of the

dynamic game if in time slot t,

N ≥
∑
s∈S

ns(
rs[t]

rS[t]
pmin
S [t]). (5.56)

Under condition (5.56), sellers with relatively high reputations will either

set the same reputation-price ratio, or set their monopoly prices at the Nash
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equilibrium of the single-slot game. Hence, sellers with relatively high reputa-

tions prefer to play the NE of the single-slot game instead of the cooperative

strategy.

Proof. If N ≥ ∑
s∈S ns(

rs[t]
rS [t]

pmin
S [t]), each seller will set the monopoly price

at the NE of the single-slot game, and can earn the maximum profit under

the Nash equilibrium of the single-slot game, which is larger than the profit

under any other strategy. Every seller will always play the Nash equilibrium

of the single-slot game and has no incentive to play any other strategy. Hence,

the repetition of the Nash equilibrium of the single-slot game is the unique

subgame perfect Nash equilibrium of the repeated competition game.

5.9.18 Subgame Perfect Nash equilibrium of Dynamic Seller Com-

petition Game with Limited Capacity, Multiple Buyers Per

Seller, and Randomly Arriving Buyers

Theorem 5.7. The following holds.

• If at the Nash equilibrium of the single-slot game, all sellers set the same

reputation-price ratio, then the unique SPNE involves choosing the price

profile according to the Nash equilibrium of the single-slot game in each

time slot.

• Otherwise, there exists a unique cooperative price vector pcoop that max-

imizes the sellers’ joint profits:

pcoops = max

{
rs

ϕcoop
, pmin

s

}
, ∀s ∈ S (5.57)

where ϕcoop � ϕmax
th + ε and ϕmax

th is a chosen seller’s largest reputation-



CHAPTER 5. ECONOMIC ANALYSIS OF ONLINE MARKETS 230

price ratio that satisfies

ϕmax
th ≥

√
rmax

cρ
,

rs
pcoops

≤ ϕmax
th , if ϕmax

s ≤ ϕmax
th ,

rs
pcoops

= ϕmax
th + ε, if ϕmax

s > ϕmax
th ,

N coop =
∑

{s: rs
p
coop
s

=ϕmax
th +ε}

ns(p
coop
s ),

∑∞
k=0 kP (X = k)

N coop
(pcoops − c)

(
ρ

pcoops
− 1

rs

)
≥ (p∗s − c)

(
ρ

p∗s
− 1

rs

)
, ∀s ∈ S.

We let πNE
s [t] denote the profit of seller s, achieved at the NE of the

single-slot game in time slot t derived by Algorithm 10. We let πcoop
s [t]

denote owner s’s expected profit achieved under cooperation in time slot

t, and πdev
s [t] denote the maximum expected profit that owner s can

achieve by unilaterally deviating from the cooperative strategy. Consider

the following strategy profile: all sellers set the cooperative price profile

p[t] = pcoop[t] in each time slot t until a seller deviates, in which case all

sellers choose the price profile according to the Nash equilibrium of the

single-slot game for ever. Such a strategy profile is an SPNE if

δs >
πdev
s [t]− πcoop

s [t]

πdev
s [t]− πNE

s [t]
, ∀s ∈ S. (5.58)

The proof of Theorem 5.7 follows the lines of the proofs of Lemma 5.9 and

Theorem 5.6.



Chapter 6

Conclusion and Future Work

In this thesis, we designed incentive mechanisms for networked markets. We

considered three types of networked markets: mobile data trading market in

cellular networks, Wi-Fi sharing market in crowdsourced wireless community

networks, and products/resources trading markets in online networks. Our

incentive mechanisms can effectively incentivize users to behave to the inter-

ests of operators and greatly improve operators’ performance (e.g., less cost

or more profit).

First, we studied the incentive mechanism design for cellular operators

regarding wireless mobile data trading. We proposed a time and location

aware pricing scheme for the operator, based on a two-stage decision process

modeling of the interaction between the cellular operator and users. Our time

and location aware pricing scheme not only reduces the operator’s cost but

also increases users’ payoff.

Second, we studied the incentive mechanism design for the operator of

the crowdsourced wireless community network in both complete information

scenario and incomplete information scenario. In the complete information

scenario, we analyzed the user behavior and designed the pricing scheme for

the operator. We modeled the interactions between the operator and users as

231
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a Stackelberg model. We showed that a user with a more popular home loca-

tion, a smaller probability of travelling, or a smaller network access evaluation

is more likely to choose to be a Bill. Moreover, we proposed a partial price dif-

ferentiation scheme for the operator, based on the analysis of users’ response

to the pricing scheme. Our proposed partial pricing scheme can achieve a

good tradeoff between the revenue and the implementation complexity. In

the incomplete information scenario where each user has private information

regarding his daily mobility pattern and the quality of the Wi-Fi AP owned

by him, we proposed a novel contract mechanism for crowdsourced wireless

community networks. We analyzed the feasibility and optimality of the pro-

posed contract systematically, and provided simulation results to illustrate

the optimal contract and the profit of the operator.

Third, we studied the incentive mechanism design for sellers in online

markets, considering the impact of sellers’ reputations. We modeled the in-

teractions between sellers and buyers as an infinite dynamic game, which

consists of a sequence of single-slot games, each of which is a two-stage multi-

leader-multi-follower game. Our analysis showed that buyers prefer to choose

the available seller with the highest reputation-price ratio. We examined

the existence of equilibrium pricing strategies for sellers with heterogeneous

reputations, and discussed how to achieve the cooperative maximum profit

using punishment strategies in both unlimited capacity scenario and limited

capacity scenario. In the limited capacity scenario, if the gap between sellers’

highest and second highest reputation levels is large enough, then the mar-

ket becomes a monopoly market dominated by the highest reputation seller.

When sellers’ reputation levels are relatively close, then a subset of seller with

relatively high reputations will cooperate with each other at the equilibrium.

In the limited capacity scenario, we designed a Sequential Adjusting Algo-

rithm to derive the equilibrium pricing strategy in the single-slot game, and
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discussed the cooperative strategy in the infinite dynamic game. Simulation

results showed that the dynamics of sellers’ reputations and prices will con-

verge to stable states, and each seller’s reputation and price at the stable

state depend on his intrinsic competitiveness which may reflect the product’s

quality.

We next briefly discuss some key research directions for future study as

follows:

• First of all, the incentive mechanism design for cellular operators in

this thesis is theoretical analysis. It is necessary to conduct large scale

comprehensive simulation studies of the algorithm performance based

on realistic mobile data usage traces, and create mobile apps to further

help users make automated traffic scheduling decisions. Besides the novel

pricing design, it is also interesting to study the newly emerged business

model, i.e., the shared data plans and the secondary data trading market,

in which users can trade their unused data quota to users who need more

data besides the data package in their monthly plan.

• Second, the incentive mechanism design for the operator of the crowd-

sourced wireless community networks is based on the assumption that

users have symmetric demand. In the future, it is important to study a

more general case with asymmetric user demands. It is also interesting to

study the cooperation between the operator of the crowdsourced wireless

community networks and traditional cellular operators who have already

deployed a large number of Wi-Fi APs. The cooperation can not only

enlarge the coverage of the crowdsourced wireless community network,

but also bring revenue to traditional cellular operators. Obviously, the

success of the cooperation relies on a careful design of incentive mecha-

nism, which may involve the revenue allocation strategy.
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• Last but not least, our pricing design for sellers in online markets is under

the assumption that sellers do not have extra investment to promote their

reputation and market share. It is interesting to study the promotion

stage of a seller, where the seller has a budget of investment to promote

his initial reputation by offering low price and occupying market share.

In practice, sellers have many ways to promote his reputation, including

illegal ones, such as fictitious trading. It is also important to study

mechanisms to detect fictitious trading in online markets and provide

incentive mechanism to prevent such illegal fictitious trading.
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