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Abstract

The electric power system is undergoing a fundamental transition towards a

sustainable and intelligent system, commonly known as the smart grid. To

enable such a transition, various smart grid technologies have been developed,

including demand response, clean energy technologies, energy storage and

decentralized operation of power systems in the form of microgrids. These

smart grid technologies bring both opportunities and challenges to the short-

term operation and long-term investment of power system. This thesis

aims to evaluate the economic impact of smart grid technologies and design

economic mechanisms to integrate them into power systems. In particular, this

thesis studies pricing scheme design for the integration of demand response,

investment strategy for the integration of renewable energy and energy storage,

and cooperative operation and planning of interconnected microgrids.

To integrate demand response of data centers, we design a dynamic pricing

scheme, which explores the flexibility of data centers’ energy consumption for

electric load balancing across both geographical locations and time periods.

We model the interactions between a utility company and data centers as

a two-stage optimization problem, and design two algorithms to compute

the optimal solution and close-to-optimal solution with low computational

complexity, respectively. We show that the optimal dynamic pricing leads to

a win-win solution, such that data centers reduce operational cost and utility
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company balances electric power load.

To integrate renewable energy (e.g., solar and wind) and energy storage,

we develop a holistic framework, which jointly optimizes long-term investment

and short-term operation of a microgrid system. We formulate a two-period

stochastic programming problem, in which the microgrid operator decides the

capacities of renewable energy and energy storage facilities in the investment

period, and coordinates power supply and demand response of consumers in

the operational period. With realistic meteorological data, we characterize

the optimal investment and operational strategies. We also demonstrate the

advantages of mixed renewable energy, energy storage and demand response

in reducing the overall cost of the microgrid system.

To leverage diverse renewable energy generations and demand profiles, we

develop cooperative frameworks for the operation and planning of multiple

self-interested microgrids. For cooperative operation, we propose a market

mechanism to promote energy trading among interconnected microgrids. We

design a distributed algorithm to implement the energy trading rules, in

which each microgrid optimizes its energy trading and scheduling, and a

virtual energy clearing house is responsible for matching energy trades and

payments. Theoretical analysis and simulation results show that the market

mechanism induces the socially optimal trading solution for the microgrids-

system. For cooperative planning, we develop a theoretical framework to

coordinate the deployment and dispatch of renewable energy generations

among interconnected microgrids. We design a fair cost-sharing scheme based

on Nash bargaining solution, which incentivizes proactive participation of

all the microgrids in the cooperative planning. We demonstrate that the

cooperative planning minimizes the total expected cost of the system, and the

cost sharing scheme guarantees each microgrid to benefit from cooperation.
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摘摘摘要要要

電力系統正在經歷一場變革，變成一個可持續、智能化的系統（又稱作智

能電網）。各種智能電網技術正被研發以促進上述轉型，包括：需求響應

技術、清潔能源發電技術、儲能技術和基於微電網的分散運行技術。這些

智能電網技術給電力系統的短期運行和長期投資都帶來了機遇與挑戰。本

文旨在研究智能電網技術的經濟特性，特別是集成上述技術的經濟機制設

計。具體地，本文研究下述幾個問題：集成需求響應技術的定價方法、集

成可再生能源和儲能技術的投資策略、互聯微電網系統的合作運行和合作

規劃。

為了集成需求響應技術，我們針對數據中心設計了一個動態定價方法。

該方法能夠在空間和時間兩個維度上發掘數據中心用電負荷的價格彈性。

我們將電力公司和數據中心之間的互動建模為一個兩階段優化問題，并設

計了兩個算法以求得問題的最優解和低計算複雜度下的次優解。結果表

明，定價方法取得了雙贏：數據中心降低了運行成本，電力公司平衡了系

統負荷。

為了集成可再生能源(例如太陽能和風能)和儲能技術，我們提出了一套

整體性的理論框架，用於聯合優化微電網系統的投資和運行策略。我們構

建了一個兩階段隨機規劃問題，以決定可再生能源和儲能設備的投資容

量，以及電力供給和用戶需求響應的經濟調度。使用真實氣象數據，我們

求得了微電網的最優投資和運行策略。結果表明，新能源混合投資、儲能

設備和需求響應均有助於減小微電網系統總體成本。
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為了充分利用不同地區的新能源發電和負荷差異，我們提出了一套對

於自主運行微電網系統的合作規劃和合作運行方案。針對微電網的合作運

行，我們提出了能夠促進互聯微電網能量交易的市場機制。我們將交易規

則設計成一個分佈式算法。其中，每一個微電網負責優化自身的能量交易

和經濟調度，虛擬交易所負責出清微電網之間交易的能量和對應收支。理

論分析和仿真結果表明，該市場機制取得了系統全局最優的性能。針對微

電網的合作規劃，我們為互聯微電網系統提出了一個理論框架，以協調可

再生能源發電的配置和調度。基於納什議價理論設計了一個成本公平分攤

方法，以激勵微電網的合作規劃。結果表明，合作規劃方案能夠最小化整

個系統的期望成本，并確保每個微電網都能從合作中受益。
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Chapter 1

Introduction

Electricity is vital to the global economy and people’s daily life. Power system

plays the role of generating electricity and delivering it to consumers through

transmission and distribution networks. Traditional power systems often

generate power in large power stations using fossil fuel resources, distribute it

through a hierarchal infrastructure over long distances, and are operated in a

centralized fashion with limited interactions with consumers. This results

in increased carbon dioxide emissions, potentially significant power losses

during transmission and distribution, and weakened resilience against system

failure. To address the aforementioned problems in the power system, smart

grid [1] has emerged to be a promising solution. Smart grid promises to

enhance the energy efficiency of the power system by incorporating various

technologies, e.g., information and communication technologies, distributed

renewable energy generations, energy storage, and autonomous microgrids.

This thesis focuses on the economic analysis of smart grid and aims at

developing economic mechanisms in different scenarios for the integration of

smart grid technologies.

In the following, we introduce several key smart grid technologies in Section

1
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1.1 and outline the contributions of this thesis in Section 1.2.

1.1 Economic Problems in Smart Grid

In the traditional power grid, the system operator is responsible for the secure

and reliable operation of the system while end-consumers do not actively

participate in the system operation. Different from the traditional power

grid, the smart grid system is full of advanced communication and computing

capabilities, and both operators and consumers can communicate and interact

with each other. Therefore, the smart grid is able to integrate utilities,

consumers, and distributed energy resources together not only through power

flows but also information flows. This significantly changes the way of how the

power system is operated. In the following, we discuss several key technologies

and their economic problems in the smart grid system.

First, in the traditional power system, due to lack of communication

capabilities, the utility usually charges fixed electricity price to consumers, and

consumers do not actively interact with the utility in changing their demand

profiles. However, in smart grid, consumers implement digital smart meters

to manage their energy consumption in real time. Smart meters enable two-

way communications between the utility and consumers through information

and communication networks. The utility can charge various load-dependent

and time-dependent prices to provide economic incentives, and consumers can

respond to the price variations and adjust their flexible loads for economic

benefits. There has been a large body of research on demand response of

strategic electricity consumers in [2–5]. On one hand, demand response is

a potential resource that the utility can leverage to improve the operational

performance of smart grid, e.g., peak load and cost reduction. One the other

hand, in order to encourage customers’ participation in demand response
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programs, the utility must have a good understanding of customers’ behaviors

and usually need to offer economic incentives, e.g., bill savings. Therefore, we

see that the successful adoption of demand response program highly relies on

the design of incentive mechanisms and the acceptance of both utility and

consumers.

Second, it is technically challenging for the traditional power system to

integrate renewable energy because renewable energy generation is inherently

intermittent and fluctuating. In contrast, the smart grid system is able to

accommodate high penetration of renewable energy generations, primarily

from wind energy and solar energy resources. Advanced sensing and control

can help smart grid operator improve the prediction accuracy of renewable

energy generations, and regulate the voltage and frequency of the system

in real time. Energy storage, electric vehicles, and demand response can

smooth out the variable renewable energy supply and mitigate the associated

operational risk. Coordinated systems of energy storage and renewable energy

have been studied in [6–9]. Besides the technological feasibility, the economic

performance of renewable energy technologies (e.g., cost-effectiveness and

return-on-investment) is critical to the successful adoption and integration

of renewable energy generations. Renewable energy technologies usually

carry high capital investment costs but low operating costs, thus recovering

capital investment through operation is a major economic concern. Energy

storage and demand response provide operational flexibility and ancillary

services to accommodate renewable energy but incur additional operating

costs. Therefore, a holistic evaluation framework is needed for the investment

and operation of renewable energy technologies, where the impacts of energy

storage and demand response are jointly considered.

Third, the traditional power system is operated in a centralized manner,
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which is not robust against system failure, e.g., overloading and blackout

incidents. This motivates the study and adoption of microgrids [10, 11],

which are small-scale power supply networks with distributed generations and

demands. The main components of a microgrid include local loads, distributed

energy resources, communication and control systems. Microgrids can work

either in the grid-connected mode or islanded mode, such that the reliability

of power system can be enhanced through islanding the microgrids when a

system failure incident occurs. Operation of interconnected microgrids has

attracted extensive research in [12–15]. However, most of the studies assumed

that microgrids are operated by a common operator in a hierarchical system

structure, but neglected the trend that microgrids are usually owned and

operated by different self-interested entities. Therefore, it is important to

design a new framework for the planning and operation of the smart grid,

which incorporates the self-interests of microgrids.

For more discussions about literature review, please refer to the related

work section in Chapters 2, 3, 4, and 5, respectively.

1.2 Outline and Contributions

As discussed in Section 1.1, economic problems of smart grid are crucial to its

successful adoption, which motivates our studies towards economic mechanism

designs as presented in Chapters 2, 3, 4, and 5. The remainder of the thesis

is organized as follows.

In Chapter 2, we study the proactive demand response for data centers, as

data centers consume a tremendous amount of energy and have flexibility

in their energy consumption across both time and locations. The utility

company is responsible for the secure supply of electricity to data centers.

We develop a two-stage optimization framework to model the interactions
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between the utility company and data centers. In stage-1, the utility company

sets dynamic prices to the demand-responsive data centers for power load

balancing. In stage-2, data centers respond to the dynamic prices and change

energy consumption for cost minimization. Our proposed framework can

effectively coordinate demand with supply, and hence avoid unintended power

overloading. We analyze the two-stage optimization problem and characterize

the performance upper bound and lower bound. We design a branch and

bound algorithm to attain the optimal solution and a heuristic algorithm

to obtain an alternative close-to-optimal solution. The simulation results

demonstrate that our proposed framework leads to a win-win solution for

the utility company and data centers, in terms of balancing power load and

reducing the energy cost of data centers.

In Chapter 3, we aim to understand how to make optimal economic and

technology decisions on the investment and operation of renewable energy

technologies and energy storage units. We develop a holistic framework using

stochastic programming to model the long-term investment and short-term

operation of a microgrid. The microgrid operator determines the optimal

capacities of energy portfolio (e.g., solar energy, wind energy, and energy

storage) to minimize the overall cost of the microgrid including the capital

investment and the total expected operating cost. In the operation, the

microgrid operator coordinates the power scheduling, local renewable energy

dispatch, energy storage operation and demand response of consumers to

minimize the operating cost of the microgrid. We design a decentralized

solution method, in which the operator and consumers iteratively solve the

optimal day-ahead prices and demand response profiles. Using realistic

meteorological data obtained from the Hong Kong observatory, we show

the optimal investment decisions and optimal pricing strategies. We also
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demonstrate the economic benefits of demand response and mixed deployment

of solar-wind energy.

In Chapter 4, we design an incentive mechanism using Nash bargaining

theory to encourage proactive energy trading among self-interested microgrids.

We show that the bargaining solution minimizes the social cost of the

interconnected-microgrids system, and thus design a two-step solution

method, which decomposes the bargaining problem into two sequential

subproblems on social cost minimization and trading benefit sharing,

respectively. For practical implementation, we propose a decentralized

solution method with minimum information exchange overhead to jointly

optimize energy trading and scheduling. Numerical studies based on realistic

data demonstrate that microgrids are willing to trade energy directly with

each other. Both total cost of the interconnected-microgrids system and each

participated microgrid can be reduced through energy trading.

In Chapter 5, we develop a theoretical framework for the cooperative

planning of renewable generations to leverage diverse renewable outputs

and demand profiles across locations. In such a framework, multiple

interconnected microgrids cooperate to decide where and how much to deploy

renewable energy generations, in order to minimize the expected social cost

over the planning horizon. Since each microgrid is driven by its self-interest,

which may lead to inefficiency of the social welfare of the system. Therefore,

we design an economic scheme to incentivize cooperation among microgrids,

which fairly allocates the initial investment cost based on how much each

microgrid benefits from such a cooperation. With realistic meteorological data

of Hong Kong, our model provides the optimal planning strategy for renewable

energy deployment (both location and capacity), and the simulation studies

demonstrate the economic benefit of the cooperative planning method.
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In Chapter 6, we conclude this thesis and discuss some future work.

2 End of chapter.



Chapter 2

Dynamic Pricing for

Data-Center Demand Response

In this chapter, we study how the power grid can take advantage of the data

centers’ flexibility in load distribution proactively for the purpose of power

load balancing. We model the interactions between the power grid and data

centers as a two-stage problem, where the utility company chooses proper

pricing mechanisms to balance the electric power load in the first stage, and

the data centers seek to minimize their total energy cost by responding to the

prices in the second stage. We show that the two-stage problem is a bi-level

quadratic program, which is NP-hard and cannot be solved using standard

convex optimization techniques. We introduce benchmark problems to derive

upper and lower bounds for the solution of the two-stage problem. We further

propose a branch-and-bound algorithm to attain the globally optimal solution,

and propose a heuristic algorithm with low computational complexity to

obtain an alternative close-to-optimal solution. We also study the impact

of background load prediction error using the theoretical framework of robust

optimization. The simulation results demonstrate that our proposed dynamic

8
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pricing scheme not only improves the power grid reliability but also reduces

the energy cost of data centers.

This chapter is organized as follows. We introduce demand response for

data centers in Section 2.1 and review the related work in Section 2.2. After

that, we formulate the system model as a two-stage price optimization problem

in Section 2.3. In Section 2.4, we study two benchmark problems to provide

performance bounds for the formulated two-stage price optimization problem.

In Section 2.5, we analyze the solution of the two-stage price optimization

problem, design a branch-and-bound algorithm to yield the global optimum,

and propose an alternative heuristic algorithm to solve the sub-optimal

solution. In Section 2.6, we analyze the worst-case performance by considering

the prediction error in background power load. The performance of the

proposed scheme is evaluated in Section 2.7. Finally, we summarize this

chapter in Section 2.8.

2.1 Introduction

Energy management of large and distributed data centers has become

an increasingly important problem. With the fast development of cloud

computing services, it is now common for a cloud provider (e.g., Google,

Microsoft, and Amazon) to build multiple, large, and geographically dispersed

data centers across the continent. Each data center may include hundreds of

thousands of servers, massive storage equipment, cooling facilities, and power

transformers. The energy consumption and cost of data centers hence can be

significant [16]. For example, Google reported in 2011 that its data centers

continuously draw almost 260 MW of power, which is more than what Salt

Lake City consumes [17]. Microsoft’s data center in Washington US consumes

48 MW of power, which is equivalent to the power consumption of about
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40,000 households. This has motivated growing research activities toward

optimizing the data center operations to reduce the total energy cost. For

example, Qureshi et al. in [16] proposed an energy cost minimization method

for distributed data centers to exploit electricity price difference. The idea is

later extended in [18–24].

However, most existing studies of energy management of distributed data

centers have focused on the energy cost minimization from the viewpoint of

data centers, but failed to consider the impact of such energy management

practice on the power grid. Note that, due to their enormous energy

consumption, data centers are expected to have a great influence on the

operation of the power grid [25]. Without taking such impact into account,

these energy management schemes may adversely affect power-grid stability

and load balancing.

In this chapter, we aim to study the energy cost minimization of distributed

data centers based on their impact to the power grid. We seek to benefit from

the recent advances in two-way communications that are available in smart

grid [1] to allow interactions and coordinations between energy suppliers and

consumers in real time to improve demand side management. In our proposed

framework, the utility company can set dynamic prices to the demand-

responsive data centers, and the data centers can dynamically change energy

consumption in response to the price changes. This can effectively coordinate

demand with supply, and hence avoid unintended power overloading.

The overall framework of our proposed system setup is shown in Fig.

2.1. Cloud service users send computing requests via the Internet to the

cloud provider. Exploiting various electricity prices at different locations, the

cloud provider minimizes the total energy cost by assigning users’ requests

to different data centers. The utility company utilizes the demand response
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Figure 2.1: Smart grid and data center interaction.

of data centers and tries to achieve power load balancing by altering the

electricity consumption of data centers through dynamic pricing.

The main contributions of this chapter are as follows:

• Data center and smart grid interaction: To the best of our knowledge,

this is the first work that studies the interactions between smart grid

and data centers by considering the active decisions on both sides.

In particular, how does the utility company properly incentivize data

centers to provide demand response services toward a reliable power

grid?

• Modeling and solution methods : We formulate the interactions between

smart grid and data centers as a two-stage price optimization problem.

In its original form, this problem cannot be solved by standard convex

programming techniques. Therefore, we reformulate the problem as a

mixed-integer quadratic program and design a customized branch-and-

bound algorithm to attain the globally optimal solution. We also design

a low-complexity descent algorithm to attain a close-to-optimal solution.

• Performance benchmarks : To characterize the optimal solution of the

two-stage price optimization problem, we construct two single-level

optimization problems, namely an Integrated Problem and a Restricted
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Problem, which correspond to the performance upper and lower bounds

of the two-stage price optimization problem.

• Case studies and implications : Our proposed method can not only

balance the power load for the smart grid but also reduce total energy

cost for data centers, hence achieving a win-win result.

2.2 Related Work and Motivation

2.2.1 Literature Review

There are many existing research results on managing data center’s workload

to reduce energy costs, such as those studying the energy cost minimization

problem with multi-electricity-market environment [18], green renewable

generators [19], online optimization [20], service level agreements [21], and

deregulated electricity price [22]. Zhang et al. in [23] designed a Vickrey-

Clarke-Groves auction mechanism, in which tenants of data centers voluntarily

bid for emergency demand response. However, these results did not consider

the active response by the utility companies, nor did they consider how

the data centers’ demand response may bring large load fluctuations across

different locations over time. This motivates us to study the interactions

between smart grid and geographically dispersed data centers, and examine

how smart grid can properly incentivize data centers through dynamic pricing

to improve the grid reliability.

Demand response of strategic energy consumers has been studied in [2–5].

For example, in [2], Mohsenian-Rad and Leon-Garcia suggested scheduling

household devices based on the predicted prices to minimize the electricity

cost. In [3], Nguyen et al. proposed a game theoretic model, in which an

electricity provider dynamically updates the energy prices to reduce the peak
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load, by considering the load profiles of users. In [4], Li et al. studied demand

response based on utility maximization, and proposed a distributed algorithm

to compute optimal prices and power schedules. In [5], Wong et al. designed

a time-dependent price to incentivize users to shift power load so as to relieve

stress during peak hours.

2.2.2 Motivation

Different from traditional residential or industrial consumers, data centers

are special electricity consumers. This is not only because of their enormous

energy consumption but also because of the flexibility of energy consumption

over multiple locations. The previous studies in [18–23] mainly focused on

the workload distribution from the perspective of data centers. As reported

in [24], such workload distribution of data centers has a great impact on power

load balancing in the smart grid.

In the power system, the utility company is responsible for supplying

power to meet the demand, and for maintaining the secure operation of the

smart grid system. The utility company can utilize the demand response

of data centers to manage their energy consumption. However, most of

the existing demand response programs focused on the time flexibility of

residential demands without considering the demand side management over

multiple locations. The latter is difficult to do for residential demands, but

is very suitable in the case of geographically dispersed data centers. The

cloud provider owns multiple data centers located in different geographical

locations, and thus gains flexibility of power loads over locations via workload
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assignment over different data centers.1 This motivates us to design a

dynamic pricing incentive mechanism from the grid operator’s point of view, in

order to incentivize the proper demand response from multiple geographically

dispersed data centers. Tran et al. in [26] studied demand response of data

centers in a multi-utilities environment, and modeled the interactions between

utilities and data centers as a Stackelberg game. Different from [26], we

study the interaction between one utility company and one cloud provider

(with multiple data centers) as a bi-level optimization problem, propose two

benchmark problems to estimate the performance bounds, and propose two

algorithms to solve the optimal prices and close-to-optimal prices, respectively.

2.3 System Model

We consider a discrete time model t ∈ T = {1, ..., T}, where the length of a

time slot matches the time-scale at which the workload allocation decisions

and dynamic pricing decisions are updated, e.g., once an hour [18]. Let

N = {1, ..., N} denote the set of geographically dispersed data centers, where

each data center i ∈ N has Mi homogeneous servers, and has the same

function in terms of supporting various kinds of applications (e.g., Internet

services, image processing). As we will explain later, not all servers are turned

on during each time slot.

Fig. 2.2 illustrates the system architecture of data centers and smart grid.

1As an example, when Google responds to a user’s web search query, the corresponding
computation can be done in any of the Google’s data centers (as long as certain service
quality agreement is satisfied).
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Figure 2.2: System model of data center demand response.

We assume that a group of geographically dispersed data centers are operated

by a single cloud provider, and there is a traffic aggregator (e.g., a front-

end portal server) responsible for distributing the total incoming computing

workload Lt within time slot t to data centers in different regions [18]. Each

data center is powered by a dedicated power substation in the power grid, and

all the substations are operated by the same utility company.2

In each time slot t, we model the interactions between the utility company

and data centers in two stages. In Stage 1, the utility company sets a billing

reference sti, which determines the electricity tariff as we will explain later

for each data center i to balance the load on the power grid. In Stage 2,

we assume that the data centers can predict the workload accurately at the

beginning of each time slot. Then data centers cooperate with each other (as

they belong to the same cloud operator) so as to minimize the total energy

2Many practical examples motivate our assumption of one utility company. For example,
Alibaba cloud, a Chinese cloud provider, runs five data centers at different locations in
China, and three of which are served by the State Grid Corporation of China. Such scenarios
also exist in deregulated electricity markets, such as in California US [27].
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cost by determining the computing workload allocation λti and the number

of active servers xti in each data center i. Next, we discuss these decisions in

details.

2.3.1 Stage 2: Data Center’s Energy Cost Minimiza-

tion

First, we consider the Stage-2 problem, where a cloud provider (such as

Google) wants to minimize the total energy cost of multiple data centers. In

practice, data centers directly negotiate with the utility company regarding

the electricity rates [28]. In time slot t, the utility company charges data

center i with the following regional electricity price πti per unit of energy:

πti = αti + βi(e
t
i − sti), (2.1)

where eti is the data center’s the electricity consumption, sti is called the

billing reference, βi > 0 is a sensitivity parameter, and αti > 0 denotes the

baseline price, all at location i in time slot t. The dynamic pricing scheme

in (2.1) is motivated by the tiered electricity pricing, which has been widely

implemented in various power markets such as the United States, Japan, and

China. The key idea of tiered pricing is to set several pricing tiers for the

energy consumption, and the unit price per unit of energy increases with the

tiers progressively [29]. In (2.1), the term βi(e
t
i − sti) reflects the difference

between electricity consumption eti and the billing reference sti. The unit price

πti will be higher than the baseline price if eti > sti.

Next, we discuss the data centers’ optimization constraints.
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2.3.1.A Workload Constraint

In each time slot t, users’ computing requests (workload to the cloud provider)

are received by a front-end portal server. Then a total of N data centers should

work together to complete the total workload of Lt, with the allocation to data

center i as λti:

N∑
i=1

λti = Lt, λti ≥ 0, ∀i ∈ N , t ∈ T . (2.2)

2.3.1.B QoS (Delay) Constraint

It is important for data centers to provide QoS guarantees to the users, and

QoS can be specified by the service level agreement (SLA) [30]. SLA usually

measures the average performance for the operation of a data center during

a period of time. We consider both the transmission delay (incurred before

the request arrives at a data center) and the queuing delay (experienced after

the request arrives at a data center). We define dti as the transmission delay

experienced by a computing request from the aggregator to data center i

during time slot t. Notice that dti is usually much less than the length of a

time slot. To model the queuing delay, we use queuing theory to estimate

the average processing time in data center i when there are xti active servers

processing workload λti with a service rate µi per server.3 Applying the results

from M/M/1 queuing theory [19], the average waiting time is approximately

1
µixti−λti

. To meet the QoS requirement, the total time delay experienced by a

3We assume that the servers in the same data center i are homogeneous and have the
same service rate µi.
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computing request should satisfy some delay bound D, which is the maximum

waiting time that a request can tolerate. For simplicity, we will assume

homogeneous requests that have the same delay bound D. Therefore, we

have the following QoS constraint

dti +
1

µixti − λti
≤ D, ∀i ∈ N , t ∈ T , (2.3)

where µix
t
i > λti.

2.3.1.C Server Constraint

At each data center i, there are tens of thousands of servers providing cloud

computing services to meet users’ requests. Let Mi denote the maximum

number of available servers. The cloud provider can switch on and off servers

to adjust the service time. Since the number of servers is usually large,

we can relax the integer constraint on the number of active servers without

significantly affecting the optimal result. Therefore, we have the following

server constraint4

0 ≤ xti ≤Mi, ∀i ∈ N , t ∈ T . (2.4)

4We set the minimum required number of active servers in each data center as zero. It
can also be set as a positive number to reflect operational requirements for the data center,
without changing the engineering insights from the analysis.
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2.3.1.D Energy Consumption Constraint

The energy consumption of data centers consists of IT energy consumption

(e.g., CPU, memory, and storage) and ancillary energy consumption (e.g.,

cooling, lighting, and power facility). The quantitative relation between IT

energy consumption and ancillary energy consumption is measured by the

power usage efficiency (PUE) [31], which is defined as the ratio of total energy

consumption to IT energy consumption. The energy used by computing

equipments is considered to be productive. On the contrary, the energy for

ancillary infrastructure (e.g., cooling, lighting, and power facility) is auxiliary.

PUE helps us understand the total energy consumption based on the IT energy

consumption. Therefore, we can calculate the total energy consumption of a

data center using PUE, amount of computing workload, and the number of

active servers. Precisely, based on the data center power model in [25], we

formulate the energy consumption of data center i in time slot t as

eti = xti (Pidle + (Ri − 1)Ppeak) + xti(Ppeak − Pidle)γti + ξi,

where Pidle and Ppeak represent the average idle power and average peak power

of a single server, respectively. The power efficiency parameter Ri > 1 denotes

PUE of data center i. The parameter ξi is an empirical constant indicating the

base energy consumption of data center i, and γti denotes the average server

utilization of data center i in time slot t.

We substitute the average server utilization γti = λti/(µix
t
i), and rewrite eti

in the following equivalent form:

eti = (Pidle + (Ri − 1)Ppeak)x
t
i +

Ppeak − Pidle
µi

λti + ξi, ∀i ∈ N , t ∈ T , (2.5)

which is an affine function with respect to the number of active servers xti and
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the computing workload λti.

Given the operational requirements of the power substation, we limit the

maximum power that can be consumed by data center i in time slot t as

0 ≤ eti ≤ Qt
i, ∀i ∈ N , t ∈ T , (2.6)

where Qt
i denotes the available power supply to data center i in time slot t.

With the above constraints, we can formulate the cloud provider’s energy

cost minimization problem in Stage 2. The objective is to minimize the data

centers’ total energy cost over all locations and all time slots by choosing

the workload allocation λti and the number of active servers xti for each data

center i ∈ N and each time t ∈ T . As the operational constraints (2.2)-(2.6)

are decoupled across time slots, we formulate the energy cost minimization

problem in time slot t as follows:

Stage-2 Problem (PS2): Total Energy Cost Minimization

min
λt, xt

∑
i∈N

(
αti + βi(e

t
i − sti)

)
eti

subject to Constraints (2.2)–(2.6),

where λt = {λti, ∀i ∈ N} and xt = {xti, ∀i ∈ N} denote the workload

allocation vector and active server number vector for each time slot t ∈ T ,

respectively. The energy cost of data center i is calculated as the product of

its energy consumption eti and the corresponding unit price αti + βi(e
t
i − sti).

Note that, the optimal value of workload allocation λti, number of active

servers xti and energy consumption eti in (2.5) are functions of the billing

references st = {sti, ∀i ∈ N} in time slot t. Given st, we can solve Problem

PS2, and will present the optimal solutions of λti, x
t
i and eti in Section 2.5.
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2.3.2 Stage 1: Smart Grid’s Power Load Balancing

Problem

We are now ready to consider the Stage-1 power load balancing problem for

the smart grid. We classify the load into two groups: data centers and others.

We focus on the data centers’ loads as they have geographical flexibility,

and let the latter group as background loads. With the emergence of smart

grid communications technologies, it is possible for the utility company to

incentivize the data centers to shift loads from heavily loaded regions to lightly

loaded regions. In our proposed framework, the smart grid optimizes dynamic

tiered prices by setting the billing references st in each time slot t to balance

power load across geographical locations. To measure the power load levels in

different locations, we define the electric load ratio in location i and time slot

t as

rti(s
t) =

eti(s
t) +Bt

i

Ci
, (2.7)

where Bt
i is the background power load, and Ci is the capacity of power

substation i. Note that the load ratio rti is a function of the energy

consumption eti, and thus also depends on the billing reference st for all

locations in time slot t. The utility company aims at balancing the load

ratio rti(s
t) at all locations in each time slot.

Let Qt
i = Ci−Bt

i be the maximum available power supply to data center i

in time slot t. Since our study focuses on the demand response of data centers,

we denote the aggregate energy usage of all the users other than data centers

as the background energy load. We assume that the utility company is able to
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accurately forecast5 the background energy load ahead of each time slot [32].

Based on the load ratio rti , we define the electric load index (ELI) across

all locations in time slot t as

ELI ,
∑
i∈N

(
rti(s

t)
)2

Ci, (2.8)

where ELI measures the overall load ratio across all locations. Note that

electric load ratio rti is a normalized indicator, which does not reflect the

importance of those locations with large capacities. Therefore, we introduce

the capacities Ci as the weighted coefficients in ELI. We can show that

minimizing ELI with respect to eti yields an equal load ratio across all locations

in the ideal case (without considering any constraints):

et1 +Bt
1

C1

= · · · = etN +Bt
N

CN
,

which indicates no overloading problem occurs in any of the locations.

Therefore, the system reliability is improved at these locations.

However, such even load distribution may not be achievable in practice,

because the energy consumption eti should also satisfy the operational

constraints for workload allocation and the number of active servers in (2.2)–

(2.6). Moreover, the cloud provider and the utility company are independent

entities. Data centers are operated by the cloud provider, which implies that

the energy consumption of data centers cannot be directly controlled by the

5We first solve the two-stage problem assuming perfect background load prediction. In
Section 2.6, we will further study the impact of prediction error.
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utility company.

In order to balance the electricity load, we focus on the scenario where

the utility company charges dynamic prices to incentivize users to shift their

electricity usage to less loaded locations. To encourage the participation

of data centers into the demand response program and prevent the utility

company from abusing its market power, constraints should be set to regulate

the dynamic prices. In practice, the utility company and data centers usually

negotiate with each other and enter into a contract [28] to specify the pricing

structure. Based on related studies [33], we set the following constraints for

the energy price πti :

πti ≤ αti + βi(e
t
i − sti) ≤ πti, ∀i ∈ N , t ∈ T , (2.9)

1

N

∑
i∈N

[
αti + βi(e

t
i − sti)

]
≤ πtmax, t ∈ T , (2.10)

where (2.9) ensures that the price charged to the data centers is always

contained within the range [πti, π
t
i]. Constraint (2.10) enforces that the

dynamic prices across all locations have an average price ceiling πtmax, which

is specified by the contract between the utility company and data centers [33].

Constraint (2.10) can prevent the utility company from charging the maximum

possible price in all locations. More precisely, the utility company has to

provide lower prices to other locations if it charges a higher prices at some

locations, so that (2.10) can be satisfied. This will give a guarantee to the

cloud provider, such that the dynamic price will not arbitrarily increase the

energy cost of the data centers.

After the contract terms (e.g., constraints (2.9) and (2.10)) are settled,

the utility company is responsible for enforcing the price constraints (2.9) and
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(2.10).6 We formulate the smart grid’s load balancing problem in time slot t

as follows:

Stage-1 Problem (PS1): Electric Power Load Balancing

min
st

∑
i∈N

(
rti(s

t)
)2

Ci

subject to Constraints (2.9) and (2.10),

where the electric load ratio rti depends on the energy consumption eti, which

is the optimal solution of Stage-2 Problem PS2.

2.3.3 Two-stage Price Optimization Problem

For Problem PS2, we can show that constraints (2.2)–(2.6) can be equivalently

rewritten as constraints of data centers’ energy consumption:

∑
i∈N

θie
t
i = Et, (2.11)

Et
i ≤ eti ≤ E

t

i, ∀i ∈ N , (2.12)

where θi, E
t, Et

i and E
t

i are system parameters. Constraint (2.11) is derived

from the workload constraint in (2.2), which specifies that the summation of

θi-weighed energy consumption of all the data centers should reach Et in order

6To enforce constraints (2.9) and (2.10), the utility company should carefully determine
the dynamic prices and consider the corresponding responses from the data centers, as
the price constraints (2.9) and (2.10) involve both dynamic prices and energy consumption
responses of data centers.
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to process the total workload Lt. The box constraint (2.12) sets the energy

consumption lower bound Et
i and upper bound E

t

i for each data center, to

meet all the inequality constrains in (2.3)–(2.6). For the proof and detailed

representation of the parameters, please refer to the appendix in Section 2.9.

Using constraints (2.11) and (2.12), we can simplify Problem PS2 into

an equivalent energy consumption distribution problem, in which the cloud

provider directly decides the energy consumption of data center eti to minimize

the energy cost. The equivalent energy consumption distribution problem is

presented as follows:

PE2: Equivalent Problem of PS2

min
et

∑
i∈N

(
αti + βi(e

t
i − sti)

)
eti

subject to Constraints (2.11) and (2.12),

where et = {eti, ∀i ∈ N}. Once the energy consumption eti is determined,

we can find the corresponding workload allocation λti and number of active

servers xti.

Fig. 2.3 shows the relation between the two-stage problems PS1 and

PE2, each of which is executed once in each time slot. In Stage 1, at the

beginning of each time slot, the utility company sets billing references for

data centers to optimize the ELI performance. This leads to the tiered price

πti = αti + βi(e
t
i − sti) for each data center i. In Stage 2, the cloud provider

optimizes the energy consumption eti of each data center in order to minimize

the total energy cost
∑

i∈N π
t
ie
t
i in time slot t.

The two-stage problem is a challenging optimization problem to solve,

due to the coupled variables and constraints. As the utility company aims

to balance the electric load across locations, it will consider the response of
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Dynamic pricing 
as in Equation (2.1)

Stage 1: Power Load Balancing
Utility company solves the Stage-1 

Problem PS1 and determines the optimal 
billing references for the data centers.

Stage 2: Energy Cost Minimization
Cloud provider solves the Stage-2 Problem 

PE2 and decides the optimal energy 
consumption of all the data centers.

Energy consumption 
of data centers

In each time slot t =1,…,T

Utility Company

Data Centers

Figure 2.3: Two-stage price optimization problem.

the cloud provider in Stage 2, when computing the optimal billing references

st in Stage 1. Before solving the two-stage problem, we will introduce two

benchmark problems to bound the optimal solution.

2.4 Performance Benchmarks

The two-stage problem is a quadratic bi-level program with coupled

constraints, which is NP-hard in general and cannot be solved effectively by

standard convex optimization algorithms. Before proposing solution methods

to solve the two-stage problem, we construct two benchmarks, the integrated

problem, and the restricted problem, to provide lower bound and upper bound

of the ELI performance, which are helpful in terms of solving the two-stage

problem in Section 2.5.
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2.4.1 Integrated Problem

We consider the following integrated problem as a benchmark, where the

utility company directly decides the optimal workload assignments and the

number of active servers for each data center (without the need of dynamic

pricing). This will reveal the minimum ELI that the system can achieve if

the utility company and the data centers fully cooperate with each other.

The integrated problem is formulated as follows.

PI: Integrated Problem

min
λt, xt

∑
i∈N

(
rti

)2

Ci

subject to Constraints (2.2)–(2.6).

We can see that the objective is consistent with the utility company’s

objective of load balancing in Problem PS1. The constraints are the same in

Problem PS2 for data centers’ operation. Problem PI is a convex quadratic

program, which can be solved by standard convex optimization techniques [34].

Intuitively, compared with the scenario where the utility company

incentivizes data centers through dynamic pricing, direct control of data

centers’ operation would be more efficient in terms of load balancing. This

can lead to a lower bound of the ELI performance stated in the following

proposition.

Proposition 2.1. The optimal solution of the integrated problem PI provides

a lower bound of the optimal ELI performance of PS1.

To prove Proposition 2.1, we need to the show that the feasible set

of the integrated problem PI is larger than that of the original two-stage

optimization problem. In the integrated problem PI, the utility company
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directly controls the workload allocation and the number of active servers in

the data centers, subject to the data center operation constraints (2.2)-(2.6).

Whereas in the two-stage problems PS1 and PS2, the utility company aims at

indirectly managing data centers’ operation in PS2 through price incentives

in PS1, subject to both data center operation constraints (2.2)-(2.6) and

pricing constraints (2.9)-(2.10). Intuitively, when the utility company directly

controls data centers’ operation in PI, the decision is more flexible than that

through the incentive-based two-stage problems PS1 and PS2. Hence, the

performance of PI should be better, which means a lower ELI. For the detailed

proof, see the appendix in Section 2.9.

Note that the ELI performance gap between the estimated lower bound

and the optimal solution is affected by constraints (2.9) and (2.10) in the

two-stage problem. For example, enlarging the price range [πti, π
t
i] in price

constraint (2.9) can improve the optimal ELI performance to be close to the

ELI lower bound, as the dynamic pricing scheme of the utility company has

a larger feasible set.

2.4.2 Restricted Problem

After we provide a lower bound for ELI by solving PI, we present another

benchmark problem namely restricted problem RS.

In order to construct the restricted problem, first, we note that in the two-

stage problem, different stages have different constraints that cannot be moved

across stages. The Stage-1 problem is the upper-level problem while the Stage-

2 problem is the lower-level problem. The constraints of the Stage-1 problem

PS1 also apply to the Stage-2 problem PE2, but the operational constraints

of data centers in the Stage-2 problem PE2 only need to be satisfied by the

data centers. Intuitively, moving constraints from the Stage-2 problem to the
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Stage-1 problem shrinks the utility company’s action set. Thus, the way we

formulate the restricted problem is to move the bounding constraint on energy

consumption (2.12) in PE2 to the Stage-1 problem PS1. Thus, we formulate

the restricted problem in time slot t with the modified Stage-1 and Stage-2

problems as follows.

RS1: Stage 1 of the Restricted Problem

min
st

∑
i∈N

(
rti(s)

)2

Ci

subject to Constraints (2.9), (2.10) and (2.12).

RS2: Stage 2 of the Restricted Problem

min
et

∑
i∈N

(
αti + βi(e

t
i − sti)

)
eti

subject to Constraints (2.11).

We use backward induction to solve RS1 and RS2. We first solve Problem

RS2. Since RS2 is a convex quadratic program with equality constraints, we

obtain the optimal solution in the closed form as

eti =
sti
2
− αti + θiσ

t

2βi
, ∀i ∈ N , (2.13)

where σt is the Lagrangian multiplier corresponding to the energy equality

constraint (2.11).

Substituting the optimal solution of Problem RS2 (2.13) into Problem
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RS1, we have the restricted problem as a single-level optimization problem:

RS: Restricted Problem

min
{st,et,σt}

∑
i∈N

(
rti

)2

Ci

subject to Constraints (2.9)–(2.13),

which is a convex quadratic program, and can be solved by standard convex

programming algorithms [34].

Intuitively, moving constraints (2.12) from the Stage-2 problem to the

Stage-1 problem shrinks the utility company’s action set. This can lead to a

performance degradation in term of a higher ELI, which serves as an upper

bound stated in the following proposition.

Proposition 2.2. The optimal solution of the restricted problem RS provides

an upper bound of the optimal ELI performance of PS1.

To prove Proposition 2.2, we need to the show that the feasible set

of the restricted problem RS is smaller than that of the original two-stage

optimization problem. Notice that the constraints (2.12) were in PS2 of the

original two-stage problem formulation, but here we move them to the Stage-1

problem RS1 of the restricted two-stage formulation. Compared with PS1,

in RS1 the utility company’s pricing decision in the restricted problem is

more conservative, because the utility company has to satisfy the additional

data center operation constraints (2.12). Intuitively, the restricted two-stage

problem has a smaller feasible set than that of the original two-stage problem.

Therefore, the solution that is obtained from the restricted problem provides

an upper bound for the original two-stage problem. For the detailed proof,

see the appendix in Section 2.9.
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Note that the estimation of the upper bound is affected by the parameter

configurations in constraints (2.9), (2.10) and (2.12).

2.5 Solving the Original Two-stage Problem

After presenting ELI performance upper and lower bounds from the

benchmark problems, we next solve the original two-stage problem through

backward induction. We first solve the Stage-2 problem PS2, where data

centers minimize the total energy cost. Then, we design a branch-and-bound

algorithm for the Stage-1 problem PS1 to attain the globally optimal solution.

2.5.1 Solving the Stage-2 Problem

In the Stage-2 problem PS2, data centers decide the workload allocation λti

and number of active servers xti at all locations to minimize the total energy

cost in each time slot, given the billing reference st announced by the utility

company ahead of each time slot.

We have reformulated PS2 as en equivalent problem PE2 in Section 2.3.

As Problem PE2 is strictly convex, we can compute the optimal solution et∗i

through the Lagrangian dual method. This leads to the following result.

Theorem 2.1. The unique optimal solution of Problem PE2 is

et∗i (st) = min

{
max

{
Et
i,
sti
2
− αti + θiσ

t

2βi

}
, E

t

i

}
, ∀i ∈ N , (2.14)

where et∗i (st) is called the best response of data center i to the billing reference

st, and σt is the Lagrangian multiplier corresponding to the equality constraint

(2.11).
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Problem PE2 can be solved by the standard subgradient method with a

constant stepsize [34]. For the detailed proof, see the appendix in Section 2.9.

2.5.2 Solving the Stage-1 Problem

After solving the Stage-2 problem PE2, we obtain the optimal energy

consumption of data centers as functions of the given billing references st.

We next solve the Stage-1 problem PS1. Under the assumption of complete

information, the utility company knows how the data centers will respond

to the dynamic prices, and can predict the energy consumptions of data

centers given the dynamic prices. Therefore, we can replace Problem PE2

with its Karush-Kuhn-Tucker (KKT) conditions and transform the two-stage

problem to a single-level optimization problem [35] by incorporating the KKT

conditions of Problem PE2 into Problem PS1.

Theorem 2.2. (Reformulation) The Stage-1 problem PS1 can be written in

the following equivalent problem with quadratic objectives, linear constraints,

and complementarity constraints, denoted as PE1.
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PE1: Equivalent Problem of the Two-stage Problem

min
{sti,eti,σt,ωt

i,ω
t
i},i∈N

∑
i∈N

(rti)
2Ci

subject to

πti ≤ αti + βi(e
t
i − sti) ≤ πti, ∀i ∈ N , (2.15)

1

N

∑
i∈N

[
αti + βi(e

t
i − sti)

]
≤ πtmax, (2.16)

αti + 2βie
t
i − βisti + θiσ

t − ωti + ωti = 0, ∀i ∈ N , (2.17)

ωti(E
t
i − eti) = 0, ∀i ∈ N , (2.18)

ωti(e
t
i − E

t

i) = 0, ∀i ∈ N , (2.19)∑
i∈N

θie
t
i = Et, (2.20)

Et
i ≤ eti ≤ E

t

i, ∀i ∈ N , (2.21)

ωti ≥ 0, ωti ≥ 0, ∀i ∈ N , (2.22)

where (2.17)-(2.22) are the KKT conditions of Problem PE2, and σt, ωti,

and ωti are the Lagrange multipliers associated with the equality and box

constraints of PE2. Since Problem PE2 is strictly convex, the KKT

conditions (2.17)-(2.22) are necessary and sufficient for the optimal solution

of Problem PE2.

Problem PE1 is a quadratic program with nonconvex constraints, which

cannot be solved efficiently by standard convex optimization techniques.

However, we find that the nonconvexity only comes from the complementarity

slackness conditions (2.18) and (2.19). We can linearize the complementarity
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slackness conditions (2.18) and (2.19) by introducing binary variables zti ∈

{0, 1} and zti ∈ {0, 1}, and replace (2.18) and (2.19) by the following

constraints:

eti − Et
i ≤ ztiK, ∀i ∈ N , (2.23)

ωti ≤ (1− zti)K, ∀i ∈ N , (2.24)

E
t

i − eti ≤ ztiK, ∀i ∈ N , (2.25)

ωti ≤ (1− zti)K, ∀i ∈ N , (2.26)

where K is a sufficiently large constant. We can show that (2.18) is equivalent

to (2.23) and (2.24).

• We first show that if (2.18) is satisfied, then (23) and (24) are also

satisfied. There are three combinations to make (2.18) be satisfied. 1)

When eti = Et
i and ωti > 0, we have zti ∈ [0, 1− ωt

i

K
] from (2.23) and (2.24).

As zti is a binary variable, we obtain that zti = 0. 2) When eti > Et
i and

ωti = 0, we obtain that zti = 1. 3) When eti = Et
i and ωti = 0, we obtain

that zti ∈ [0, 1], and thus either zti = 0 or zti = 1.

• We then show that if (2.23) and (2.24) are satisfied, then (2.18) is also

satisfied. We discuss the following two cases by exhausting the choices

of the binary variable zti. 1) When zti = 0, we have eti ≤ Et
i from (2.23).

Together with the constraint eti ≥ Et
i as in (2.21), we obtain eti = Et

i,

and thus (2.18) is satisfied. 2) When zti = 1, we have ωti ≤ 0 from (2.24).

Together with the constraint ωti ≥ 0 as in (2.22), we have ωti = 0, and

thus (2.18) is also satisfied.

Following a similar reasoning, we can show that (2.25) and (2.26) can replace

(2.19).
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To solve PE1, we design a branch-and-bound algorithm [36] to attain

the optimal solution. We first relax the binary variables {0, 1} to continuous

variables within the range [0, 1], and define the following relaxed quadratic

problem PR1.

PR1: Relaxed Problem of PE1

min
∑
i∈N

(
rti

)2

Ci

subject to Constraints (2.15)− (2.17), (2.20)− (2.26),

0 ≤ zti ≤ 1, ∀i ∈ N ,

0 ≤ zti ≤ 1, ∀i ∈ N ,

Variables: {sti, eti, σt, ωti, ωti, zti, zti}, i ∈ N .

Initially, the algorithm takes the optimum of the integrated problem PI

as the lower bound F , and the optimum of the restricted problem RS as

the upper bound F . Then the algorithm starts to solve the relaxed problem

PR1 and builds the branch-and-bound tree by splitting the binary variables

to enforce the binary variable constraints. Specifically, the algorithm adds

the following constraints, zti = 0 or zti = 1, to the relaxed problem PR1, and

derives two new convex quadratic problems (e.g., two first-level children nodes

in the branch-and-bound tree shown in Fig. 2.4). The algorithm continues

to expand the tree by adding other constraints zti = 0 or zti = 1 until all

the binary variables constraints are completely enforced. Meanwhile, the

algorithm updates the lower bound F after solving each relaxed problem in

the children node, and updates the upper bound F , when a feasible solution

with lower optimum is found. The branch-and-bound algorithm terminates at

a globally optimal solution when the lower bound meets the upper bound or
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PR1

……

Figure 2.4: Branch-and-bound tree.

all the nodes have been evaluated in the branch-and-bound tree [36]. In the

worst-case, the branch-and-bound algorithm will traverse 22N nodes.

2.5.3 Heuristic Algorithm

In general, the branch-and-bound algorithm has a very high worst-case

computational complexity, and hence may not be suitable for solving a large-

scale load balancing problem. Therefore, we propose a heuristic algorithm to

solve the two-stage problem PS1 and PS2 for sub-optimal solutions. Our

heuristic algorithm is designed based on the descent approach, and iteratively

reduces the value of ELI in Problem PS1.

We view the solution of Problem PE2 as a function of the variables of

Problem PS1. Observing the best response (2.14) in Problem PE2, we find

the following monotonic relation between the billing reference sti, the optimal

energy consumption et∗i , and the unit price πti = αti + βi(e
t∗
i − sti). Specifically,

increasing sti leads to increase in et∗i and σt, and decrease in et∗j , ∀j ∈ N\i,

and all the unit prices πti also decrease. On the contrary, decreasing sti causes

decrease in et∗i and σt, and increase in et∗j , ∀j ∈ N\i and all the unit prices

πti . Note that minimizing the ELI performance (2.8) yields even load ratio

rti across all locations. Thus, we design a descent algorithm to redistribute
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the total energy consumptions, by decreasing sti in high energy-consumption

locations, and increasing sti in low energy-consumption locations. The detailed

algorithm is described in Algorithm 2.1. The utility company and data center

iteratively compute the prices and energy consumption. In each iteration,

the utility company provides a set of prices, and data centers respond to the

prices and report the corresponding schedule of energy consumption (and do

not reveal private information such as parameters and constraints). Algorithm

2.1 reduces ELI and its convergence to a feasible and possibly sub-optimal

solution is guaranteed since the ELI performance is lower bounded by Problem

PI. For the detailed proof, see the appendix in Section 2.9.

Algorithm 2.1 Descent algorithm to solve the two-stage problem

1: Initialization: In each time slot t ∈ {1, ..., T}, set the iteration count
k = 1, convergence tolerance ε > 0, and step-size η(k). Initialize the
starting point st(k) , {sti(k), i ∈ N} by solving the restricted problem

RS, and compute the average load ratio rtavg(k) =
∑

i∈N rti(k)

N
.

2: repeat
3: Step1: Compute the descent direction gt(k) for st(k): if rti(k) >

rtavg(k), then set gti(k) = − θi
βi

, i ∈ N ; otherwise, set gtj(k) =
θj
βj

, j ∈ N\i.
4: Step2: Perform the search by using the iterations
5: st(k + 1) = st(k) + η(k)gt(k);
6: Step3: Given st(k+1), solve the optimal energy consumption eti(k+1)

according to (2.14).
7: Step4: Check the feasibility based on (2.9) and (2.10). If yes, update

rtavg(k + 1) =
∑

i∈N rti(k+1)

N
. If not,

eti(k + 1) = eti(k), sti(k + 1) = sti(k),

rtavg(k + 1) = rtavg(k), η(k + 1) =
1

2
η(k).

8: k ← k + 1;
9: until the convergence criteria ‖ELI(k)− ELI(k − 1)‖ ≤ ε is satisfied;

10: Return the sub-optimal solutions ŝt, êt.
11: end
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2.6 Impact of Background Load Prediction

Error

In Section 2.5, we solved the two-stage problem based on the assumption that

the utility company can forecast the background power load Bt
i accurately.

In practice, the prediction may have errors and the actual background load

may deviate from the predicted values. We define the prediction errors for the

background load in location i and time slot t as δti . Then, we can represent

the actual background load B̂t
i as the summation of predicted value and the

prediction error:

B̂t
i = Bt

i + δti .

Next we use the robust optimization approach [37] to analyze the impact

of prediction errors. We assume that the prediction errors are bounded in

known uncertainty sets as follows:

∆t
i,min ≤ δti ≤ ∆t

i,max, ∀i ∈ N , (2.27)

where ∆t
i,min and ∆t

i,max denote the lower bound and upper bound of the

background load prediction error in location i and time slot t, respectively.

We let δt = {δti , i ∈ N} denote the prediction-error vector. Our aim is to

maximize the worst-case performance of power load balancing. We formulate

the worst-case performance optimization problem as:
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WCP: Worst-case Performance Optimization Problem

min
st

max
δt

∑
i∈N

(
eti(s

t) +Bt
i + δti

)2

Ci

subject to Constraints (2.9), (2.10), (2.27),

which is a min-max optimization problem.

To solve Problem WCP, we first solve the inner ELI maximization

problem of WCP (namely IWCP):

max
δt

∑
i∈N

(
eti(s

t) +Bt
i + δti

)2

Ci

subject to Constraints (2.27),

which corresponds to the worst-case ELI performance. We can show that

the objective function of Problem IWCP is convex in the prediction errors

δt. Hence, the optimal solution of the IWCP problem must reach the

boundary of the uncertainty set in (2.27). Moreover, as the total actual

energy consumption eti(s
t)+Bt

i+δ
t
i is always non-negative, hence the objective

function of Problem IWCP is a monotonically increasing function in δt. Thus

we have the following result:

Proposition 2.3. The optimal solution of Problem IWCP, i.e., the worst-

case prediction error, lies at the upper bound of the uncertainty set, i.e.

δt,∗i = ∆t
i,max, ∀i ∈ N .

Hence, we substitute the worst-case prediction error δt,∗ = {δt,∗i , ∀i ∈

N} into Problem WCP, and obtain the following worst-case optimization
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problem:

min
st

∑
i∈N

(
eti(s

t) +Bt
i + δt,∗i

)2

Ci

subject to Constraints (2.9) and (2.10),

which solves the optimal billing references st to optimize the worst-case

performance of ELI. Note that the above problem shares the same structure

with Problem PS1, and thus can be solved by the same methodology presented

in Section 2.5.

2.7 Simulation Results

In this section, we evaluate our proposed algorithms based on realistic system

parameters, and compare the corresponding electric load index and energy

cost between the solutions with that of the benchmark problems.

We consider four data centers that are geographically located in four

different regions in the United States: New York, Maine, Rhode Island, and

Boston. In each location, there is one data center powered by a power station.

The numbers of servers in the four locations are 80000, 60000, 60000, and

80000, respectively. The service rates are 4, 3, 4 and 3 requests per server,

and each server consumes 200watts electricity in the peak mode and 100watts

when it is idle. We set power usage effectiveness as 1.5, 1.2, 1.2 and 1.5 for

four data centers, respectively. We took hourly locational marginal prices

and demands of the four locations on 4th March 2013 as the baseline prices

and background power load, which are retrieved from [38, 39]. The dynamic

computing requests are simulated based on the normalized workload trace of

Google data centers on 20th December 2013 [40,41].
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2.7.1 Performance of Proposed Algorithms

We first evaluate the optimal solutions of the two-stage problem and

benchmark problems. The upper bound and lower bound for ELI over 24

hours are shown in Fig. 2.5. The optimal solution to the integrated problem

provides a lower bound for ELI, and the optimal solution to the restricted

problem provides an upper bound for ELI. Input the upper bound and lower

bound into the branch-and-bound algorithm, we can solve the optimal solution

to the two-stage problem. The corresponding optimal ELI lies in between

the upper bound and lower bound and is very close to the lower bound.

Specifically, the optimal ELI is on average 1.5% higher than the lower bound

across 24 hours.

In Fig. 2.6, the solid blue curve represents the optimal ELI performance

of the branch-and-bound algorithm. The dash red curve represents the sub-

optimal ELI performance obtained by the heuristic algorithm, which is close

to the solid blue curve. This suggests that the heuristic algorithm achieves a

performance close to the optimal result.
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Figure 2.5: Upper and lower bounds for ELI.
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Figure 2.6: Optimal and suboptimal ELI.

2.7.2 Effectiveness of Optimized Dynamic Pricing

We demonstrate the effectiveness of our proposed dynamic pricing by

comparing to the baseline pricing benchmark.

In Fig. 2.7, the dash red curve represents the ELI of the baseline pricing

benchmark, where the data centers are charged based on the fixed baseline

prices. The solid blue curve represents the ELI with dynamic pricing, which

shows that our proposed dynamic pricing scheme reduces ELI by an average

of 4% across 24 hours comparing with the baseline pricing benchmark.

We also evaluate data centers’ total energy cost over 24 hours, shown in

Fig. 2.8. The energy cost with dynamic pricing is less than the baseline

pricing benchmark. Specifically, the data centers reduce the total energy cost

by an average of 28% across 24 hours, by taking advantage of dynamic prices

and reallocating the workload. Fig. 2.7 and Fig. 2.8 show that the dynamic

interactions between smart grid and data centers bring benefits to both sides

and achieve a win-win situation.

We examine the power load distribution within one particular hour (e.g.,
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Figure 2.7: Comparison of ELI under baseline pricing and optimized dynamic
pricing.
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Figure 2.8: Comparison of energy cost under baseline pricing and optimized
dynamic pricing.

hour 24), and plot the background power load, power load of data centers, and

the total load across four locations. Fig. 2.9 shows the load distribution with

baseline pricing. The data centers’ load (the white bar) is not balanced, since

data centers assign workload to the location with the lowest baseline price as
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much as possible to minimize the energy cost. The consequence is that the

power load is extremely high in the lowest-price location 2, bringing a risk

of overloading. Fig. 2.10 shows the load distribution in the two-stage model

with dynamic pricing. We can see the utility company tries to drive the load

more evenly across different locations. Therefore, our proposed scheme can

effectively improve the reliability of smart grid through re-balancing power

load across different locations.
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Figure 2.9: Power load under baseline pricing.
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Figure 2.10: Power load under optimized dynamic pricing.
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2.7.3 Impact of Prediction Errors

We conduct a case study to show the impact of prediction errors on the

ELI performance. We set the bounds (∆t
i,min and ∆t

i,max) of the prediction

errors as ±10% of the predicted values Bt
i in location i and time slot t.

Solving problem WCP in Section 2.6, we obtain the optimized worst-case

ELI performance as dash red curve in Fig. 2.11. We also randomly generate

a realization of prediction errors and compare the ELI performance under

the scenario with and without considering the prediction errors. If prediction

errors are considered when optimizing the Stage-1 problem, the realized ELI

performance (solid blue curve) can be guaranteed to be better than the worst-

case ELI. However, if the prediction is assumed to be accurate with zero

error (while in reality it is not), then the ELI performance (dash black curve)

can be even worse than the worst-case benchmark (e.g., in the 20th time slot).

Therefore, the results demonstrate the effectiveness of our proposed worst-case

performance optimization problem, which provides a performance guarantee

for ELI under prediction errors.
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Figure 2.11: ELI performance in the scenario with prediction errors.
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2.8 Chapter Summary

In this chapter, we studied the dynamic interactions between smart grid

and data centers as a two-stage price optimization problem. To solve

the two-stage optimization problem, we reformulated it as a mixed-integer

quadratic programming problem, and proposed a branch-and-bound algorithm

to attain the globally optimal solution, and a low-complexity heuristic descent

algorithm to yield a close-to-optimal solution. The simulation results showed

a win-win solution for both the utility company and data centers.

2.9 Appendix

In the appendix, we present the proofs for all theorems.

2.10 Proof of Equivalence of Problems PE2

and PS2

Observe that the objective function of Problem PS2 is increasing in both λti

and xti. The data center will maintain the minimum number of active servers

to process the computation workload. Therefore, the QoS constraint (2.3) is

binding and we have

xti =
1

µi

(
1

D − dti
+ λti

)
. (2.28)

Substitute (2.28) into the server constraint (2.4), we have the following

constraint for the workload:

0 ≤ λti ≤ µiMi −
1

D − dti
. (2.29)
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Substituting (2.28) into the energy consumption formula (2.5) yields the

following relation between eti and λti:

eti =

[
(Pidle + (Ri − 1)Ppeak) +

Ppeak − Pidle
(µi)2

]
λti +

Ppeak − Pidle
(µi)2(D − dti)

+ ξi. (2.30)

Substitute (2.30) into the workload constraint (2.2), we have the equality

constraint for energy consumption eti:

∑
i∈N

θie
t
i = Et,

where the parameters θi and Et are calculated as

θi =
(µi)

2

(µi)2 (Pidle + (Ri − 1)Ppeak) + Ppeak − Pidle
,

Et = Lt +
∑
i∈N

Ppeak−Pidle

D−dti
+ (µi)

2ξi

(µi)2 (Pidle + (Ri − 1)Ppeak) + Ppeak − Pidle
.

Substitute (2.30) into (2.29), and consider the energy consumption

constraint (2.6), we have the inequality constraint for energy consumption

eti:

Et
i ≤ eti ≤ E

t

i, ∀i ∈ N ,

where the parameters E
t

i and Et
i are calculated as

Et
i =

Ppeak − Pidle
(µi)2(D − dti)

+ ξi,

E
t

i = min

{
Qt
i,

[
(Pidle + (Ri − 1)Ppeak) +

Ppeak − Pidle
(µi)2

]
×
[
µiMi −

1

D − dti

]}
+

Ppeak − Pidle
(µi)2(D − dti)

+ ξi.
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Thus, we obtain the equivalent problem of energy consumption distribution

presented as PE2. This completes the proof.

2.11 Proof of Proposition 2.1

To prove Proposition 2.1, we will show that the feasible set of the integrated

problem PI for {eti, ∀i} is larger than that of the two-stage problem PE1.

The decision variables of PI are the energy consumption {eti,∀i} for all

data centers in time slot t. The decision variables of PE1 include not only

{eti,∀i}, but also {sti, σt, ωti, ωti,∀i}. The constraints of PI are (2.11) and

(2.12), while the constraints of PE1 not only include the constraints of PI,

but also some additional constraints: (2.15)-(2.19) and (2.22).

Consider any feasible solution {êti, ŝti, σ̂t, ω̂ti, ω̂
t

i,∀i} to the two-stage

problem PE1, and we know that {êti, ∀i} must satisfy the constraints (2.20)-

(2.21) such that

∑
i∈N

θiê
t
i = Et,

Et
i ≤ êti ≤ E

t

i, ∀i ∈ N .

This implies that {êti,∀i} is also feasible for the integrated problem PI.

Thus, we conclude that any feasible energy consumption in PE1 is also feasible

for PI.

Moreover, the objectives of the integrated problem PI and the two-stage

problem PE1 are the same, and the value of the objective function only

depends on the energy consumption {eti,∀i}. Therefore, the optimal solution

of the integrated problem PI is always no worse than that of the two-stage

problem PE1. In other words, the optimal solution of the integrated problem
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PI provides a lower bound of the optimal ELI of the two-stage problem PE1.

This completes the proof.

2.12 Proof of Proposition 2.2

To prove Proposition 2.2, we will show that the feasible set of the two-stage

problem PE1 for {eti,∀i} is larger than that of the restricted problem RS.

The decision variables of the restricted problem RS are {eti, sti, σt,∀i}.

The decision variables of PE1 include not only {eti, sti, σt,∀i} but also

{ωti, ωti,∀i}. The problems RS and PE1 share some common constraints, e.g.,

(2.15),(2.16),(2.20), and (2.21), but the two-stage problem PE1 has additional

constraints involving extra variables {ωti, ωti, ∀i} that the restricted problem

RS does not have.

Consider any feasible solution {ẽti, s̃ti, σ̃t,∀i} of the restricted problem RS,

and {ẽti, s̃ti, σ̃t,∀i} must satisfy the following constraints:

πti ≤ αti + βi(ẽ
t
i − s̃ti) ≤ πti, ∀i ∈ N ,

1

N

∑
i∈N

[
αti + βi(ẽ

t
i − s̃ti)

]
≤ πtmax,

Et
i ≤ ẽti ≤ E

t

i, ∀i ∈ N ,∑
i∈N

θiẽ
t
i = Et,

ẽti =
s̃ti
2
− αti + θiσ̃

t

2βi
, ∀i ∈ N .

For the problem PE1, we can always find a feasible solution

{eti, sti, σt, ωti, ωti,∀i}, by setting eti = ẽti, s
t
i = s̃ti, σ

t = σ̃t, ωti = 0, and ωti = 0.

Thus, we conclude that any feasible energy consumption in the restricted

problem RS is also feasible for the two-stage problem PE1.
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Similarly, the objectives of the restricted problem RS and the two-stage

problem PE1 are the same, and the value of the objective function only

depends on the energy consumption. Therefore, the optimal solution of the

restricted problem RS is always no better than that of the two-stage problem

PE1. In other words, the optimal solution of the restricted problem RS

provides an upper bound of the optimal ELI of the two-stage problem PE1.

This completes the proof.

2.13 Proof of Theorem 2.1

Since Problem PE2 is strictly convex, the KKT conditions are necessary and

sufficient for the optimal solution of PE2. The KKT conditions for PE2 are

shown as follows

αti + 2βie
t
i − βisti + θiσ

t − ωti + ωti = 0, i ∈ N ,

ωti(E
t
i − eti) = 0, i ∈ N ,

ωti(e
t
i − E

t

i) = 0, i ∈ N ,∑
i∈N

θie
t
i = Et,

Et
i ≤ eti ≤ E

t

i, i ∈ N ,

ωti ≥ 0, ωti ≥ 0, i ∈ N ,

(2.31)

where {σt,∀i}, {ωti,∀i}, and {ωti,∀i} are the Lagrange multipliers associated

with the equality and box constraints of Problem PE2.

Let’s discuss all the possible cases for {ωti,∀i} and {ωti,∀i}.

• Case 1: If ωti 6= 0 and ωti = 0, then

eti = Et
i.
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• Case 2: If ωti = 0 and ωti 6= 0, then

eti = E
t

i.

• Case 3: If ωti = 0 and ωti = 0, then

eti =
sti
2
− αti + θiσ

t

2βi
,

• Case 4: If ωti 6= 0 and ωti 6= 0, then there is no feasible solution.

After exhausting all the possible cases, we obtain the optimal solution to

Problem PS2 as

eti = min

{
max

{
Et
i,
sti
2
− αti + θiσ

t

2βi
,

}
E
t

i

}
.

Problem PE2 can be solved by the standard subgradient method with a

proper choice of stepsize. For completeness, we present it in Algorithm 2.2,

in which {σt,∀i} is iteratively updated until
∑

i∈N θie
t
i − Et = 0 is satisfied.

Algorithm 2.2 Subgradient Algorithm to Solve PE2

1: Initialization: convergence tolerance ε > 0, iteration count k = 0, step-
size: ∆ , η · (

∑
i∈N θie

t
i(σ

t
(k))− Et);

2: repeat
3: if

∑
i∈N e

t
i(θiσ

t
(k))− Et > 0 then

4: σt(k+1) = σt(k) + ∆;
5: else
6: σt(k+1) = σt(k) −∆;
7: end if
8: k ← k + 1;
9: Compute (2.14) and g(σt(k));

10: until |
∑

i∈N θie
t
i(σ

t
(k))− Et| ≤ ε;

11: Return the optimal solution (2.14)
12: end
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To guarantee the convergence of the Algorithm 2.2, we can choose the

stepsize 0 < η ≤ 2 mini∈N {βi}
N

. This completes the proof.

2.14 Convergence of Algorithm 2.1

First, we need to prove the monotonic relation between eti and sti. In time

slot t, if we only increase sti, then σt will increase accordingly, and eti will

also increase unless it has reached the corresponding upper bound E
t

i, and etj,

∀j ∈ N\i will decrease unless it has reached the lower bound Et
j.

In the following, we exhaust all the possible cases and prove the above

monotonic relation by contradiction.

• Case 1: Suppose that eti decreases, while σt increases, and etj, j ∈ N\i

decreases, when we increase sti. The summation of eti across all data

centers decreases in this case, which contradicts with the constraints

(2.11).

• Case 2: Suppose that eti increases, σt increases, and etj, j ∈ N\i also

increases, when we increase sti. By (2.14), etj must decrease when σt

increases, unless etj hits the lower bound Et
j. Therefore, the assumption

in Case 2 contradicts with (2.14).

• Case 3: Suppose that eti increases, σt and etj, j ∈ N\i decrease, when

we increase sti. Similarly, by (2.14), etj must increase when σt decreases.

Therefore, the assumption in Case 3 contradicts with (2.14).

Combining the above three cases, we have proved the statement in the first

paragraph of this proof.

By following a similar reasoning, we can prove that if we decrease sti, then

σt will decrease accordingly, and eti will also decrease unless it has reached
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the corresponding lower bound Et
i, and etj, j ∈ N\i will increase unless it has

reached the upper bound E
t

j.

Second, from the objective function of PS1, we see that in the ideal

case, all the et∗i lie between the bounds Et
i and E

t

i, and we have the same

load ratio across all the locations. This implies that all data centers have

the same load ratio rti . Therefore, with ELI as the optimization objective,

the utility company tries to achieve the perfect load balancing, where the

energy consumptions are evenly distributed across different regions considering

different power capacities. Algorithm 2.1 decreases sti for each data center i

that has higher load ratio rti than the average load ratio rtavg, and increases sti

for the rest of data centers. This will decrease ELI according to the monotonic

relation between eti and sti.

Moreover, since the ELI performance is lower bounded by the optimal

solution to the integrated problem PI, we conclude that Algorithm 2.1 is

guaranteed to converge.

2 End of chapter.



Chapter 3

Investment and Operation of

Energy Portfolio in Microgrid

In this chapter, we develop a theoretical framework for the joint optimization

of investment and operation of energy portfolio in a microgrid, taking the

impact of energy storage, demand response, and renewable energy integration

into consideration. We model the joint investment and operation as a

two-period stochastic programming program. In period-1, the microgrid

operator makes the optimal investment decisions on the capacities of solar

power generation, wind power generation, and energy storage. In period-

2, the operator coordinates the power supply and demand in the microgrid

to minimize the operating cost. We design a decentralized algorithm for

computing the optimal pricing and power consumption in period-2, based

on which we solve the optimal investment problem in period-1. We also

study the impact of prediction errors of renewable energy generation on the

portfolio investment using robust optimization framework. Using realistic

meteorological data obtained from the Hong Kong observatory, we numerically

characterize the optimal portfolio investment decisions, optimal day-ahead

54
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pricing, and power scheduling, and demonstrate the advantage of using mixed

renewable energy and demand response in terms of reducing investment cost.

This chapter is organized as follows. We introduce the energy portfolio

investment problem in Section 3.1 and review the related work in Section 3.2.

Then we analyze the renewable power generation of Hong Kong in Section

3.3, and formulate the system model as a two-period stochastic optimization

problem in Section 3.4. We present the detailed models for period-2 and

period-1 in Section 3.5 and Section 3.6, respectively. We propose the solution

method in Section 3.7. In Section 3.8, we analyze the impact of the prediction

error of renewable energy generations on the energy portfolio investment.

Numerical results are presented in Section 3.9. Finally, we summarize this

chapter in Section 3.10.

3.1 Introduction

The major features of the smart grid include more distributed power genera-

tions (especially from renewable energy sources), smart charging/discharging

of energy storage, two-way communications between the utility company and

consumers for a better demand side management, and decentralized operations

of the power grid in the form of microgrids [1]. It’s essential to understand

the impact of these new features, and how to make optimal economic and

technology decisions on the planning and operation of the smart grid.

Recently, there are many studies on power grid planning (e.g., [42, 43]),

integration of renewable energy and energy storage (e.g., [6–9]), and demand

response (e.g., [4, 44, 45]). However, the existing literature did not consider

these important issues in a holistic fashion. For example, in [6–9, 42, 43],

microgrid planning is studied without considering flexible load and microgrid

operation. While in [4, 44–46], only microgrid operation is studied under
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given microgrid facilities. However, all those new features including renewable

energy, storage, and demand response affect the optimal planning and

operation of the microgrid, and have to be taken into account at various

different time scales. In this chapter, we will jointly consider the optimal

investment and operation of renewable generation, energy storage, and

demand response optimization in the smart grid.

In particular, we will focus on the mixed investment in renewable energy

(both solar energy and wind energy) and energy storage. The optimal mix

of solar and wind energy investment will depend on the stochastic nature of

these two sources, which is highly location dependent. Hence, we will rely on

the meteorological data in Hong Kong to validate the practical relevance of

our study. Energy storage provides flexibility in terms of coordinating supply

and demand in the microgrid. Through smart charging and discharging of the

energy storage, the microgrid operator is able to better utilize the renewable

energy generation and reduce dependency on the main grid. The key question

we want to answer is the following: What is the optimal investment portfolio?

In this chapter, we develop a theoretical framework that captures the

economic impact of renewable energy, storage, and demand response in

the smart grid, and derive the optimal investment strategy and optimal

demand response scheme based on realistic data. The main contributions

are summarized as follows.

• Correlation and scenarios of renewable energy : Based on the

meteorological data acquired from the Hong Kong Observatory, we study

the correlation between solar power and wind power at certain locations

of Hong Kong and suggest mixed investment of renewable energy.

• Framework development : We develop a theoretical framework that

enables us to derive the optimal investment of mixed renewable
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generation and energy storage, and the optimal operation in a demand-

responsive microgrid. The problem is challenging due to the coupling of

decisions of investment and operation at different time scales.

• Modeling and solution methods : We formulate the joint investment and

operation problem as a two-period stochastic program. We design a

distributed algorithm to attain the optimal power scheduling in period-

2, and derive a single-level optimization formulation to solve the optimal

investment portfolio in period-1.

• Impact of uncertainty in renewable energy : We analyze the impact of

the prediction error of renewable energy generation by the worst-case

scenario analysis.

• Case studies in Hong Kong : Numerical studies based on realistic

meteorological data illustrate the optimal portfolio investment decisions,

and demonstrate the benefits of mixed renewable investment and

demand response in terms of saving investment.

3.2 Related Work

There are several related recent studies on power grid planning, integration

of renewable energy, and demand response. Specifically, studies in [42] and

[43] examined investment strategies on renewable energy generation through

empirical (or numerical) approaches, without considering the power scheduling

operation. Studies in [6] and [7] formulated cost minimization problems to

determine the optimal investment of solar-storage system and wind-storage

system, respectively. Wang et al. in [8] considered the optimal planning

problem for mixed solar-wind energy in microgrids using robust optimization.
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Yang and Nehorai in [9] formulated a cost optimization problem to decide the

optimal capacities for renewable energy generation and energy storage, and

solved the problem in a distributed fashion. However, none of these studies

took the proactive operation (such as demand response) into consideration.

Optimal demand response for residential consumers and energy storage have

been studied to derive the proper incentive schemes through either game

theoretic models [44,46] or optimization models [4,45]. The key idea of these

studies is to design incentive mechanisms such that cost-aware users schedule

their elastic demands as responses to price changes.

The existing literature focused on either renewable energy and energy

storage investment at a large time scale (years), or power scheduling and

demand response optimization under given energy capacity at a small time

scale (hours and days). However, the decisions at these two different time

scales are actually tightly coupled. The portfolio investment determines the

time-varying power supply availability and power scheduling flexibility, and

thus affects operator’s power dispatch and users’ demand response at a smaller

time scale. Meanwhile, demand response can try to match the demand with

the time varying renewable energy supply, and hence can maximize the benefit

of renewable energy and even reduce unnecessary investment expenditure at

a large time scale. Therefore, the investment and operation at various time

scales should be jointly optimized.

Recently, joint optimization of investment and operation has been

considered in [47–49] to study the wind power investment and network

expansion at a transmission-level. Different from [47–49], our work aims to

study the energy portfolio investment in microgrids at a distribution-level.

Specifically, we consider a holistic configuration of the microgrid to incorporate

the latest smart grid technologies, which include not only renewable energy
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but also energy storage and demand response. Moreover, we construct an

investment portfolio that consists of different technologies (e.g., solar power,

wind power, and storage), and provide a systematic framework to jointly

determine the optimal portfolio investment strategy and optimal pricing

scheme for demand response.

3.3 Solar Power and Wind Power in Hong

Kong

Aiming at studying the renewable power patterns in Hong Kong, we acquire

meteorological data from the Hong Kong Observatory. The data include the

hourly solar radiation in King’s Park (KP) of Hong Kong, and hourly wind

speed at seven different locations of Hong Kong: KP, Tai Mei Tuk (TMT),

Tai Po Kau (TPK), Sha Tin (SHA), Sai Kung (SKG), Tate’s Cairn (TC), and

Waglan Island (WGL), as shown in Fig. 3.1. Based on the data, we analyze

the correlations of solar power and wind power generations across different

locations of Hong Kong, which motivate us to study the mixed renewable

energy investment in microgrids.

3.3.1 Correlation between Solar Power and Wind

Power

Both solar power and wind power are intermittent power sources, and their

stochastic features could be highly locational-dependent. Since Hong Kong

is relatively small, we assume that the solar radiation is the same across

Hong Kong and is represented by the data measured in KP. The wind power,

however, has clearly different patterns at different locations.
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Meteorological station measuring solar radiation and wind speed

Meteorological station measuring wind speed

SKG

TPK

SHA

SKG

TC

WGL

KP

Lantau Island

New Territories

Kowloon

Hong Kong 

Island

TMT

Figure 3.1: Locations of meteorological stations in Hong Kong.

We will focus on one year of meteorological data (from Sep. 1 2012 to Aug.

31 2013) to study the solar power and wind power productions. Based on the

solar power model [50] and wind power model [51], we calculate the hourly

solar and wind power productions in 365 days based on the measurement of

data of solar radiation and wind speed.7 To study the statistical correlation

between the hourly solar and wind power productions over one year, we

calculate the sample correlation coefficient [52] as

ρX,Y =

∑
k

(
X(k)− X̄

) (
Y (k)− Ȳ

)√∑
k

(
X(k)− X̄

)2
√∑

k

(
Y (k)− Ȳ

)2
,

where X and Y are data series with k = 1, ..., K terms, X̄ and Ȳ are the mean

7The technical parameters of the solar power model and wind power model are shown
in the appendix in Section 3.11.
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values of X and Y , respectively, and ρX,Y measures the correlation coefficient

between X and Y . We substitute the one-year hourly solar power production

into X, and the one-year hourly wind power production of each location into

Y , and calculate their correlations. We find that the wind powers in four

locations (KP, TPK, SHA, SKG) of Hong Kong have positive correlations with

solar power, while the correlation is negative in two locations (TC, WGL), and

the correlation is close to zero at location TMT.

Motivated by the Markowitz portfolio selection theory in Finance [53],

we will study the mixed investment strategy of solar power and wind

power in the following two locations: TC and SKG. Specifically, TC and

SKG are two representative examples for negative and positive correlations

(with correlation coefficients −0.22 and 0.15) between solar and wind power

generations, respectively.

3.3.2 Scenario Generation of Solar Power and Wind

Power

To study the mixed investment of solar power and wind power, we need to

model the solar power and wind power generations. Usually, the renewable

energy investment is made for years of operation. Therefore, we use one-year

historical data to empirically model the distributions of solar and wind power

generations, similar as [47], and assume that the future renewable generations

in each year follow the same distribution of the one-year historical data. Each

daily power production realization (solar power production in KP, wind power

productions in TC and SKG) is called a scenario, and we obtain 365 scenarios

for solar power and wind power respectively. As a large number of scenarios

will reduce the computational tractability of the investment optimization

problem, it is useful to choose a smaller subset of scenarios that can well
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approximate the original entire scenario set. Such technique has been widely

used in economics and engineering research [54,55] for the purpose of modeling

stochastic processes.
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Figure 3.2: Solar power scenarios (per 1kW capacity) at location King’s Park
(KP).
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Figure 3.3: Wind power scenarios (per 1kW capacity) at location Tate’s Cairn
(TC).

We applied the forward scenario reduction algorithm [55] to find the

best scenario subset, and assign new probabilities to the smaller number

scenarios. The key idea is to select a subset of scenarios to preserve, such

that the corresponding reduced probability measure is the closest to the
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Figure 3.4: Wind power scenarios (per 1kW capacity) at location Sai Kung
(SKG).

original measure. We set the number of preserved scenarios as 10,8 and

generate selected scenarios for the solar power production in KP (which we

assume is the same as in TC and SKG since Hong Kong is relatively small

geographically) and wind power productions in TC and SKG, shown in Fig.

3.2, 3.3, and 3.4. Therefore, we have a set of 10 scenarios denoted as Ω

for the renewable energy generation, and each renewable generation scenario

ω ∈ Ω consists of solar power and wind power productions in TC and SKG.9

Comparing Fig. 3.3 and 3.4 with Fig. 3.2, we can see that the solar power has

a peak at noontime while wind power productions show dramatic locational

differences. Wind power in TC is often adequate during night time while wind

power in SKG reaches a higher output level during day-time. Therefore, solar

power and wind power have high locational dependence, which motivates us

8The persevered number of scenarios depends on the tradeoff between performance and
computational complexity in practice.

9For the detailed scenario generation and reduction, please refer to the appendix in
Section 3.11.
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Figure 3.5: System model for energy portfolio in a microgrid.

to study the optimal mixed investment of both cases. The data we use can

be found at [56].

3.4 System Overview

In this section, we present the system model for the joint investment and

operation problem. Fig. 3.5 illustrates a typical microgrid, which connects

to the main power grid, and consists of different local power supplies and

responsive demand.

Within the microgrid, there is a local generation system, consisting of

solar and wind renewable power generation. An energy storage device is

also implemented in the microgrid to charge and discharge power properly

to reduce the system operating cost. The demand side consists of a set of

electricity users N = {1, ..., N}, and each user i ∈ N is equipped with a

smart meter and energy scheduling module. The operator runs the microgrid,
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determines the investment in renewable energy and energy storage capacities

at a large time scale (years), as well as energy prices at a small time scale

(hours in one day). The users determine their energy consumptions based on

the prices set by the operator (as the demand response).

From the operator’s perspective, it needs to decide the optimal capacity

investment and power scheduling. Fig. 3.6 depicts the investment and

operation horizons. An investment horizon usually corresponds to several

years. The operation horizon is one day, which includes T = {1, ..., T}

of T time slots (say 24 hours). To model both investment and operation,

we propose a two-period stochastic program that jointly optimizes capacity

investment and power scheduling in the microgrid. Specifically, the period-

1 problem is a long-term capacity investment problem, with the objective

of minimizing the expected overall cost over an investment horizon H =

{1, ..., D} of D days, subject to a budget constraint. The period-2 problem is

a power scheduling problem, with the objective of minimizing the operating

costs of both operator and users under a specific realization of renewable power

generation within a smaller time window.

Days
1 2 D

Investment horizon

Hours
T1 2

Operation horizonv s

Figure 3.6: Long-term investment and short-term operation horizons.

Note that the investment and operation problems are closely coupled, as

the investment decision affects the operational cost, and the expected recurring

operational cost affects the investment decision. Fig. 3.7 shows the connection

between period-1 investment problem and period-2 operational problem. In

period-2, the optimal power scheduling is affected by both power supply and
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Period 1 (years):

Investment

Period 2 (daily):

Operation

Renewable generation capacity

Capital Investment    +    Operating Cost 

Total cost minimization over investment horizon 

(incorporating operational decisions) 

Figure 3.7: Two-periods optimization problem for investment and operation.

demand, and in particular the renewable power supply depends on the capacity

investment decision made in period-1. On the other hand, the overall cost

in period-1 includes both the one-time investment cost and the recurring

operating cost of all D days in period-2. Hence, the decisions in two periods

are coupled. In the following, we will first formulate the operation problem in

period-2, and then formulate the investment problem in period-1.

3.5 Period-2 Problem for Microgrid Opera-

tions

In this section, we first present the models of users and the operator, and then

formulate the operator’s operating cost minimization problem.

3.5.1 User’s Model

We classify each user’s load into two types: the elastic load and the inelastic

load. The elastic load corresponds to the energy usage of those appliances such

as electric vehicles, washing machines, and HVAC (heating, ventilation, and

air Conditioning) systems, as a user may shift the flexible load over time. The

inelastic load corresponds to the energy usage of appliances such as lighting,
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refrigerators, and such load cannot be easily shifted over time. The demand

response can only control the elastic load. We denote the corresponding

decisions as xωi = {xω,ti , ∀t ∈ T }, where xω,ti is user i’s elastic energy

consumption in time slot t ∈ T under renewable energy generation scenario

ω.

The elastic load scheduling for all users needs to satisfy the following two

constraints:

dti ≤ xω,ti ≤ d
t

i, ∀t ∈ T , i ∈ N , (3.1)∑
t∈T

xω,ti = Di, i ∈ N . (3.2)

Constraint (3.1) provides a minimum power consumption dti and a maximum

power consumption d
t

i for the user i in each time slot t.10 Constraint (3.2)

corresponds to the total elastic energy demand Di for user i in the entire

operation horizon.

We further introduce a discomfort cost Ci(·), which measures user i’s

experience under xωi = {xω,ti , ∀t ∈ T } which deviates from his preferred

power consumption yi = {yti , ∀t ∈ T } under a time-independent flat price

environment. We assume that the operator can control the demand to

minimize the operating cost. Later in Section 3.7, we will discuss how such

control can be realized through a properly designed pricing mechanism. If

the operator sets time-varying prices, energy users will schedule their elastic

10Constraint (3.1) is general and can model the staring time and ending time of an elastic
load by setting proper parameters.
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loads to minimize users’ costs, i.e. shifting power consumption from high

price time slots to low price time slots. The corresponding discomfort (or

inconvenience) [57] is

Ci(x
ω
i ) = βi

∑
t∈T

(
xω,ti − yti

)2
, (3.3)

where βi is the coefficient of discomfort cost, which indicates the sensitivity

of user i towards its deviation from the preferred power consumption.

3.5.2 Operator’s Model

We assume that the operator can predict the renewable energy production

scenario ω accurately at the beginning of an operation horizon (a day).11

In scenario ω and each time slot t, the operator determines the renewable

power supply, conventional power procurement, and energy storage charging

and discharging to meet the total users’ demand, which consists of the elastic

power consumption xωi from each user i ∈ N and the aggregate inelastic load

{bt, t ∈ T } of all the users.

11The short-run (day-ahead) renewable energy forecast can be quite accurate in practice
[58, 59]. We will also consider the impact of prediction error in Section 3.8. In addition,
this chapter focuses on the microgrid energy management instead of the transient dynamics
and stability of the system. Therefore, we assume that the microgrid operator is able to
manage the intermittency of renewable generations, such that the stability of the microgrid
system can always be guaranteed.
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3.5.2.A Power Supply

The renewable power supply rω = {rω,t, ∀t ∈ T } and conventional power

procurement qω = {qω,t, ∀t ∈ T } should satisfy the following constraints:

0 ≤ rω,t ≤ rω,tmax,∀t ∈ T , (3.4)

qω,t ≥ 0,∀t ∈ T , (3.5)

where rω,tmax in constraint (3.4) depends on the invested capacities of solar

power αs and wind power αw, which are the operator’s decision variables in

period-1. For each unit of invested solar capacity and wind capacity, the

corresponding solar power and wind power in scenario ω and time t will be

ηωs = {ηω,ts , ∀t ∈ T } and ηωw = {ηω,tw ,∀t ∈ T }, respectively. Hence we have

rω,tmax = ηω,ts αs + ηω,tw αw. Constraint (3.5) means that the operator can only

purchase power from the main grid, but cannot sell power to the main grid,

assuming that the main grid does not accommodate distributed generations

in the microgrid. We assume that the main grid has adequate power to

meet the demand of the microgrid, hence there is no upper-bound of qω,t

in (3.5). Different from the conventional power generation, the renewable

power generation does not consume fuel sources, so we assume zero cost of

generating renewable power [6]. Therefore, the operator will try to use as

much renewable power as possible to meet the demand.

3.5.2.B Energy Storage

It’s well-known that energy storage (such as batteries) can smooth out

the intermittent renewable power generation, match demand and supply by

smart charge/discharge, and exploit time-varying energy generation costs for

arbitrage. In our work, energy storage is regarded as an energy asset in the
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investment portfolio, as it can complement time-varying renewable energy

generation to provide relatively stable power supply, and can also work in

parallel with demand response programs to help balance demand and supply.

We assume that the microgrid operator has decided in period-1 to install

energy storage devices with a total capacity αe, and let SOCω,t, rω,tc , and

rω,td denote the state-of-charge of the storage, charging amount, discharging

amount in time slot t and scenario ω, respectively.

First, the energy charging and discharging amounts are bounded, and

satisfy the following constraints:

0 ≤ rω,tc ≤ αer
max
c , ∀t ∈ T , (3.6)

0 ≤ rω,td ≤ αer
max
d , ∀t ∈ T , (3.7)

where rmax
c > 0 and rmax

d > 0 denote the maximum charging and discharging

amount per unit capacity of the energy storage, respectively. Hence, αer
max
c

and αer
max
d indicate the maximum charging and discharging amount after the

operator decides to deploy energy storage facilities with the capacity of αe.

Second, there are power losses when electricity is charged into and

discharged from the battery. We denote ηc ∈ [0, 1] and ηd ∈ [0, 1] as the

conversion efficiencies of charging and discharging. Therefore, we obtain the

energy storage dynamics of the microgrid i in time slot t as

SOCω,t = SOCω,t−1 +
ηcr

ω,t
c

αe
− rω,td
ηdαe

∀t ∈ T , (3.8)

SOCmin ≤ SOCω,t ≤ SOCmax, ∀t ∈ T , (3.9)

SOCω,0 = SOCω,T , (3.10)

where SOCω,t evolves with charging and discharging of the battery according
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to (3.8). It is shown in (3.9) that SOCω,t is bounded between SOCmin and

SOCmax, which are lower and upper bounds [60] for the level of energy storage

in percentage, respectively. For example, we can set SOCmax as 100%, which

means the battery can be charged to reach its full capacity. We can set

SOCmin = 1−DODmax, where DODmax is the maximum depth-of-discharge

(DOD) allowed.12 Moreover, we set the terminal state-of-charge SOCω,T at

the end of each day to be equal to its initial value SOCω,0 at the beginning of

each day, such that the battery can be operated independently across days.

3.5.2.C Operator’s Cost

The power supply and demand should satisfy the following power balance

constraint in time slot t:

rω,t + qω,t + rω,td = rω,tc + bt +
∑
i∈N

xω,ti , ∀t ∈ T . (3.11)

We let Qω = {Qω,t, t ∈ T } denote the aggregate supply, i.e.,

Qω,t = rω,t + qω,t ≥ 0, ∀t ∈ T , (3.12)

12DOD is defined as the ratio of maximum discharge to the battery capacity [61]. Usually,
the lifetime of a battery can be measured by the number of charge-discharge cycles it can
sustain at a given DoDmax. High DODmax causes fast depreciation of battery storage.
Therefore, we set a low DODmax (thus a high SOCmin) for the battery operation to reduce
the impact of battery degradation, so as to make sure that the lifetime of battery is no
shorter than the investment horizon.
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and we can rewrite the power balance constraint (3.11) as follows:

Qω,t = bt +
∑
i∈N

xω,ti + rω,tc − r
ω,t
d , ∀t ∈ T . (3.13)

If the operator has enough renewable generation to meet the aggregate

demand, i.e. rω,tmax ≥ Qω,t, then there is no need to purchase any conventional

power, i.e. qω,t = 0. On the other hand, if rω,tmax < Qω,t, the operator will

first use all the renewable power rω,t = rω,tmax, and then purchase conventional

power qω,t = Qω,t − rω,tmax to meet the power deficit. The production cost of

conventional power has a quadratic form [62], and thus we define the operator’s

cost as

Co(Q
ω) = βo

∑
t∈T

[(
Qω,t − ηω,ts αs − ηω,tw αw

)+
]2

, (3.14)

where (z)+ = max{z, 0} for any value z, and βo is the coefficient of the

operator’s cost.

3.5.3 Period-2 Problem Formulation

Next we state the period-2 problem, where the operator coordinates aggregate

power supply Qω and schedules users’ power consumptions xωi to minimize

the operating cost, which consists of the operator’s cost Co(Q
ω) and all the

users’ costs Ci(x
ω
i ) as follows.

P2: Operating cost minimization in period-2

min
Qω ,xω

i

Co(Q
ω) +

∑
i∈N

Ci(x
ω
i )

subject to Constraints (3.1), (3.2), (3.6)-(3.10), (3.13).
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Problem P2 is convex, and can be solved efficiently if a centralized

optimization is possible. However, this may not be feasible in practice, as

the operator cannot directly control users’ power consumptions {xωi ,∀i ∈ N}.

We will discuss the design of a pricing scheme to derive the optimal power

consumptions of users and the implementation of a decentralized algorithm in

Section 3.7.

3.6 Period-1 Problem for Portfolio Invest-

ment

In the period-1 investment problem, the operator needs to determine the

capacities of the solar power, wind power, and energy storage facilities (αs,

αw, and αe) for the entire investment horizon, subject to a budget constraint

B.13 These capacity decisions will determine the renewable power production

and energy storage flexibility in each day of period-2, and consequently affect

the power scheduling and operating cost. The operator wants to make optimal

investment decisions to minimize the overall cost, including both the capital

investment and the expected operating cost in period-2.

13we assume that the microgrid operator makes direct investment for the next long period
of operation.
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3.6.1 Overall Cost of Microgrid

The capital investment cost can be represented as

CI(αs, αw, αe) = csαs + cwαw + ceαe, (3.15)

where cs, cw and ce denote the investment costs of solar power, wind power per

kW and energy storage per kWh, respectively. The investment cost covers all

expenditures, e.g., deployment, installation and maintenance of photovoltaic

panel for solar energy, turbine for wind energy, inverters, controllers, and

cables.

The daily expected operating cost Eω[f(·)] is a function of the invested

capacities αs, αw and αe,

Eω∈Ω [f(αs, αw, αe, ω)] =
∑
ω∈Ω

πωf(αs, αw, αe, ω), (3.16)

where ω ∈ Ω denotes the renewable power scenario with a realization

probability πω, which is obtained by the scenario reduction algorithm in

Section 3.3. Specifically, the operating cost function in scenario ω is the

optimized objective value (i.e. minimized operating cost) of the period-2

problem in scenario ω:

f(αs, αw, αe, ω) = min
Qω ,xω

i

[
Co(Q

ω) +
∑
i∈N

Ci(x
ω
i )

]
, (3.17)

where the cost depends on the renewable power supply in scenario ω and users’

demand responses in period-2.
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3.6.2 Period-1 Problem Formulation

The period-1 optimization problem is subject to a budget constraint and

capacity constraints as follows:

csαs + cwαw + ceαe ≤ B, (3.18)

αs ≥ 0, αw ≥ 0, αe ≥ 0, (3.19)

where (3.18) indicates that the total investment expense cannot be greater

than the budget B, and the capacity investment must be non-negative.

To summarize, the period-1 problem is as follows.

P1: Joint investment and operation in period-1

min
αs,αw,αe

CI(αs, αw, αe) +D · Eω∈Ω [f(αs, αw, αe, ω)]

subject to Constraints (3.18) and (3.19),

where the objective function consists of capital investment cost CI and

expected operating cost D · Eω[f(·)] under all scenarios ω ∈ Ω over a total D

days of operation in the entire investment horizon.

3.7 Solution Method

To solve the above two-period stochastic programming problem, we start with

solving the period-2 problem P2 using a distributed algorithm. Then we solve

the period-1 problem P1 to obtain the optimal portfolio investment.
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3.7.1 Period-2: Optimal Power Scheduling

As mentioned in Section 3.5, it is not practical for the operator to solve

Problem P2 centrally and control users’ power consumptions directly. Instead,

the operator and users compute the price and power consumption in an

iterative fashion, as shown in Fig. 3.8.

Consumers decide the optimal power scheduling

Operator determines the optimal day-ahead prices

Pricing      

Power consumption

Figure 3.8: Iterative pricing and scheduling.

In particular, the operator can set day-ahead prices pω = {pω,t, t ∈ T }

for the users in scenario ω, and let users choose the proper power scheduling

accordingly to minimize their own costs. In the following, we first present

a user’s total cost minimization problem given the prices. Then we discuss

the operator’s optimal choices of prices so that the users’ power scheduling

decisions coincide with the optimal solution of Problem P2.

3.7.1.A User’s Problem

In scenario ω, user i receives the price signals pω and schedules the power

consumption xωi to minimize the total cost. Specifically, user i’s total cost

consists of two parts: energy cost Ce and discomfort cost Ci. The energy cost14

14The user cannot change the energy cost related to inelastic load, hence we do not
consider that in user’s optimization problem.
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of user i depends on the price and user i’s power consumption, which can be

represented as Ce(x
ω
i ) =

∑
t∈T p

ω,txω,ti . Therefore, we have the following total

cost minimization problem for user i in scenario ω.

Pui: User i’s cost minimization problem

min
xω
i

Ce(x
ω
i ) + Ci(x

ω
i )

subject to Constraints (3.1) and (3.2),

where each user solves its optimal power consumption as a response to the

price signal set by the microgrid operator.

3.7.1.B Optimal Pricing and Decentralized Algorithm

We denote pω∗ = {pω,t∗,∀t ∈ T } as the optimal pricing that induces the

socially optimal power consumption {xω∗i ,∀i ∈ N} in scenario ω (i.e. the

optimal solution of Problem P2). We have the following theorem.

Theorem 3.1. In each scenario ω, the optimal pricing scheme pω∗ that

induces the socially optimal power consumptions xω∗i for each user i satisfies

the following relationship,

pω,t∗ =


∂Co(Qω)
∂Qω,t

∣∣∣
Qω,t=Qω,t∗

, when Qω,t∗ > rω,tmax,

0, when Qω,t∗ ≤ rω,tmax.

(3.20)

Theorem 3.1 motivates us to design a decentralized algorithm in

Algorithm 3.1, where the operator sets the day-ahead prices and users

respond to the prices by determining their power consumptions. At the

beginning of each day, the operator and each user’s smart meter compute the

hourly electricity prices and the corresponding hourly power consumptions



CHAPTER 3. INVESTMENT AND OPERATION OF ENERGY PORTFOLIO IN MICROGRID 78

iteratively for the whole-day operation. In Algorithm 3.1, we consider a

sequence of diminishing stepsizes, γk’s, which satisfy the following conditions:

limk→∞ γ(k) = 0 and limk→∞
∑

k γ(k) =∞.15

Algorithm 3.1 Decentralized algorithm in the microgrid

1: Initialization: iteration index k = 0, error tolerance ε > 0, stepsize
γ(k) > 0, predicted scenario ω, and xω,ti (0) = yti .

2: repeat
3: Operator: At the k-th iteration, the operator collects each user’s

consumption and computes the aggregate supply Qω, and sets the prices
pω,t(k) according to (3.20).

4: Users: Each user i solves Problem Pui by updating the power
consumption xω,ti (k + 1) based on the price pω,t(k):

x̂ω,ti (k + 1) = xω,ti (k)− γ(k)

(
∂Ci(xi

ω(k))

∂xω,ti (k)
+ pω,t(k)

)
.

5: Project the power consumption on the feasible set by solving the
following problem:

min
xω
i (k+1)

‖ xωi (k + 1)− x̂ωi (k + 1) ‖

subject to Constraints (3.1) and (3.2).

6: k = k + 1;
7: until ‖ pω(k)− pω(k − 1) ‖≤ ε.
8: end

We can see that the decentralized Algorithm 3.1 requires minimum

information exchange between the operator and users. The users only report

their power consumptions to the operator, and the operator broadcasts

the prices to all users based on the aggregate power load. There is no

15Problem P2 is convex, and the corresponding decentralized algorithm that is executed
once a day can coverage fast in the microgrid context with thousands of electricity users.
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need for the users to directly coordinate with each other or to reveal their

private information (such as cost function and consumption constraints). The

prices set by the operator are the same for all users, and reflect the total

power load without disclosing individual user’s power consumption. Induced

by the optimal pricing scheme set by the microgrid operator, the optimal

power consumption of each individual user is the socially optimal power

consumption, which minimizes the social cost of the microgrid.

Theorem 3.2. Algorithm 3.1 is a sub-gradient projection algorithm for

solving Problem P2, and (with a diminishing stepsize) it converges to the

socially optimal price and power consumption {pω∗,xω∗} for each ω.

3.7.2 Period-1: Optimal Energy Portfolio Investment

After solving the period-2 problem P2, we solve the period-1 problem P1 as

follows.

Theorem 3.3. The operator’s investment problem P1 is equivalent to the

following optimization problem EP1:

min (csαs + cwαw + ceαe) +D · Eω
[
Co(Q

ω) +
∑
i∈N

Ci(x
ω
i )
]

subject to Constraints (3.1), (3.2), (3.6)-(3.10), (3.13), (3.18), (3.19),

Varaibles: αs, αw, αe,Q
ω,xω,

in which we assume that the operator can estimate the information about

user’s power consumption behaviors through a survey or daily operations,

and the parameters in (3.1) and (3.2) are known to the operator. Then the

operator solves the equivalent problem EP1 for the optimal investment in a
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centralized manner. Note that EP1 is a convex quadratic program and can

be solved efficiently using a standard interior-point method [34].

For the proofs of Theorems, please refer to the appendix in Section 3.11.

3.8 Impact of Prediction Errors of Renewable

Generation

In the previous sections, we have assumed that the operator can predict the

solar power generation and wind power generation accurately. Nevertheless,

the actual renewable energy generation may deviate from the predicted values

due to uncertain weather conditions and different prediction methodologies.

Therefore, it is necessary to study the impact of such prediction errors on

the optimal operation and investment decisions. In this section, we use the

worst-case uncertainty approach [37] to analyze such an issue, by assuming

that the uncertain variables are assumed to be bounded in a given uncertainty

set. Our aim is to maximize the performance by considering the worst case in

the uncertainty set. Note that the robust optimization problem is formulated

in period-2 to incorporate the impact of prediction errors of renewable power

generations. The period-1 problem, on the other hand, minimizes the overall

cost of investment and operation. The detailed formulation is presented in

the following.

We define the prediction errors for solar power generation and wind power

generation as eω,ts and eω,tw in time slot t and each scenario ω. Then we can

represent the actual solar power generation η̂ω,ts and wind power generation

η̂ω,tw as the summation of the predicted generations and the corresponding
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errors:

η̂ω,ts = ηω,ts + eω,ts ,

η̂ω,tw = ηω,tw + eω,tw .

We assume that the prediction errors are bounded in the following

uncertainty sets in scenario ω:

Eωs =
{
eω,ts,min ≤ eω,ts ≤ eω,ts,max, t ∈ T

}
, (3.21)

Eωw =
{
eω,tw,min ≤ eω,tw ≤ eω,tw,max, t ∈ T

}
, (3.22)

where eω,ts,min and eω,ts,max denote the lower bound and upper bound of the solar

power prediction error in time slot t and scenario ω, respectively; eω,tw,min and

eω,tw,max denote the lower bound and upper bound of the wind power prediction

error in time slot t and scenario ω, respectively.

Firstly, we let eωs = {eω,ts , t ∈ T } and eωw = {eω,tw , t ∈ T } denote the

prediction error vectors in scenario ω for the solar power generation and wind

power generation, respectively. We define the actual operating cost of the

microgrid operator in period-2 as

Ĉo(Q
ω, eωs , e

ω
w) = βo

∑
t∈T

[(
Qω,t − η̂ω,ts αs − η̂ω,tw αw

)+
]2

. (3.23)

Then, we aim to maximize the worst-case performance of the microgird

operation, under all possible prediction errors Eωs and Eωw , using robust

optimization techniques [37]. Since the investment cost does not explicitly

contain prediction errors, we will focus on the worst operating cost minimizing

problem. Based on (3.23), we formulate the operating cost minimization
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problem in period-2 as a robust optimization problem denoted as RP2:

RP2: Robust optimization for operating cost minimization

min
Qω ,xω

i

max
eωs ,e

ω
w

[
Ĉo(Q

ω, eωs , e
ω
w) +

∑
i∈N

Ci(x
ω
i )

]
subject to Constraints (3.1), (3.2), (3.6)-(3.10), (3.13), (3.21), (3.22).

To solve RP2, we first solve the inner maximization problem of RP2,

which aims to maximize the actual operating cost with respect to prediction

errors eωs and eωw. Observing the objective function of RP2, we see that

users’ total cost
∑

i∈N Ci(x
ω
i ) is independent of prediction errors. Therefore,

we focus on the first term which is the operator’s cost. Given the operator’s

actual power scheduling Qω, we denote the worst-case prediction errors as

{eω,∗s , eω,∗w } = arg max
eωs ∈Eωs , eωw∈Eωw

Ĉo(Q
ω, eωs , e

ω
w). (3.24)

Since the operator’s actual cost Ĉo(Q
ω, eωs , e

ω
w) in (3.23) is a convex

function of eωs and eωw (under a given Qω), the optimal solution must hit

the boundary of the uncertainty sets Eωs and Eωw . Moreover, we observe that

the actual cost of the operator Ĉo(Q
ω, eωs , e

ω
w) is a non-increasing function

with respect to eωs and eωw. Thus we have the following theorem:

Theorem 3.4. The optimal solutions of (3.24) hit the lower bounds, i.e.

eω,∗s = {eω,ts,min, ∀t ∈ T } and eω,∗w = {eω,tw,min, ∀t ∈ T }.

We substitute the worst-case prediction errors {eω,∗s , eω,∗w } into RP2, and

denote the minimized actual operating cost as

f̂(αs, αw, αe, ω) = min
Qω ,xω

i

[
Ĉo(Q

ω, eω,∗s , eω,∗w ) +
∑
i∈N

Ci(x
ω
i )

]
. (3.25)
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Based on the minimized actual operating cost (3.25) in period-2, we write

the worst-case overall cost minimizing problem in period-1 as

RP1: Robust optimization for overall cost minimization

min
αs,αw,αe

CI(αs, αw, αe) +D · Eω∈Ω

[
f̂(αs, αw, αe, ω)

]
subject to Constraints (3.18) and (3.19),

which solves the optimal capacity investment under the worst-case prediction

of renewable energy scenarios. Note that RP1 shares the same structure as

Problem P1, and thus can be solved by the same methodology presented in

Section 3.7.

3.9 Simulation Results

We assume that the investment horizon includes D = 3650 days (10 years).

We set βo = 0.005 and βi = 0.5 for i ∈ N . The investment costs of solar

energy, wind energy and energy storage are set as cs = 12, 480 HKD per

kW, cw = 7, 800 HKD per kW and ce = 1, 950 HKD per kWh. We set the

number of preserved scenarios as 10, and obtain renewable power scenarios as

discussed in Section 3.3, with the realization probabilities shown in Table 3.1.

Table 3.1: Realization probabilities of renewable energy scenarios

Scenario index Probabilities

ω = 1 ∼ 5 0.49, 0.06, 0.03, 0.03, 0.07

ω = 6 ∼ 10 0.05, 0.01, 0.08, 0.04, 0.13
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3.9.1 Optimal Investment

First, we study the optimal investment strategies of solar power, wind power,

and energy storage in TC and SKG under different budget constraints, as

shown in Fig. 3.9 and Fig. 3.10, respectively. When the budget is tight (e.g.,

below 3 million HKD), the investment priority at location TC is wind power as

it’s more economical. While the budget increases, investments in solar power

and energy storage capacities also increase, but wind power still dominates the

energy portfolio. This is because the wind power output is higher than solar

power at location TC, and the demand response scheme and energy storage

can help better utilize the wind power. The optimal investment expense is 4.6

million HKD at TC, and even given more budget (e.g., greater than 5 million

HKD), the optimal capacity investment remains the same. From Fig. 3.10,

we see that the optimal investment strategy at location SKG is different, with

the main difference that more investment is put into solar power generation.

This is because the wind power output at SKG is not as adequate as that at

TC and solar power fits the daily demand better at SKG. As a result, wind

power generation becomes less competitive at SKG. When the budget is less

than 4 million HKD, all the investment goes to solar power, and when the

budget further increases, the investments in wind power and energy storage

increase. The optimal investment expense is 5.1 million HKD at SKG.

3.9.2 Benefit of Demand Response

We study the benefit of adopting demand response schemes, and depict the

results in Fig. 3.11 and Fig. 3.12 for locations TC and SKG, respectively.

The investment budget in period-1 is set as 6 million HKD. At location TC,

without incentives (in which case we keep the prices low and the same for 24

hours), a user i will choose the power consumption according to the preferred
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Figure 3.9: Optimal capacity investment with different budgets at location
Tate’s Cairn (TC).
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Figure 3.10: Optimal capacity investment with different budgets at location
Sai Kung (SKG).

power consumption yi. In that case, it is optimal for the operator to use

5.1 million HKD budget for investment in period-1. With price incentives,

the operator sets time-dependent day-ahead prices so that to steer the users’

power consumptions to the socially optimal values. Comparing with the case

without incentives, optimal demand response under incentives enables the

operator to invest more wind power, which has a lower investment cost than
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solar power. Energy storage investment also decreases with incentives, because

the elastic demand can be shifted proactively, which reduces the dependence

on the energy storage. The total optimal investment expenditure reduces

by 9.4% to 4.6 million HKD, which implies that the demand response may

significantly reduce the system cost and avoid over-investment.

Without incentive With incentive
0

2

4

6

8

O
pt

im
al

 In
ve

st
m

en
t (

M
ill

io
n 

H
K

D
)

 

 

Solar power
Wind power
Energy storage
Total investment

Figure 3.11: Energy portfolio investment comparison with/without incentives
at location Tate’s Cairn (TC).
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Figure 3.12: Energy portfolio investment comparison with/without incentives
at location Sai Kung (SKG).
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At location SKG, Fig. 3.12 shows that it is optimal to use 5.4 million HKD

budget for investment in period-1 without incentives. However, with price

incentives, optimal demand response under incentives enables the operator to

invest more solar power but less energy storage, because the solar power fits

the demand better compared with the wind power at SKG. The total optimal

investment expenditure reduces by 6.1% to 5.1 million HKD, demonstrating

the benefit of demand response.

3.9.3 Optimal Power Scheduling and Pricing

Next, we focus on the numerical studies of the power scheduling in period-2.

First, we plot the energy supply and power load at location TC of a typical

day in Fig. 3.13 and Fig. 3.14, respectively. Note that we treat the aggregate

supply from both solar power and wind power as the renewable power in

period-2. Fig. 3.13 shows that the renewable energy generation provides high

energy supply, especially at night time during hour 7PM-5AM. Renewable

energy generation drops drastically during hour 9AM-5PM, because location

TC is mainly supplied by wind power and wind power produces less at day-

time. During this time period, the microgrid operator needs to compensate

the loss of renewable energy generation through discharging the energy storage

and purchasing energy from the main grid, as we can see that the energy

storage level decreases. From Fig. 3.14, we see that the users respond to

the day-ahead prices by optimizing the power load (demand), so that to shift

the original peak power load during hour 9AM-5PM to other time slots when

there is more renewable energy available.

We also study the energy supply and power load of a typical day at location

SKG, shown in Fig. 3.15 and Fig. 3.16, respectively. Fig. 3.15 shows that the

renewable energy generation provides high supply during day-time, especially
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Figure 3.13: Optimal energy supply and storage dynamics at location Tate’s
Cairn (TC).
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Figure 3.14: Optimal power load scheduling at location Tate’s Cairn (TC).

during hour 10AM-4PM. During other time slots, the microgrid operator needs

to make sure all the demand can be satisfied, and thus purchases energy from

the main grid. The microgrid operator also charges energy storage during high

renewable supply periods (11AM-1PM), and discharges the energy storage

afterward as we can see that the energy storage level decreases after hour

7PM. Since location SKG has a large portion of solar power, and there is a

power supply peak during day-time, we see from Fig. 3.16 that the original
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load during evening-time after hour 6PM is shifted to day-time when there is

more renewable energy available.
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Figure 3.15: Optimal energy supply and storage dynamics at location Sai
Kung (SKG).
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Figure 3.16: Optimal power load scheduling at location Sai Kung (SKG).

Fig. 3.17 shows the internal day-ahead prices at TC and SKG. The prices

indicate the marginal operating cost of the microgrid operator. We see that

the microgrid operator does not charge the users when the demand can be

satisfied by local renewable energy generation (e.g., hour 1AM-3AM at TC).
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At location TC, the operator charges high prices during day-time, but low

prices at night time. The reason is that the renewable portfolio consists of

more wind power at TC, which has higher power output at night than that

during day-time. The operator needs to import more power from the main

grid during hour 9AM-6PM, which incurs operating cost. At location SKG,

the price trend is opposite to the price at TC. Because more solar power

is invested at SKG, which produces more renewable power during day-time.

However, during night time, when there is no solar power supply, the operator

relies on main grid power, and thus charges relatively high prices at night.

The day-ahead prices set by the operator efficiently incentivize users to shift

their flexible loads. In Fig. 3.14 and Fig. 3.16, we see that users’ flexible

loads deviate from the original patterns and are shifted from high-price time

slots to other low-price time slots at both TC and SKG.
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Figure 3.17: Optimal day-ahead prices at locations Tate’s Cairn (TC) and Sai
Kung (SKG).
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3.9.4 Impact of Prediction Errors

We take location TC as an example to study the impact of prediction

errors on the optimal investment, as shown in Fig. 3.18. When there is

zero prediction error of renewable generations, the optimal investment is 4.6

million HKD. With the increase of prediction errors, the optimal investment

expense increases, as the operator over-invests to hedge the risk of renewable

generation shortage caused by prediction errors. For example, when the error

is 10%, the operator invests 4.1% over the 4.6 million HKD benchmark. This

shows the importance of accurate prediction for achieving optimal investment

decisions.
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Figure 3.18: Impact of prediction errors on investment decisions.

3.9.5 Comparison with Existing Studies

We add new simulations to compare our proposed method with existing studies

in the simulation. Specifically, we consider four benchmark methods denoted

as benchmark 1-4, which are motivated by [6], [7], [8] and [9], respectively.
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We first compute the optimal capacity investment for all the benchmark

methods, and then calculate the corresponding investment cost and the actual

operational cost using one-year renewable energy data. The simulation results

(including the optimal capacity investment, investment cost, operational cost,

and overall cost) are summarized in Table 3.3.

Benchmark 1 method focuses on the solar-storage investment, and

benchmark 2 method focuses on the wind-storage investment. We see that

benchmark 2 achieves a much lower overall cost than benchmark 1 (7.6 vs.

18.9 Million HKD), because wind power is more abundant than solar power,

and the investment cost of wind power per unit capacity is also lower than that

of the solar power. Benchmark 3 and benchmark 4 show the mixed renewable

energy investment with and without energy storage, respectively. We see that

benchmark 4 achieves a lower overall cost than benchmark 3 (7.6 vs. 8.4

Million HKD), because the energy storage can help deal with the stochastic

nature of renewable energy by proper charging and discharging. Our proposed

method considers a comprehensive configuration of microgrids (solar power,

wind power, and energy storage), and also optimizes demand response. Hence,

our proposed method has the minimum investment cost and operational cost,

and achieves the minimum overall cost compared with all other benchmark

methods. The simulation results in Table 3.3 demonstrate the advantage of

our proposed method over the existing literature.

3.10 Chapter Summary

We developed a theoretical framework to study the joint investment and

operation problem in the microgrid. The two-period stochastic program

models the renewable energy uncertainty and captures the coupled nature

of investment and operation. With realistic meteorological data, our model
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provides the optimal investment decisions on renewable energy and energy

storage capacities, and the optimal demand response scheme (pricing and

power scheduling) in a microgrid. The simulation studies demonstrate the

economic benefit of demand response and the impact of prediction accuracy.

3.11 Appendix

In the appendix, we present the solar power model, wind power model,

scenario reduction algorithm, and the proofs for all theorems.

3.11.1 Solar Power Model and Wind Power Model

Solar power generation is highly influenced by the solar radiation level, and

the wind power production highly depends on the wind speed. We denote

the hourly solar radiation as Id,t and hourly wind speed as V d,t, where

t ∈ {1, 2, ..., T} is the hour index, T = 24, and d ∈ {1, 2, ..., 365} is the

day index within an entire year. The hourly solar radiation is measured in

Wm−2, corresponding to the amount of solar irradiance energy received on a

unit surface area on the earth. The hourly wind speed is measured in m/s,

which corresponds to the velocity of a mass of air traveled per unit of time.

The solar power generated from a photovoltaic module can be calculated

using the following formula [50]:

pd,ts = AmηmPfηpI
d,t, (3.26)

where Am is the area of the solar cell array, ηm is the module reference

efficiency, Pf is the packing factor, and ηp is the power conditioning efficiency.

Regarding the wind speed, we denote Vci and Vco as the cut-in and cut-out

wind speed. The wind power output will be zero when the wind speed is less
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than Vci or greater than Vco. The latter case is due to the protection of wind

turbine under a very high wind speed. When the wind speed is between Vci

and Vco, the wind power output [51] can be modeled as

pd,tw =
1

2
ρCpAw(V d,t)3, (3.27)

where ρ is the density of the air, Cp is a coefficient related to the performance

of the wind turbine, and Aw is the swept area of the wind turbine blades.

We set the parameters of the solar power model and wind power model as

follows.

Table 3.2: Configurations of simulation parameters

Model Parameters

Solar power in (3.26) Am = 13.3, ηm = 0.11, Pf = 0.9, ηp = 0.86

Wind power in (3.27) ρ = 1.225, Cp = 0.593, Aw = 6.15

3.11.2 Scenario Reduction

We acquired hourly solar radiation data in King’s Park (KP) of Hong Kong,

and hourly wind speed data in 7 locations of Hong Kong, e.g., KP, Tai Mei

Tuk (TMT), Sha Tin (SHA), Sai Kung (SKG), Tate’s Cairn (TC), Tai Po Kau

(TPK), and Waglan Island (WGL). Based on the solar power model in (3.26)

and wind power model in (3.27), we calculate the hourly solar power output

in KP and hourly wind power outputs in the corresponding seven locations,

respectively.

As an illustrative example, we focus on the hybrid renewable energy

investment in TC and SKG, and define each daily realization of renewable

energy generation per 1kW capacity as one scenario. Specifically, we denote

ω as the scenario index, and Ω̃ = {1, ..., S̃} as the original set of scenario
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indices, where S̃ is the total number of original scenarios. Each scenario is

denoted by ηω = {ηωKP ,ηωTC ,ηωSKG}, where ηωKP = {ηω,tKP ,∀t ∈ T } is the solar

power output in KP, ηωTC = {ηω,tTC ,∀t ∈ T } and ηωSKG = {ηω,tSKG,∀t ∈ T } are

the wind power outputs in TC and SKG, respectively. The corresponding

probability of each scenario is denoted as π̃ω ≥ 0, and
∑S̃

ω=1 π̃ω = 1.

However, the large number of scenarios that frequently result from the

scenario generation process limits the computational tractability. Therefore,

it is essential to approximate the original scenarios with a much smaller subset

that can well approximate the original scenario set. After scenario reduction,

the preserved subset of scenario indices is denoted by Ω = {1, ..., S}, where

S is the total number of reserved scenarios, and the new probability of each

scenario is denoted as πω ≥ 0, where
∑S

ω=1 πω = 1.

The scenario reduction algorithms in [55] determine a scenario subset and

assign new probabilities to the preserved scenarios such that the corresponding

reduced probability measure is the closest to the original measure in terms

of a certain probability distance between the two probability measures.

Specifically, the Kantorovich distance of probability distributions is defined

as

DK = inf
{ S̃∑

i=1

S∑
j=1

ηijdij, ηij ≥ 0,

S̃∑
i=1

ηij = πj,
S∑
j=1

ηij = π̃i, ∀i ∈ Ω̃, ∀j ∈ Ω
}
,

where dij =
∥∥ηi − ηj∥∥ denotes the L-2 norm, which measures the distance

between scenarios ηi and ηj, where i ∈ Ω̃ and j ∈ Ω.

We apply the forward scenario reduction algorithm [55] to generate the

subset of preserved scenarios, which can be described in Algorithm 3.2.

We set the number of preserved scenarios Ω = 10, and generate the selected
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Algorithm 3.2 Scenario Reduction for the Renewable Energy Generations

1: Initialization: Initialize the preserved scenario set Ω as an empty set,
and set the number of preserved scenarios S = 10. Calculate the distance
of all scenario pairs in the original scenario set Ω̃ by

dij ,
∥∥ηi − ηj∥∥ , ∀i, j ∈ Ω̃.

2: Set the iteration index k = 1. Calculate the probability weighted distance
of each scenario i to all the other scenarios, denoted as

z
[k]
i =

∑
j 6=i

π̃jd
[k]
ij , ∀i ∈ Ω̃.

Select u[k] = arg minu∈Ω̃ z
[k]
u , and set J [k] = Ω̃ \ u[k].

3: repeat
4: Update the iteration index k ← k + 1. Update the scenario pair

distance as

d
[k]
ij = min

{
d

[k−1]
ij , d

[k−1]

iu[k−1]

}
, ∀i, j ∈ J [k−1],

and probability weighted distance of each scenario in J [k−1] as

z
[k]
i =

∑
j∈J [k−1]\i

π̃jd
[k]
ij , ∀i ∈ J [k−1].

Select the minimum weighted distance u[k] = arg minu∈J [k−1] z
[k]
u , and

update J [k] = J [k−1] \ u[k].
5: until The terminal condition is satisfied, when the number of selected

scenarios is no less than S.
6: Scenario selection: J = J [S̃−S] is the index set of deleted scenarios, and{

1, ..., S̃
}
\ J is the index set of selected scenarios, and is stored in Ω.

7: New probability: Compute the new probabilities for the preserved
scenarios in Ω: πi = π̃i +

∑
j∈L(i) π̃j, for all i ∈ Ω = Ω̃ \ J , where

L(i) = {j ∈ J : i = i(j)}, i(j) = arg mini/∈J dij, j ∈ J .
8: Return the preserved scenario set Ω, and corresponding probabilities πω,

where ω ∈ Ω.
9: end

scenarios with corresponding probabilities for the solar power output in KP

and wind power outputs in TC and SKG. The renewable generation scenarios
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are shown in Fig. 3.2, 3.3, and 3.4, respectively.

3.11.3 Proof of Theorem 3.1

Comparing the operator’s problem and user i’s problem in the second period,

we will prove that for each user i ∈ N , the optimal power consumptions

derived from users’ problems achieve the operator’s socially optimal power

scheduling, if the prices are set as

pω,t∗ =


∂Co(Qω)
∂Qω,t

∣∣∣
Qω,t=Qω,t,∗

, when Qω,t∗ > rω,tmax,

0, when Qω,t∗ ≤ rω,tmax.

Since both the operator’s problem P2 and all the user’s problems Pui are

convex, the KKT conditions are both necessary and sufficient for optimality.

In the following, we will present the KKT conditions for the operator’s problem

and the users’ problems to compare their optimal solutions.

First, we consider the decentralized operational scenario, where the

operator sets the day-ahead price pω = {pω,t,∀t ∈ T } and broadcasts to

all the users i ∈ N to let each user determine her own power consumption xωi .

We write the cost minimization problem Pui of user i, ∀i ∈ N under

scenario ω ∈ Ω :

min
xω
i

β
∑
t∈T

pω,txω,ti + (1− β)Ci(x
ω
i ) (3.28)

s.t. dti ≤ xω,ti ≤ d
t

i, ∀t ∈ T , (3.29)∑
t∈T

xω,ti = Di. (3.30)

Let µω,t
i

, µω,ti , and νωi be the Lagrange multipliers associated with (3.29)
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and (3.30). The KKT conditions for user i’s problem are presented as follows:

βpω,t + (1− β)Ci
∂(xωi )

∂xω,ti
− µω,t

i
+ µω,ti + νωi = 0, (3.31)

µω,t
i

(
dti − x

ω,t
i

)
= 0, (3.32)

µω,ti

(
xω,ti − d

t

i

)
= 0, (3.33)

dti ≤ xω,ti ≤ d
t

i, (3.34)∑
t∈T

xω,ti = Di, (3.35)

µω,t
i
, µω,ti ≥ 0. (3.36)

Second, we consider the centralized scenario, where the operator makes

all the operational decisions, including the power supply Qω, energy storage

operation rωc , rωd , sω and power consumption of each user xωi , ∀i ∈ N .

Before studying the KKT conditions for the operator’s problem P2, we

introduce a new variable qω,t:

qω,t =
(
Qω,t − rω,tmax

)+
. (3.37)

Then we substitute (3.37) into the operator’s cost (3.14), and rewrite the

operator’s cost Co(Q
ω) as

Co(q
ω) =

∑
t∈T

(qω,t)2,

where the new form of the operator’s cost Co(q
ω) is a differentiable function

with respect to the variable qω.

Therefore, we can rewrite the operator’s social cost minimization problem
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P2 as an equivalent problem EP2:

min βCo(q
ω) + (1− β)

∑
i∈N

Ci(x
ω
i ) (3.38)

subject to qω,t ≥ Qω,t − rω,tmax, ∀t ∈ T , (3.39)

qω,t ≥ 0, ∀t ∈ T , (3.40)

Qω,t = bt +
∑
i∈N

xω,ti + rω,tc − r
ω,t
d , ∀t ∈ T , (3.41)

dti ≤ xω,ti ≤ d
t

i, ∀t ∈ T , ∀i ∈ N , (3.42)∑
t∈T

xω,ti = Di. ∀i ∈ N , (3.43)

0 ≤ rω,tc ≤ rmax
c , ∀t ∈ T , (3.44)

0 ≤ rω,td ≤ rmax
d , ∀t ∈ T , (3.45)

sω,t = sω,t−1 + ηcr
ω,t
c −

rω,td
ηd
, ∀t ∈ T , (3.46)

0 ≤ sω,t ≤ αe, ∀t ∈ T , (3.47)

Variables: Qω, qω, {xωi ,∀i ∈ N} , rωc , rωd , sω.

where constraints (3.39) and (3.40) are equivalent conditions to reflect the

relation between variables qω,t and Qω,t, i.e. qω,t = (Qω,t − rω,tmax)
+

. If

Qω,t < rω,tmax, according to (3.37), we have qω,t = 0. Since the optimization

objective (3.38) is strictly increasing in qω,t ≥ 0, the constraint (3.40) is

binding, such that qω,t = 0. If Qω,t ≥ rω,tmax, we have qω,t = Qω,t − rω,tmax ≥ 0

according to (3.37). Similarly, the constraint (3.39) is binding, such that

qω,t = Qω,t − rω,tmax.

To derive the KKT conditions for problem EP2, we introduce the Lagrange

multipliers as follows. Let ϕω,t1 , ϕω,t2 , ϕω,t3 be the multipliers associated with
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(3.39), (3.40), (3.41), µω,t
i

, µω,ti , νωi be the Lagrange multipliers associated

with (3.42), (3.43), and λω,t1 , λω,t2 , λω,t3 , λω,t4 , λω,t5 , λω,t6 , λω,t7 be the Lagrange

multipliers associated with (3.44)-(3.47). The KKT conditions for Problem

EP2 are presented as follows:

ϕω,t1 − ϕ
ω,t
3 = 0, (3.48)

β
∂Co(q

ω)

∂qω,t
− ϕω,t1 − ϕ

ω,t
2 = 0, (3.49)

(1− β)Ci
∂(xωi )

∂xω,ti
+ ϕω,t3 − µω,ti + µω,ti + νωi = 0, (3.50)

ϕω,t3 − λ
ω,t
1 + λω,t2 − ηcλ

ω,t
5 = 0, (3.51)

− ϕω,t3 − λ
ω,t
3 + λω,t4 +

λω,t5

ηd
= 0, (3.52)

λω,t5 − λ
ω,t+1
5 − λω,t6 + λω,t7 = 0, (3.53)

ϕω,t1

(
Qω,t − rω,tmax − qω,t

)
= 0, (3.54)

ϕω,t2

(
0− qω,t

)
= 0, (3.55)

µω,t
i

(
dti − x

ω,t
i

)
= 0, (3.56)

µω,ti

(
xω,ti − d

t

i

)
= 0, (3.57)

λω,t1

(
0− rω,tc

)
= 0, (3.58)

λω,t2

(
rω,tc − rmax

c

)
= 0, (3.59)

λω,t3

(
0− rω,td

)
= 0, (3.60)

λω,t4

(
rω,td − r

max
d

)
= 0, (3.61)

λω,t6

(
0− sω,t

)
= 0, (3.62)

λω,t7

(
sω,t − αe

)
= 0, (3.63)

(3.64)
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qω,t ≥ Qω,t − rω,tmax, (3.65)

qω,t ≥ 0, (3.66)

dti ≤ xω,ti ≤ d
t

i, (3.67)∑
t∈T

xω,ti = Di, (3.68)

0 ≤ rω,tc ≤ rmax
c , (3.69)

0 ≤ rω,td ≤ rmax
d , (3.70)

sω,t = sω,t−1 + ηcr
ω,t
c −

rω,td
ηd
, ∀t ∈ T , (3.71)

0 ≤ sω,t ≤ αe, ∀t ∈ T , (3.72)

ϕω,t1 , ϕω,t2 , µω,t
i
, µω,ti , λω,t1 , λω,t2 , λω,t3 , λω,t4 , λω,t6 , λω,t7 ≥ 0, (3.73)

where (3.48)-(3.53) are the stationarity conditions, (3.54)-(3.63) are the

complementary slackness conditions, (3.65)-(3.72) are the primal feasibility

conditions, and (3.73) are the dual feasibility conditions. The optimal

solutions to Problem EP2 satisfy the above KKT conditions.

Denote T̃ as the set of time slots, in which Qω,t∗ > rω,tmax, ∀t ∈ T̃ , and

Qω,t∗ ≤ rω,tmax, ∀t ∈ T \T̃ .

For t ∈ T̃ , Qω,t∗ > rω,tmax, we have qω,t∗ = Qω,t∗ − rω,tmax > 0. To satisfy the

complementary slackness condition (3.55), we obtain ϕω,t2 = 0. Therefore, by

(3.48) and (3.49), we have

ϕω,t3 = ϕω,t1 = β
∂Co(q

ω)

∂qω,t

∣∣∣
qω,t=qω,t,∗

= β
∂Co(Q

ω)

∂Qω,t

∣∣∣
Qω,t=Qω,t,∗

. (3.74)

For t ∈ T \T̃ , Qω,t∗ ≤ rω,tmax, we have qω,t∗ = 0, and

ϕω,t3 = ϕω,t1 = 0. (3.75)
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Based on (3.74) and (3.75), we find that if the operator sets the optimal

price as

pω,t∗ =


∂Co(Qω)
∂Qω,t

∣∣∣
Qω,t=Qω,t,∗

, when t ∈ T̃ ,

0, when t ∈ T \T̃ ,

then the KKT condition (3.50) of the operator’s problem EP2 is consist with

the KKT condition (3.31) of user i’s problem Pui ∀i ∈ N . Moreover, all the

KKT conditions for all the users’ problems (i.e. in (3.31)-(3.36)) are identical

to the KKT conditions of Problem EP2 including users’ power consumption

xωi (i.e. in (3.50), (3.56), (3.57), (3.67), (3.68) and (3.73)). Therefore, all

the users’ optimal power consumptions suffice to attain the operator’s socially

optimal power scheduling xω∗i for each user i ∈ N .

This completes the proof.

3.11.4 Proof of Theorem 3.2

First, we rearrange the second period problem P2. Assume the initial energy

storage level as sω,0 = 0, we can write the energy storage dynamics as

sω,t =
t∑

τ=1

(
ηcr

ω,τ
c −

rω,τd
ηd

)
, ∀t ∈ T . (3.76)

We substitute (3.76) into (3.11), and obtain the equivalent constraints for

energy storage dynamics as

0 ≤
t∑

τ=1

(
ηcr

ω,τ
c −

rω,τd
ηd

)
≤ αe, ∀t ∈ T . (3.77)

Additionally, we substitute the power balance constraints (3.13) into the
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operator’s cost (3.14), and get a new form shown as

Co(r
ω
c , r

ω
d ,x

ω) =
∑
t∈T

[(
rω,tc − r

ω,t
d +

∑
i∈N

xω,ti + bt − rω,tmax

)+]2

, (3.78)

which is a function with respect to the charging/discharging amounts rωc , rωd

and users’ power consumptions {xωi }, ∀i ∈ N .

Furthermore, we notice that the constraints (3.6), (3.7), (3.77) for rωc , rωd

and the constraints (3.1), (3.2) for xωi are decoupled, and thus we let Rω and

X ω
i denote the constraints for the energy storage charging/discharging rωc , rωd

and user i’s power consumption xωi in scenario ω, respectively.

Therefore, we can simplify Problem P2 in the following, and denote it as

Problem SP2:

min βCo(r
ω
c , r

ω
d ,x

ω) + (1− β)
∑
i∈N

Ci(x
ω
i )

s.t. {rωc , rωd} ∈ Rω,

xωi ∈ X ω
i , ∀i ∈ N .

(3.79)

Second, we verify that Problem SP2 is a convex program, and thus

can be solved by the convex optimization techniques. Considering that the

objective function of (3.79), specifically the operator’s cost Co(r
ω
c , r

ω
d ,x

ω), is

not differentiable, we use the subgradient projection method to solve Problem

SP2.

For the simplicity of notation, we let Ctotal(z
ω) , βCo(r

ω
c , r

ω
d ,x

ω) +

(1 − β)
∑

i∈N Ci(x
ω
i ) denote the total cost of Problem SP2, where zω ,

{rωc , rωd ,xω}.
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Next we will prove that the following vector g(zω) defined as

g(zω) = {g(rωc ), g(rωd ), g(xωi ), ∀i ∈ N} , (3.80)

where

g(rωc ) = βpω =
{
βpω,t, ∀t ∈ T

}
,

g(rωd ) = −βpω =
{
−βpω,t, ∀t ∈ T

}
,

g(xωi ) =

{
βpω,t + (1− β)

∂Ci(x
ω
i )

∂xω,ti
, ∀t ∈ T

}
,

pω,t =


∂Co(Qω)
∂Qω,t , when t ∈ T̃ , Qω,t > rω,tmax,

0, when t ∈ T \T̃ , Qω,t ≤ rω,tmax,

is a subgradient of Ctotal(z
ω) at point zω = {rωc , rωd ,xω}.

Substitute (3.80) and construct the following equation:

Ctotal(ẑ
ω)− Ctotal(zω)− g(zω)>(ẑω − zω)

= Ctotal(ẑ
ω)− Ctotal(zω)− g(rωc )>(r̂ωc − rωc )

− g(rωd )>(r̂ωd − rωd )−
∑
i∈N

g(xωi )>(x̂ωi − xωi )

= β
[
Co(ẑ

ω)− Co(zω)− pω>(r̂ωc − rωc )

+ pω>(r̂ωd − rωd )−
∑
i∈N

pω>(x̂ωi − xωi )
]

+ (1− β)
∑
i∈N

[
Ci(x̂

ω
i )− Ci(xωi )

−
∑
t∈T

∂Ci(x
ω
i )

∂xω,ti
(x̂ω,ti − x

ω,t
i )
]
,

= β × P1 + (1− β)× P2,

(3.81)

where we divide (3.81) into two parts: P1 and P2, respectively. Then we will
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show β × P1 + (1− β)× P2 ≥ 0 to prove that g(zω) is a subgradient.

For P2 in (3.81), as Ci(x
ω
i ) is a strictly convex and differentiable function

in xωi , by the definition of convex function, we have the following inequality

for any x̂ωi ,x
ω
i ∈ X ω

i :

P2 = Ci(x̂
ω
i )− Ci(xωi )−

∑
t∈T

∂Ci(x
ω
i )

∂xω,ti
(x̂ω,ti − x

ω,t
i ) ≥ 0, (3.82)

where
∂Ci(x

ω
i )

∂xω,t
i

is the gradient of Ci(x
ω
i ).

For P1 in (3.81), we rearrange it as follows

P1 = Co(ẑ
ω)− Co(zω)− pω>(r̂ωc − rωc )

+ pω>(r̂ωd − rωd )−
∑
i∈N

pω>(x̂ωi − xωi )

=
∑
t∈T

[(
r̂ω,tc − r̂

ω,t
d +

∑
i∈N

x̂ω,ti + bt − rω,tmax

)+]2

−
∑
t∈T

[(
rω,tc − r

ω,t
d +

∑
i∈N

xω,ti + bt − rω,tmax

)+]2

−
∑
t∈T

pω,t
(
r̂ω,tc − rω,tc

)
+
∑
t∈T

pω,t
(
r̂ω,td − r

ω,t
d

)
−
∑
t∈T

∑
i∈N

pω,t
(
x̂ω,ti − x

ω,t
i

)
=
∑
t∈T

[(
r̂ω,tc − r̂

ω,t
d +

∑
i∈N

x̂ω,ti + bt − rω,tmax

)+]2

−
∑
t∈T

[(
rω,tc − r

ω,t
d +

∑
i∈N

xω,ti + bt − rω,tmax

)+]2

−
∑
t∈T

pω,t

[(
r̂ω,tc − r̂

ω,t
d +

∑
i∈N

x̂ω,ti

)
−

(
rω,tc − r

ω,t
d +

∑
i∈N

xω,ti

)]
.

(3.83)

Substituting Q̂ω,t = r̂ω,tc − r̂ω,td +
∑

i∈N x̂
ω,t
i + bt and Qω,t = rω,tc − rω,td +
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∑
i∈N x

ω,t
i + bt into (3.83), we have

P1 =
∑
t∈T

{[(
Q̂ω,t − rω,tmax

)+ ]2

−
[ (
Qω,t − rω,tmax

)+
]2

− pω,t
(
Q̂ω,t −Qω,t

)}
.

For any ẑω = {r̂ωc , r̂
ω
d , x̂

ω
i } ∈ Rω⊗X ω

i , in the case when t ∈ T̃ , Qω,t > rω,tmax,

we have

∑
t∈T̃

{[(
Q̂ω,t − rω,tmax

)+ ]2

−
(
Qω,t − rω,tmax

)2

− 2×
(
Qω,t − rω,tmax

) (
Q̂ω,t −Qω,t

)}
=
∑
t∈T̃

{[(
Q̂ω,t − rω,tmax

)+ ]2

−
(
Qω,t − rω,tmax

)2

− 2×
(
Qω,t − rω,tmax

) [(
Q̂ω,t − rω,tmax

)
−
(
Qω,t − rω,tmax

)]}
=
∑
t∈T̃

{[(
Q̂ω,t − rω,tmax

)+ ]2

+
(
Qω,t − rω,tmax

)2

− 2×
(
Qω,t − rω,tmax

) (
Q̂ω,t − rω,tmax

)}
≥
∑
t∈T̃

{[(
Q̂ω,t − rω,tmax

)+ ]2

+
(
Qω,t − rω,tmax

)2

− 2×
(
Qω,t − rω,tmax

)+
(
Q̂ω,t − rω,tmax

)}
=
∑
t∈T̃

[ (
Qω,t − rω,tmax

)+ −
(
Q̂ω,t − rω,tmax

) ]2

≥ 0.

(3.84)

For the other case, when t ∈ T \T̃ , Qω,t ≤ rω,tmax, (Qω,t − rω,tmax)
+

= 0,
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pω,t = 0, and thus we have

∑
t∈T \T̃

{[(
Q̂ω,t − rω,tmax

)+ ]2

−
[ (
Qω,t − rω,tmax

)+
]2

− pω,t
(
Q̂ω,t −Qω,t

)}
=

∑
t∈T \T̃

[ (
Q̂ω,t − rω,tmax

)+ ]2

≥ 0.

(3.85)

Substitute (3.84) and (3.85) into (3.83), we have P1 ≥ 0. Together with

P2 ≥ 0 in (3.82), we conclude that β × P1 + (1− β)× P2 ≥ 0 in (3.81), and

g(zω) is a subgradient of the total cost function Ctotal(z
ω).

Third, based on the subgradient g(zω) in (3.80), we design an iterative

algorithm via the subgradient projection method. The update rule is

zω(k + 1) = [zω(k)− γkg(zω(k))]Rω⊗Xω
i
, (3.86)

where [·]Rω⊗Xω
i

denotes the project on the feasible set Rω ⊗X ω
i .

So far, the subgradient-based update rule in (3.86) is designed in a

centralized manner, which may not be feasible in practice. Notice that the

feasible sets Rω and X ω
i for {rωc , rωd} and xωi are decoupled. Therefore, we

can implement the subgradient-based update rule in (3.86) in a decentralized

fashion, described in Algorithm 3.1.

Specifically, Algorithm 3.1 consists of two levels of updating. In the

upper level, the microgrid operator collects the power consumption xωi from all

the users i ∈ N , updates the energy storage charging/discharging in iteration

k by

rωc (k + 1) = [rωc (k)− γkg(rωc (k))]Rω ,

rωd (k + 1) = [rωd (k)− γkg(rωd (k))]Rω ,
(3.87)
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and computes the operator’s marginal cost as the day-ahead price pω, and

broadcasts to each user i ∈ N .

In the lower level, each user i ∈ N receives the day-ahead price, and

updates the power consumption in iteration k by

xωi (k + 1) = [xωi (k)− γkg(xωi (k))]Xω
i
. (3.88)

Therefore, we prove that the update rules (3.87) and (3.88) in Algorithm

3.1 construct a subgradient projection method. By choosing a proper

stepsize, Algorithm 3.1 can converge to the socially optimal price and power

consumption.

Last but not least, we will prove the optimality and convergence of

Algorithm 3.1 with a diminishing stepsize, e.g., γk = α
k
, where α is a

constant.

Assume zω,∗ , {rω,∗c , rω,∗d ,xω,∗} as the optimal solution, let zω(k + 1) ,

[z̃ω(k + 1)]Rω⊗Xω
i

be the projection of z̃ω(k + 1) , zω(k) − γkg(zω(k)) on

the set Rω ⊗ X ω
i . By the Projection Theorem [34], we have the following

inequality:

‖zω(k + 1)− zω,∗‖2
2 ≤ ‖z̃

ω(k + 1)− zω,∗‖2
2. (3.89)

Substitute the subgradient update rule of Algorithm 3.1, i.e. (3.86),
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into (3.89), we obtain the following inequality:

‖zω(k + 1)− zω,∗‖2
2

≤‖z̃ω(k + 1)− zω,∗‖2
2

=‖ (zω(k)− zω,∗)− γkg(xω(k))‖2
2

=‖zω(k)− zω,∗‖2
2 + γ2

k‖g(zω(k))‖2
2

− 2γkg(zω(k))> (zω(k)− zω,∗) .

(3.90)

Substitute (3.80) with ẑω = zω,∗ and zω = zω(k) into (3.90), we have

‖zω(k + 1)− zω,∗‖2
2

≤‖zω(k)− zω,∗‖2
2 + γ2

k‖g(zω(k))‖2
2

− 2γk

(
Ctotal (z

ω(k))− Ctotal (zω,∗)
)
.

(3.91)

We prove the convergence to the optimality using contradiction, and thus

assume the sequence {zω(k)} does not converge to the optimal solution zω,∗,

as k →∞. Without loss of generality, for some sufficiently small ε > 0 and a

large integer K > 0, we have

Ctotal (z
ω(k)) ≥ Ctotal (z

ω,∗) + ε, for all k > K. (3.92)

Substitute (3.92) into (3.91), and sum the preceding inequalities over

k = K, ...,∞, we obtain

lim
k→∞
‖zω(k + 1)− zω,∗‖2

2

≤ ‖zω(K)− zω,∗‖2
2 −

∞∑
k=K

γk
(
2ε− γk‖g(zω(k))‖2

2

)
.

(3.93)

Since ‖g(zω(k))‖2
2 is upper bounded, and given the diminishing stepsize
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limk→∞ γk = 0 and limk→∞
∑

k γk = ∞, there exists K̂ ≥ K, such that

‖g(zω(k))‖2
2 ≤ ε

γk
. Therefore, we have

∞∑
k=K

εγk =∞,

∞∑
k=K

γk
(
ε− γk‖g(zω(k))‖2

2

)
<∞,

and thus, we show that the left-hand side in (3.93) tends to −∞, which

contradicts with the non-negativity of a norm.

Therefore, we conclude that Algorithm 3.1 converges to the optimal

solution zω,∗ with a diminishing stepsize γk, i.e. limk→∞Ctotal (z
ω(k)) =

Ctotal (z
ω,∗).

This completes the proof.

3.11.5 Proof of Theorem 3.3

We use the primal decomposition method to prove that Problem EP1 is

equivalent to the two-period stochastic programming problem P1 and P2.

First, we substitute (3.37) into Problem EP1, and rewrite as

min δ [csαs + cwαw + ceαe]

+ (1− δ)D · Eω

[
βCo(q

ω) + (1− β)
∑
i∈N

Ci(x
ω
i )

]
s.t. (3.39)− (3.47), (3.18), (3.19),

Variables: αs, αw, αe,Q
ω, qω,xω, rωc , r

ω
d , s

ω.

(3.94)

For simplicity of notation, we let α , {αs, αw, αe} denote the vector of

invested capacities, and let zω , {Qω, qω,xω, rωc , r
ω
d , s

ω} denote the power

schedule in scenario ω ∈ Ω.
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We find that variables α and zω are coupled in constraints (3.39), (3.44),

(3.45) and (3.47). Therefore, if we fix one set of variables (i.e. α), we can

decompose problem (3.94) into two levels of optimization problems. The

higher level problem optimizes α, and the lower level problem optimizes

{zω,∀ω ∈ Ω} with given α.

Specially, given α, we can remove the investment cost term

δ [csαs + cwαw + ceαe] and constraints (3.18), (3.19), as well as the non-

negative coefficient (1 − δ)D ≥ 0 in the original problem (3.94), and obtain

the lower level problem as

min
{zω},∀ω∈Ω

Eω

[
βCo(q

ω) + (1− β)
∑
i∈N

Ci(x
ω
i )

]
,

s.t. (3.39)− (3.47),

(3.95)

where by introducing the realization probability πω ≥ 0, the objective function

of (3.95) can be rewritten as

∑
ω∈Ω

πω

[
βCo(q

ω) + (1− β)
∑
i∈N

Ci(x
ω
i )

]
,

which is separable in terms of scenarios ω ∈ Ω. Moreover, we find that

all the constraints (3.39)-(3.47) are also decoupled with respect to scenarios

ω ∈ Ω. Therefore, we can further decompose the lower level problem (3.95)

into S , |Ω| number of the following subproblems:

min
zω

βCo(q
ω) + (1− β)

∑
i∈N

Ci(x
ω
i ),

s.t. (3.39)− (3.47),

(3.96)

each of which optimizes power schedule zω in scenario ω ∈ Ω.
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At the higher level, we have the master problem:

min
α

δCI(α) + (1− δ)D · Eω∈Ω [f(α, ω)]

s.t. (3.18), (3.19),

(3.97)

where f(α, ω) = min
zω

[
βCo(a

ω) + (1− β)
∑

i∈N Ci(x
ω
i )
]

is the optimal

objective value of (3.96) in scenario ω for a given α. In addition, as Problem

EP1 is a convex optimization problem, the lower level subproblems (3.96) and

the higher level master problem (3.97) are all convex programs.

So far, we have decomposed Problem EP1 into two levels of equivalent

subproblems (3.96) and (3.97) via the primal decomposition. Comparing

to the two-period stochastic programs P1 and P2, we find that the lower

level subproblems (3.96) and the higher level master problem (3.97) are

identical to the second period problems P2 and first period problem P1,

respectively. Thus, we conclude that Problem EP1 is equivalent to the two-

period stochastic programming problem P1 and P2.

This completes the proof.

3.11.6 Proof of Theorem 3.4

Based on the robust optimization problem for operating cost minimization

RP2 in (3.25), given the power scheduling Qω, qω, {xωi ,∀i ∈ N} , rωc , rωd , sω,

the worst case performance is derived by solving the following problem:

max
eωs ,e

ω
w

Ĉo(Q
ω, eωs , e

ω
w) (3.98)

s.t. eω,ts,min ≤ eω,ts ≤ eω,ts,max, t ∈ T , (3.99)

eω,tw,min ≤ eω,tw ≤ eω,tw,max, t ∈ T , (3.100)



CHAPTER 3. INVESTMENT AND OPERATION OF ENERGY PORTFOLIO IN MICROGRID 113

where we verify that the objective function (3.98) is convex in eωs , e
ω
w, and

maximizing (3.98) makes the problem nonconvex. Thus, the worst case

solution cannot be solved by standard convex optimization techniques, e.g.,

KKT conditions.

However, we can solve the worst case solutions explicitly as eω,∗s =

{eω,ts,min, ∀t ∈ T } and eω,∗w = {eω,tw,min, ∀t ∈ T }, shown in Theorem 3.4.

Next, we will prove Theorem 3.4 using contradiction. Assume that ẽωs ∈ Eωs
and ẽωw ∈ Eωw are the optimal solutions, and {ẽωs , ẽ

ω
w} 6= {eω,∗s , eω,∗w }. Let ∆ω

s

and ∆ω
w denote the difference between {ẽωs , ẽ

ω
w} and {eω,∗s , eω,∗w }, such that

∆ω
s = ẽωs − eω,∗s ≥ 0, (3.101)

∆ω
w = ẽωw − eω,∗w ≥ 0, (3.102)

where there exist some time slots (at least one time slot) T̃ ⊂ T , such that

∆ω,τ
s > 0 or ∆ω,τ

w > 0, when τ ∈ T̃ .

We denote aω,t = Qω,t − αs(η
ω,t
s + ẽω,ts ) − αw(ηω,tw + ẽω,tw ), and yield the

following inequality

Ĉo(Q
ω, ẽωs , ẽ

ω
w)− Ĉo(Qω, eω,∗s , eω,∗w )

=
∑
t∈T

{[(
aω,t
)+
]2

−
[(
aω,t + αs∆

ω,t
s + αw∆ω,t

w

)+
]2
}

=
∑
τ∈T̃

{[
(aω,τ )+]2 − [(aω,τ + αs∆

ω,τ
s + αw∆ω,τ

w )+]2}
≤
∑
τ∈T̃

{[
(aω,τ )+]2 − [(aω,τ + αw∆ω,τ

w )+]2}
≤
∑
τ∈T̃

{[
(aω,τ )+]2 − [(aω,τ )+]2} = 0,

as function (aω,τ + αs∆
ω,τ
s + αw∆ω,τ

w )+ is nondecreasing in ∆ω,τ
s and ∆ω,τ

w ,
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given αs ≥ 0 and αw ≥ 0.

Thus, the inequality Ĉo(Q
ω, ẽωs , ẽ

ω
w) ≤ Ĉo(Q

ω, eω,∗s , eω,∗w ) contradicts with

the assumption that {ẽωs , ẽ
ω
w} are the optimal solutions that maximize (3.98).

Therefore, the worst case solutions must satisfy {ẽωs , ẽ
ω
w} = {eω,∗s , eω,∗w }.

This completes the proof.

2 End of chapter.
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Chapter 4

Incentivize Energy Trading for

Interconnected Microgrids

In this chapter, we study the interactions among interconnected autonomous

microgrids and propose a joint energy trading and scheduling strategy.

Each interconnected microgrid not only schedules its local power supply

and demand but also trades energy with other microgrids in a distribution

network. Specifically, microgrids with excessive renewable generations can

trade with other microgrids in the deficit of power supplies for mutual

benefits. Since interconnected microgrids operate autonomously, they aim to

optimize their own performance and expect to gain benefits through energy

trading. We design an incentive mechanism using Nash bargaining theory to

encourage proactive energy trading and fair benefit sharing. We solve the

bargaining problem by decomposing it into two sequential problems on social

cost minimization and trading benefit sharing, respectively. For practical

implementation, we propose a decentralized solution method with minimum

information exchange overhead. Numerical studies based on the realistic data

demonstrate that the total cost of the interconnected-microgrids operation

116
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can be reduced by up to 13.2% through energy trading, and an individual

participating microgrid can achieve up to 29.4% reduction in its cost through

energy trading.

This chapter is organized as follows. We introduce the energy trading

problem among microgrids in Section 4.1 and review the related work in

Section 4.2. In Section 4.3, we formulate the joint energy trading and

scheduling of interconnected microgrids as a Nash bargaining problem. We

present theoretical analysis of the problem and propose a decentralized

solution method in Section 4.4 and 4.5, respectively. Numerical results are

presented in Section 4.6. Finally, we summarize this chapter in Section 4.7.

4.1 Introduction

A microgrid [10, 11] is an interconnected network of several energy sources

(including both conventional and renewable energy generators), which

serve the local electrical loads from residential, commercial, and industrial

consumers. In comparison with the centralized and conventional model of

power system, microgrids bring several benefits: reducing power transmission

loss, enhancing the system resilience, and integrating distributed generations,

especially from renewable sources. Wide deployment and proper management

of microgrids can have significant positive impact on the overall power grid

system.

Several recent representative studies on the interactions among multiple

microgrids include [12–15] and the references therein. However, the studies

in [12–15] either assumed that all the microgrids are coordinated by a common

grid operator, or focused on the interaction between the main grid and

microgrids in a hierarchical structure. Although these scenarios are practically

important, it is equally important to consider the scenario that involves
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multiple small autonomous microgrids operating in a distributed fashion,

which is considered as an important feature of the next generation smart grid

[10,11]. These interconnected microgrids can exchange energy and information

with each other, and are operated by independent microgrid operators instead

of a common coordinator. This essentially leads to a small scale energy market

of interconnected microgrids. Thus, it is important to design a new operation

framework for this new decentralized paradigm.

To design a new distributed optimization operation framework for

interconnected microgrids, we need to tackle the following two challenges:

incentive issues and decision coupling. First, autonomous microgrids are

independent entities with self-interests, and they will only interact with other

microgrids if such interactions lead to additional benefits. Hence, it is essential

to design incentive mechanisms that encourage such interactions. Second, each

microgrid has two different types of operating decisions: external strategy

on how to interact with other microgrids and internal strategy on how to

coordinate local power supply and demand. These two types of operating

decisions are coupled, e.g., selling energy to other microgrids will reduce the

energy supply that can be used to satisfy local needs. Similarly, the decisions

of different microgrids are also tightly coupled together, as the total supply

and demand in the market depend on every microgrid’s decision.

In this chapter, we propose an incentive mechanism using Nash bargaining

solution, to encourage proactive interactions and fair benefit sharing among

interconnected microgrids. All the interconnected microgrids jointly optimize

their energy trading and scheduling, by taking the advantages of diverse supply

and demand patterns in different microgrids. The key idea is to exploit the

fact that supply and demand profiles in different microgrids exhibit both time

and location diversities. Due to the time-varying and location-dependent
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nature of renewable energy generations, one microgrid may have excess local

renewable generations at the same time when another microgrid is deficient in

power supply from its local generation. In addition, users’ power consumption

profiles in different microgrids can also be significantly different, because of

various types of consumers. Measurement data show that the residential

users consume more power in the night while the commercial power usage

reaches the peak during day-time [63]. The diversified renewable outputs and

demand profiles provide ample opportunities for interconnected microgrids to

exchange electricity with each other to enhance their operational performance

and reduce operating cost.

The main contributions of this chapter are listed as follows.

• Joint scheduling and trading : We develop a holistic model for the

microgrids-system to jointly optimize power scheduling within individual

microgrids and energy trading among interconnected microgrids.

• Incentive mechanism design: We propose a bargaining-based incentive

mechanism for energy trading among interconnected microgrids, which

can leverage their diverse supply/demand profiles and bring mutual

benefits.

• Problem decomposition and distributed solution: We decompose the

bargaining problem into two sequential subproblems to solve the optimal

energy schedules and trading payments, respectively. We also design a

distributed solution method with limited information exchange overhead

that is suitable for the practical implementation.

• Numerical simulations and implications : Numerical studies based on

realistic data demonstrate the effectiveness of the energy trading



CHAPTER 4. INCENTIVIZE ENERGY TRADING FOR INTERCONNECTED MICROGRIDS 120

solution, with a total cost reduction of 13.2% for the interconnected-

microgrids system.

4.2 Related Work

Operation of the multiple-microgrids system has attracted extensive research

in [12–15]. Fathi and Bevrani studied cooperative power dispatching of

multiple interconnected microgrids in [12], and considered the impact of

demand uncertainty in [13]. The studies in [12, 13] all assumed that the

microgrids are coordinated by a common operator. This may not always be

the case in practice, where microgrids can be self-managed and independent

entities. Asimakopoulou et al. [14] proposed a leader-follower energy

management strategy to study the interactions between an energy producer

and energy service providers. Wang et al. [15] studied the interactions between

a distribution network operator and clusters of microgrids. The studies

in [14, 15] have mainly focused on the interactions between the main grid

and microgrids under a hierarchical structure.

Several other studies explored direct interactions among interconnected

microgrids [64, 65]. Matamoros et al. [64] studied energy trading between

two islanding microgrids. Gregoratti and Matamoros [65] explored energy

exchange among multiple microgrids, and formulated a convex optimization

problem to minimize the global cost. However, studies in [64] and [65] did

not consider the self-interests of multiple microgrids. Recent work [46,66–68]

studied the energy trading and management problems of microgrids using

game-theoretic approaches. For example, Zhang et al. in [66] proposed a

randomized auction framework for microgrids to participate in the electricity

market. Saad et al. in [67] proposed a coalition game model for the

energy trading among multiple microgrids to minimize the power loss in
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the distribution network. Wang et al. in [46] proposed a double-auction

market for distributed storage units to trade energy in the smart grid.

Nunna et al. in [68] proposed an agent-based energy management method

to facilitate energy trading among microgrids with demand response and

distributed storage. In this chapter, we aim to study the energy trading

among multiple interconnected microgrids, considering the self-interest and

diverse generation and load profiles of each microgrid. We formulate a

holistic model for the interconnected-microgrids system and jointly optimize

both their internal power scheduling and external energy trading. We

design an incentive mechanism to encourage proactive energy trading among

interconnected microgrids, such that each participating microgrid can benefit

from the trading. We propose a two-step solution method, and design a

distributed algorithm to solve energy trading and payment. Finally, we

validate the performance of our proposed method using realistic data.

4.3 Interconnected-Microgrids System

We consider a network ofM interconnected microgridsM = {1, ...,M}. These

microgrids are connected to the main power grid16, and are also interconnected

with each other. These interconnected microgrids can exchange power and

information with each other through a power bus and a communication

16Microgrid can work either in the island mode or in the connected mode. In the island
mode, the microgrid is isolated from the main grid and only relies on its local generation as
the supply. In the connected mode, the microgrid is connected to the main grid, and can
purchase power from the main grid. We assume that the microgrid works in the connected
mode.
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Figure 4.1: A system of microgrids that are interconnected through energy
and information infrastructures.

network. Fig. 4.1 illustrates such a system model. Each microgrid i ∈

M contains the following components: local renewable generation, energy

storage, and demand responsive users. The microgrid operator is responsible

for the power scheduling in the microgrid as well as its energy trading with

other interconnected microgrids. We consider an operation horizon of one

day, which is divided into T = 24 equal time slots, denoted as T = {1, ..., T}.

We focus on the energy trading and scheduling in a day-ahead market. The

microgrid operator is responsible for the power scheduling in the microgrid

as well as its energy trading with other interconnected microgrids at the

beginning of each day.

As power scheduling and energy trading are highly coupled across

microgrids, we aim at the joint optimization of all the interconnected

microgrids in a distributed fashion. Before presenting the interconnected

energy-trading model, we formulate the power scheduling problem within each
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microgrid.

4.3.1 Power Scheduling in Each Microgrid

The power supply in microgrid i can be categorized into local renewable power

generation and power from the main grid.

4.3.1.A Local Renewable Power Generation

There are various types of renewable energy technologies, such as wind,

photovoltaic, biomass, and tidal systems. We will focus on the renewable

power generation from the wind source as a concrete example,17 as our later

numerical evaluations will be based on the wind speed data obtained from the

Hong Kong Observatory [56].

Based on the hourly wind speed data [56], we use a wind power model [51]

to calculate the corresponding wind power generation ηi = {ηti , ∀t ∈ T }

in microgrid i per kW capacity. We assume that microgrid i has installed

wind turbine generators with total generation capacity Gi (kW ), and have

the following constraint for the wind power supply gi = {gti , ∀t ∈ T }:

0 ≤ gti ≤ ηtiGi, ∀t ∈ T , ∀i ∈M, (4.1)

where ηtiGi denotes the maximum available wind power of microgrid i in time

slot t. Note that the local wind power usage gti of microgrid i in time slot

t can be less but no greater than the available wind power ηtiGi, because

17Our theoretic model and analysis are applicable to other renewable sources.
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the microgrid operator can either curtail excess wind power generation or sell

excess generation back to the main grid.

Different from conventional power generations, wind power generation

does not consume fuel sources, so for simplicity, we assume a zero marginal

generation cost [49].

4.3.1.B Power Grid Power Schedule

When the local wind power generation is not adequate to meet the demand,

microgrid i can also purchase electricity from the main power grid. Let qtb,i

denote the power bought from the main grid by microgrid i in time slot t,

and define qb,i = {qtb,i, ∀t ∈ T }. The purchased power qb,i is subject to the

following constraint:

0 ≤ qtb,i ≤ Qmax
b,i , ∀t ∈ T , ∀i ∈M, (4.2)

where Qmax
b,i denotes the maximum amount of power that microgrid i can

purchase from the main grid, due to physical capacity limit.

When the microgrid has excess local wind power generation, it can sell

power back to the main grid under a feed-in tariff contract [69]. Let qts,i

denote the power sold to the main grid by microgrid i in time slot t, and

define qs,i = {qts,i, ∀t ∈ T }. The power sold to the main grid qs,i satisfies the

following constraint:

0 ≤ qts,i ≤ Qmax
s,i , ∀t ∈ T , ∀i ∈M, (4.3)

where Qmax
s,i denotes the maximum allowed amount of power that microgrid i

can sell to the main grid.

Energy cost is associated with the main grid power schedules and prices.
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We denote ptb as the power procurement (buying) price and denote pts as the

power feed-in (selling) price18 set by the main grid in time slot t. For notational

simplicity, we let qi = {qb,i, qs,i} denote the main grid power schedule of

microgrid i over T time slots. The energy cost of microgrid i is written as

Ci(qi) =
∑
t∈T

(
ptbq

t
b,i − ptsqts,i

)
, ∀i ∈M. (4.4)

4.3.1.C Local Power Demand

Let Ni denote the set of users in microgrid i ∈ M. We classify the loads of

each user n ∈ Ni into two categories: inelastic loads and elastic loads.

The inelastic loads, such as refrigerator and illumination demands, cannot

be easily shifted over time. We let bti denote the aggregate inelastic load of

all the users in microgrid i and time slot t, and denote bi = {bti, ∀t ∈ T }.

The elastic loads, such as electric vehicle, HVAC (heating, ventilation and air

conditioning) and washer demands, can be flexibly scheduled over time. For

user n ∈ Ni in microgrid i, the elastic load is denoted as xn = {xtn, ∀t ∈ T },

where xtn is user n’s elastic power consumption in time slot t.

The demand response program can only control the elastic loads, and

18We assume that all the microgrids are connected to the same main grid, and the power
buying/selling prices for all the microgrids are the same.
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should be subject to the following constraints:

∑
t∈T

xtn = Dn, ∀n ∈ Ni, ∀i ∈M, (4.5)

dt,min
n ≤ xtn ≤ dt,max

n , ∀t ∈ T , ∀n ∈ Ni, ∀i ∈M, (4.6)

where constraint (4.5) corresponds to the prescribed total energy requirement

Dn in the entire operation horizon. Constraint (4.6) provides a lower bound

dt,min
n and upper bound dt,max

n for the power consumption of user n in each

time slot t.

Elastic power consumption of user n can be scheduled across time as long

as the power consumption satisfies the constraints (4.5) and (4.6). However,

scheduling power load may affect user’s comfort. Let yn = {ytn, ∀t ∈ T }

denote the most preferred power consumption of user n. When the actual

power consumption xn deviates from the preferred power consumption yn,

user n will experience discomfort. Similar as the discomfort measure in [57],

we define the discomfort cost of user n as

Cn(xn) = βn
∑
t∈T

(
xtn − ytn

)2
, (4.7)

where (xtn − ytn)
2

measures how much the actual power consumption differs

from the preferred power consumption. Weighted coefficient βn is used to

indicate the sensitivity of user n towards the power consumption deviation.

4.3.1.D Local Energy Storage

Energy storage (such as batteries) can smooth out the intermittent wind

power generation, flatten the power load by charging when the load is low

and discharging during peak load times, and exploit time-varying electricity
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prices for arbitrage. We assume that microgrid i has installed energy storage

devices with a total capacity Smax
i , and let sti, r

t
c,i, and rtd,i denote the amount

of electricity stored, charged, and discharged in time slot t, respectively.

First, the charging and discharging power in each time slot t are bounded,

and satisfy the following constraints:

0 ≤ rtc,i ≤ rmax
c,i , ∀t ∈ T , ∀i ∈M, (4.8)

0 ≤ rtd,i ≤ rmax
d,i , ∀t ∈ T , ∀i ∈M, (4.9)

where rmax
c,i and rmax

d,i denote the maximum charging and discharging rates of

energy storage in microgrid i, respectively.

Second, there are power losses when electricity is charged into and

discharged from the battery. We denote ηc,i ∈ (0, 1] and ηd,i ∈ (0, 1] as the

conversion efficiencies of charging and discharging. Therefore, we obtain the

energy storage dynamics of microgrid i in time slot t as

sti = st−1
i + ηc,ir

t
c,i −

rtd,i
ηd,i

, ∀t ∈ T , ∀i ∈M. (4.10)

Third, repeated charging and discharging cause degradation of the energy

storage devices. The life-time of energy storage is usually characterized by

the number of charging/discharging cycles under a given depth of discharge

(DoD) [61], which is defined as the maximum discharge to the capacity. The

storage can sustain more charging/discharging cycles with smaller DoD. We

denoteDoDi as the DoD requirement for energy storage operation in microgrid

i, and have the following constraint for the energy level:

(1−DoDi)S
max
i ≤ sti ≤ Smax

i , ∀t ∈ T , ∀i ∈M, (4.11)
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where Smax
i and (1 − DoDi)S

max
i are upper and lower bounds for the level

of stored energy in microgrid i, respectively. Specifically, the stored energy

should be no greater than the physical capacity Smax
i , and no less than the

operational requirement (1−DoDi)S
max
i . We also restrict the terminal energy

level sTi to be the same as its initial level s0
i , such that the daily storage

operation is decoupled across different days.

Last, to incorporate the degradation of energy storage caused by charging

and discharging, we introduce cs as the amortized cost of charging and

discharging over the lifetime, and model the cost of energy storage operation

[70] as

Cs(rc,i, rd,i) = cs

(∑
t∈T

rtc,i +
∑
t∈T

rtd,i

)
, (4.12)

where rc,i = {rtc,i, ∀t ∈ T } and rd,i = {rtd,i, ∀t ∈ T } denote the charging and

discharging amount over the operation horizon T in microgrid i, respectively.

4.3.2 Single Microgrid’s Cost Minimization Problem

In each microgrid, its operator coordinates the power scheduling, energy

storage charging, discharging, and elastic load shifting. First of all, the

microgrid operator should keep the power supply and demand balanced, i.e.,

gti + qtb,i + rtd,i = qts,i + rtc,i + bti +
∑
n∈Ni

xtn, ∀t ∈ T ,∀i ∈M, (4.13)

where the left-hand side represents the total power supply in time slot t,

including wind power generation gti , power drawn from the main grid qtb,i, and

power discharged from the battery rtd,i. The right-hand side represents the

total power demand in time slot t, including power sold to the main grid qts,i,
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power charged into the battery rtc,i, aggregate inelastic load bti and aggregate

elastic load of all the users
∑

n∈Ni
xtn.

Moreover, the power sold to the main grid qts,i cannot be greater than the

total available power of microgrid i, i.e.,

qts,i ≤ ηtiGi − gti + sti, ∀t ∈ T ,∀i ∈M, (4.14)

where the total available power in time slot t consists of the local wind power

surplus ηtiGi − gti and the battery energy level sti.

We assume that the microgrid operator owns both renewable energy

generators and energy storage facilities, and can schedule the elastic loads

through demand response programs. The objective of each microgrid operator

is to minimize its total operating cost, including the energy cost, energy

storage operation cost, and users’ discomfort costs. For simplicity, we denote

the operating cost of microgrid i as

CO
i (qi,xn, rc,i, rd,i) ,Ci(qi) +

∑
n∈Ni

Cn(xn) + Cs(rc,i, rd,i).

Therefore, we formulate the microgrid operator’s operating cost minimiza-

tion problem as follows

Cost minimization problem for Microgrid i (P-MGi)

min CO
i (qi,xn, rc,i, rd,i)

subject to (4.1)–(4.3), (4.5), (4.6), (4.8)–(4.11), (4.13), and (4.14),

variables: gi, qi,xn, rc,i, rd,i.

We can verify that Problem P-MGi is convex, and can be efficiently solved
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by several standard optimization techniques [34]. We let CNon
i denote the

optimal value of the objective function in Problem P-MGi, which indicates

the minimum cost that microgrid i can achieve without trading energy

with other microgrids. It also serves as the noncooperative benchmark for

comparison to the energy trading scenario in Section 4.3.3.

4.3.3 Energy Trading among Interconnected

Microgrids

Now we consider the possibility of energy trading among interconnected

microgrids. Microgrids at different locations have different renewable power

generations and local load profiles. Through trading energy with each other,

interconnected microgrids can exploit the diversities of supply and demand

patterns, and achieve mutual benefits. Next, we will study the energy trading

interactions among interconnected microgrids based on the Nash bargaining

solution [71].

A Nash bargaining problem solves a fair Pareto optimal solution and leads

to a bargaining solution, which fulfills the following axioms [71].

1. Individual Rationality : All players should improve their utilities through

the bargaining compared with their performances without cooperation

(namely disagreement points); otherwise, they would not cooperate.

2. Feasibility : For the bargaining game, there exists at least one feasible

solution that satisfies all the constraints.

3. Pareto Optimality : A player cannot find another solution, in which every

player receives a utility no smaller than the one received in the Nash

bargaining game, and some player receives a payoff that is strictly higher

than the one received in the Nash bargaining game.
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4. Independence of Irrelevant Alternatives : If the bargaining solution is

found on a smaller domain of the feasible set, then the solution is not

affected by expanding the smaller domain within the feasible set.

5. Independence of Linear Transformations : The bargaining solution is

invariant if the utility function and disagreement point are scaled by a

linear transformation.

6. Symmetry : If players have the same disagreement points and utility

functions, they will have the same utility at the bargaining solution

regardless of their indices.

Axioms 1), 2), and 3) define the bargaining set, and axioms 4), 5), and 6)

ensure the fairness of the bargaining solution.

We consider that each microgrid i ∈ M bargains with all the other

interconnected microgrids to determine the amount of energy trading ei =

{eti,j, ∀t ∈ T , ∀j ∈M\i} and the associated payment πi = {πi,j, ∀j ∈M\i}.

Here eti,j denotes the amount of energy that microgrid i exchanges with

microgrid j in time slot t, and πi,j denotes the associated payment for energy

trading between microgrid i and microgrid j. If microgrid i purchases energy

from microgrid j in time slot t, then eti,j > 0; otherwise, microgrid i sells

energy to microgrid j and eti,j < 0. Similarly, if microgrid i makes payment

to microgrid j, then πi,j > 0; otherwise microgrid i receives payment from

microgrid j and πi,j < 0.19

19Note that the payments πi are determined through bargaining between microgrids, and
are not necessary linear in terms of the energy exchange ei.
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The energy trading and payment among microgrids should satisfy the

market clearing constraints:

eti,j + etj,i = 0, ∀t ∈ T , ∀j ∈M\i, ∀i ∈M, (4.15)

πi,j + πj,i = 0, ∀j ∈M\i, ∀i ∈M. (4.16)

We assume that the microgrids are located close to each other, such that

the loss of energy exchange is negligible. The new power balance constraint

for each microgrid is written as

gti + qtb,i + rtd,i +
∑
j∈M\i

eti,j = qts,i + rtc,i + bti +
∑
n∈Ni

xtn, ∀t ∈ T , ∀i ∈M, (4.17)

where
∑

j∈M\i e
t
i,j is the net energy traded between microgrid i and all other

microgrids in time slot t. If
∑

j∈M\i e
t
i,j > 0, microgrid i purchases energy

from other microgrids to serve its local demand; otherwise,
∑

j∈M\i e
t
i,j < 0,

microgrid i sells energy to make profit.

Though the interconnected microgrids cooperate and trade energy with

each other, they are still independent and selfish players. Each microgrid is a

self-interested rational decision maker, it aims to optimize its own performance

in terms of minimizing its total cost through energy trading. Compared

with the cost function of microgrid i in Problem P-MGi, the interconnected

microgrid has an extra cost that is the payment to other microgrids, i.e.,

Ce(πi) =
∑
j∈M\i

πi,j.

The overall cost of microgrid i consists of both operating cost

CO
i (qi,xn, rc,i, rd,i) and trading payment Ce(πi). It is clear that a microgrid

will only participate in the trading if it can reduce its overall cost. This means
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that some microgrids may choose not participate in the trading. LetM′ ⊆M

denote the subset of microgrids that can benefit from energy trading, and we

have the following constraint:

CO
i (qi,xn, rc,i, rd,i) + Ce(πi) ≤ CNon

i , ∀i ∈M′. (4.18)

Here the left-hand side of the inequality counts the overall cost of microgrid

i when participating in the energy trading. In the right-hand side, CNon
i

denotes the minimized cost that microgrid i can achieve without trading

energy with other microgrids. In the bargaining literature we also call CNon
i

the disagreement point.

4.3.4 Nash Bargaining Formulation for Energy Trading

We letM′ ⊆M denote the set of microgrids who are willing to trade energy

with each other. For the microgrids j ∈ M\M′, they cannot benefit from

energy trading and thus have no incentive to participate in the energy trading.

Therefore, we focus on the microgrids in set M′ and formulate their energy

trading as a Nash bargaining problem:

Nash bargaining problem for energy trading (NBP)

max
∏
i∈M′

[
CNon
i −

(
CO
i (qi,xn, rc,i, rd,i) + Ce(πi)

)]
subject to (4.1)–(4.3), (4.5), (4.6), (4.8)–(4.11), and (4.14)–(4.18),

variables: {gi, qi,xn, rc,i, rd,i, ei,πi, i ∈M′},

where CNon
i −

(
CO
i (qi,xn, rc,i, rd,i) + Ce(πi)

)
corresponds to the cost reduction

of microgrid i, i.e., the difference between disagreement point CNon
i and the

total cost CO
i (qi,xn, rc,i, rd,i) + Ce(πi) of microgrid i through bargaining.
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Compared with the summation of performance improvement of microgrids,

the Nash product can guarantee that the benefits of cooperation are shared

by each microgrid in a fair manner.

Solving Problem NBP yields the optimal strategy of energy trading and

payment, as well as the optimal power scheduling in each microgrid i ∈ M′.

However, we do not know the subset M′ before hand. Moreover, to solve

Problem NBP centrally, we need complete information of the interconnected-

microgrids system, including all the operational parameters of each microgrid.

This, however, may not be feasible in practice.

To address the above two issues, we will analyze the Problem NBP to

identify those microgrids who are willing to trade energy in Section 4.4, and

design a decentralized solution method for the practical implementation in

Section 4.5.

4.4 Problem Analysis

In this section, we will analyze the Nash bargaining problem NBP and explore

the connection between the bargaining solution and the socially optimal

solution of the interconnected-microgrids system. Based on the connection,

we then decompose NBP into two consecutive problems on energy trading &

scheduling and trading payment, respectively.

We first assume that we know the subsetM′,20 and focus on the microgrids

in set M′. Each microgrid i ∈ M′ is willing to participate in the energy

20We will later discuss how to determine the subset M′ in Theorem 4.1.
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trading market and can strictly improve its performance in terms of lowering

its total cost i.e., CO
i (qi,xn, rc,i, rd,i) + Ce(πi) < CNon

i . Take this group

of microgrids as the new system, and the total cost for the system will be

reduced due to energy trading, i.e.,
∑

i∈M′
[
CO
i (qi,xn, rc,i, rd,i) + Ce(πi)

]
<∑

i∈M′ C
Non
i . But there remains a question: what is the optimal total cost

for the microgrids-system? We have the following observation presented in

Proposition 4.1.

Proposition 4.1. For the microgrids in set M′, the optimal energy trading

& scheduling solution to Problem NBP also minimizes the total cost of this

group of microgrids i ∈M′.

Proposition 4.1 shows that the cooperation among microgrids achieves

the best performance for the system. The intuition is as follows. The

microgrids can be better off if the overall performance of the system improves,

as they are able to gain benefits from the performance improvement (as cost

reduction) of the overall system through proper money transfer (payments).

Therefore, all the microgrids will cooperate to maximize the total benefit of

the system, which explains why the minimum total cost can be achieved.

For microgrids in set M\M′, they do not have incentives to trade energy,21

and thus each such microgrid i achieves the same performance of CNon
i as in

Section 4.3.2, when they operate separately from other microgrids. Therefore,

21There are several scenarios where some microgrids do not have incentives to participate
in the energy trading market. For example, when the microgrid perfectly balances its local
demand and generation, there is no need to purchase energy from outside or no excessive
supply to sell. Another possible scenario is that all the microgrids have excessive renewable
energy generation than their demands, hence trading does not happen.
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only those microgrids in set M′ that trade energy with others contribute to

the total cost reduction of the system. Next, we present a systematic method

to determine which microgrids do not trade energy in the system.

By Proposition 4.1, we can decompose the original Nash bargaining

problem NBP into two sequential subproblems, as presented in Theorem

4.1.

Theorem 4.1. The energy-trading bargaining problem NBP can be

decomposed into two sequential subproblems on energy trading & scheduling

and trading payment, denoted as P1 and P2, respectively. In the first step, we

solve a social operating cost minimization problem P1 for the interconnected-

microgrids system, which yields the optimal energy scheduling and energy

trading for all microgrids. Those microgrids that trade energy with other

microgrids form the set M′. In the second step, microgrids in set M′ bargain

with each other to determine the energy-trading payments in P2.

P1: Social operating cost minimization problem

min
∑
i∈M

CO
i (qi,xn, rc,i, rd,i)

subject to (4.1)–(4.3), (4.5), (4.6), (4.8)–(4.11), (4.14), (4.15), and (4.17),

variables: {gi, qi,xn, rc,i, rd,i, ei, i ∈M}.

Solving P1 determines the optimal energy trading & scheduling

{g∗i , q∗i ,x∗n, r∗c,i, r∗d,i, e∗i } for each microgrid i ∈ M. If a microgrid i has

a nonzero energy trading vector ei, then it belongs to set M′, and will

participate in the payment bargaining in Problem P2. For the non-trading

microgrids j ∈ M\M′, they do not participate in the payment bargaining

and their operating costs are the same as the disagreement points CNon
j .
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P2: Payment bargaining problem

max
∏
i∈M′

(
δ∗i − Ce(πi)

)
subject to (4.16) and (4.18),

variables: {πi, i ∈M′},

where δ∗i , CNon
i − CO

i (q∗i ,x
∗
n, r

∗
c,i, r

∗
d,i) denotes the operating cost reduction

of microgrid i based on the optimal solution of Problem P1.

Theorem 4.1 decomposes the bargaining problem NBP into two

subproblems, which can be solved sequentially. Firstly, the interconnected

microgrids cooperate together to trade energy and minimize the total

operating cost of the whole system. Secondly, they bargain about how to share

the benefit from their cooperation. Problem P1 and P2 are both convex, and

can be solved efficiently in a centralized optimization manner. However, this

may not be feasible in practice, as each microgrid is an independent decision

maker, and the smart grid operator may not directly control each microgrid’s

energy trading and scheduling. Moreover, each microgrid has two categories of

decision variables: power schedules {gi, qi,xn, rc,i, rd,i} as internal variables,

and energy trading & payment {ei,πi} as external variables. Centralized

optimization is not practical because it may violate the privacy of microgrid’s

internal operation. We will discuss the design of a decentralized algorithm to

solve P1 and P2 in the next section.

4.5 Decentralized Solution Method

In this section, we design a decentralized solution method, which enables

the microgrids to coordinate with each other to solve P1 and P2. We use
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the alternating direction method of multipliers (ADMM) [72] to design the

distributed algorithm, as ADMM has good convergence properties for the

optimization problems with non-strictly convex objective functions and large-

scale variables.

4.5.1 Solving Problem P1 (Social Cost Minimization)

First, we solve P1 in a decentralized fashion. Let us introduce auxiliary

variables êi = {êti,j,∀j ∈M\i, ∀t ∈ T }, and replace constraints (4.15) by

êti,j = eti,j, ∀t ∈ T , ∀j ∈M\i, ∀i ∈M, (4.19)

êti,j + êtj,i = 0, ∀t ∈ T , ∀j ∈M\i, ∀i ∈M. (4.20)

We define λ = {λti,j} as the dual variables associated with constraints

(4.19), and have the augmented Lagrangian for P1:

L1(gi, qi,xn, rc,i, rd,i, ei, êi,λ)

=
∑
i∈M

CO
i (qi,xn, rc,i, rd,i) +

∑
j∈M\i

∑
t∈T

(ρ1

2

(
êti,j − eti,j

)2
+ λti,j

(
êti,j − eti,j

)) ,
where ρ1 > 0 is a parameter for the quadratic penalty of constraint (4.19).

We will discuss the choice of ρ1 later on.

The ADMM solution method involves iterations between a lower level

problem and a higher level problem. Specifically, the lower level problem

involves microgrids solving their local optimization problems in parallel based

on fixed dual variables λ and auxiliary variables ê. The upper-level problem

involves updating the dual variables and auxiliary variables using the results

from the low-level problems.

In iteration k, given parameter ρ1(k), dual variables λti,j(k) and auxiliary
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variables êti,j(k), each microgrid i solves its local optimization problem:

Local optimization problem of P1 (P1-MGi)

min CO
i (qi,xn, rc,i, rd,i)

+
∑
j∈M\i

∑
t∈T

(
ρ1(k)

2

(
êti,j(k)− eti,j

)2 − λti,j(k)eti,j

)
subject to (4.1)–(4.3), (4.5), (4.6), (4.8)–(4.11), (4.14), and (4.17),

variables: gi, qi,xn, rc,i, rd,i, ei.

Based on the solution ei(k + 1) from Problem P1-MGi, the higher level

problem updates auxiliary variables êi and dual variables λ. Specifically, the

higher level problem of P1 is formulated as follows:

min
∑
i∈M

∑
j∈M\i

∑
t∈T

(
ρ1(k)

2

(
êti,j − eti,j(k + 1)

)2
+ λti,j(k)êti,j

)
subject to (4.20),

variables: {êi, i ∈M}.

As the auxiliary variables are only coupled between each pair of trading

partners, we can solve the higher level problem of P1 by considering the

following optimization problem only involving a pair of microgrids i and j,

min
ρ1(k)

2

(
êti,j − eti,j(k + 1)

)2
+ λti,j(k)êti,j

+
ρ1(k)

2

(
êtj,i − etj,i(k + 1)

)2
+ λtj,i(k)êtj,i

subject to êti,j + êtj,i = 0,

variables: {êti,j, êtj,i},
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and obtain the optimal closed-form solution for updating êti,j:

êti,j(k + 1) = −êtj,i(k + 1)

=
ρ1(k)

(
eti,j(k + 1)− etj,i(k + 1)

)
−
(
λti,j(k)− λtj,i(k)

)
2ρ1(k)

.
(4.21)

Based on eti,j(k+1) and êti,j(k+1), we update the dual variables as follows:

λti,j(k + 1) = λti,j(k) + ρ1(k)
(
êti,j(k + 1)− eti,j(k + 1)

)
. (4.22)

4.5.2 Solving Problem P2 (Payment Bargaining)

Second, we solve P2 in a decentralized fashion. We introduce auxiliary

variables π̂i = {π̂i,j,∀j ∈M\i}, and replace constraints (4.16) by

π̂i,j = πi,j, ∀j ∈M\i, ∀i ∈M, (4.23)

π̂i,j + π̂j,i = 0, ∀j ∈M\i, ∀i ∈M. (4.24)

We take the log transformation of the objective function of the bargaining

problem P2, and write P2 as the equivalent minimization problem. We obtain

the Lagrangian for P2:

L2(πi, π̂i,γ)

=
∑
i∈M

− ln
(
δ∗i − Ce(πi)

)
+
∑
j∈M\i

(ρ2

2
(π̂i,j − πi,j)2 + γi,j (π̂i,j − πi,j)

) ,
where γ = {γi,j} are dual variables associated with constraints (4.23), and ρ2

is a penalty parameter.

Similarly, solving Problem P2 involves iterations between a lower problem

and a higher problem. In iteration k, given ρ2(k), π̂i,j(k) and γi,j(k), each



CHAPTER 4. INCENTIVIZE ENERGY TRADING FOR INTERCONNECTED MICROGRIDS 141

microgrid solves its local optimization problem:

Local optimization problem of P2 (P2-MGi)

min − ln
(
δ∗i − Ce(πi)

)
+
∑
j∈M\i

(
ρ2(k)

2
(π̂i,j(k)− πi,j)2 − γi,j(k)πi,j

)
subject to (4.18),

variables: πi.

Based on the solution πi,j(k + 1) from Problem P2-MGi, the higher level

problem updates the auxiliary variables π̂i and dual variable γ. Specifically,

the higher level problem of P2 is formulated as follows:

min
∑
i∈M

∑
j∈M\i

(
ρ2(k)

2
(π̂i,j − πi,j(k + 1))2 + γi,j(k)π̂i,j

)
subject to (4.24),

variables: {π̂i, i ∈M}.

We can solve the higher level problem of P2 by considering a pair of

microgrids i and j,

min
ρ2(k)

2
(π̂i,j − πi,j(k + 1))2 + γi,j(k)π̂i,j

+
ρ2(k)

2
(π̂j,i − πj,i(k + 1))2 + γj,i(k)π̂j,i

subject to π̂i,j + π̂j,i = 0,

variables: {π̂i,j, π̂j,i},
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and obtain the optimal closed-form solution for updating π̂i,j:

π̂i,j(k + 1) = −π̂j,i(k + 1)

=
ρ2(k) (πi,j(k + 1)− πj,i(k + 1))− (γi,j(k)− γj,i(k))

2ρ2(k)
.

(4.25)

Based on πi,j(k+1) and π̂i,j(k+1), we update the dual variables as follows:

γi,j(k + 1) = γi,j(k)− ρ2(k) (π̂i,j(k + 1)− πi,j(k + 1)) . (4.26)

4.5.3 Algorithm Design and Implementation

To implement the solution method for solving the energy trading and payment

problems P1 and P2, we design a distributed algorithm, as shown in

Algorithm 4.1. We see that Algorithm 4.1 solves problems P1 and P2

through iterations between higher level and lower level problems within Step

1 and Step 2, respectively. We introduce the concept of virtual clearing

house for solving the higher level problem. The virtual clearing house is

a communication and computing module22, which provides clearing service

of energy trading and payment for all the microgrids. At the beginning of

each daily operation, the virtual clearing house updates the auxiliary and

dual variables according to (4.21), (4.22) and (4.25), (4.26), and broadcasts

to all participating microgrids when solving P1 and P2, respectively. All the

22The virtual clearing house is a non-profit driven computing module. The virtual clearing
house can communicate with all participating microgrids using smart grid communication
technologies, e.g., cellular-based wide area networks and power line communications. The
virtual clearing house is able to protect the privacy of all the microgrids.
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participating microgrids concurrently solve P1-MGi and P2-MGi and report

their energy trading schedules and payments to the virtual clearing house.

We see that Algorithm 4.1 only requires limited information exchange

overhead among microgrids. For the microgrids, they only need to report

their energy trading schedules and payment profiles, as it’s reasonable to let

the trading partners know the trading amount of energy and payment during

each iteration. As for the local power scheduling, demand response, and energy

storage charging/discharging, each microgrid will compute its own optimal

decision, without disclosing its private information of internal operations to

other microgrids. Therefore, Algorithm 4.1 solves problems P1 and P2 with

minimum information without releasing microgrid’s private power schedules.

Algorithm 4.1 Distributed algorithm solving P1 and P2

1: Step 1: solving Problem P1.
2: Initialization: iteration index k = 1, error tolerance ε1 > 0, stepsize
ρ1(0) = 1, and initial multipliers λ(0) = 0.

3: repeat
4: At k-th iteration,
5: Higher Level Problem: The virtual clearing house makes update

according to (4.21) and (4.22);
6: Lower Level Problem: Microgrid i solves Problem P1-MGi based

on the current value of dual variables λ(k).
7: Update iteration index k = k + 1;
8: until terminal condition is satisfied, i.e., ‖ λti,j(k)− λti,j(k − 1) ‖≤ ε1.
9: Step 2: solving Problem P2.

10: Initialization: iteration index k = 1, error tolerance ε2 > 0, stepsize
ρ2(0) = 1, and initial multipliers γ(0) = 0.

11: repeat
12: At k-th iteration,
13: Higher Level Problem: The virtual clearing house makes updates

according to the rules in (4.25) and (4.26);
14: Lower Level Problem: Microgrid i solves Problem P2-MGi based

on the current value of dual variables γ(k).
15: Update iteration index k = k + 1;
16: until terminal condition is satisfied, i.e., ‖ γi,j(k)− γi,j(k − 1) ‖≤ ε2.
17: end
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Based on [72], we demonstrate the convergence of Algorithm 4.1 in the

following theorem.

Theorem 4.2. Algorithm 4.1 converges to the optimal solution of P1 in

step 1 and the optimal solution of P2 in step 2, under proper stepsizes.

Both Problem P1 and Problem P2 are convex and have M blocks of

variables, and each block corresponds to the energy trading and payment

decisions of each microgrid i ∈M. In Algorithm 4.1, we divide the decision

variables of problems P1 and P2 into two blocks, respectively. According

to [72], the convergence of ADMM algorithm for convex problem with two

blocks of variables is guaranteed under stepsizes ρ1 = 1 and ρ2 = 1, or

diminishing stepsizes (i.e., 1
k
→ 0, as k →∞).

For the proofs of Proposition 4.1 and Theorem 4.1, please refer to the

appendix in Section 4.8.

4.6 Simulation Results

We consider three interconnected microgrids, each having its local wind

generation. Based on the hourly wind speed data [56] at several different

Hong Kong locations, we calculate the daily realizations of hourly wind power,

and use wind power productions on January 18, 2013 at Tate’s Cairn, Tai

Po Kau, and Sai Kung of Hong Kong as local renewable generations in the

three microgrids, respectively. Fig. 4.2 depicts the wind power generations in

microgrids 1, 2 and 3. The electricity price of the main power grid is retrieved

from ISO New England [38] and is depicted in Fig. 4.3, and the feed-in

rate is set as 0.1. Other parameters are summarized as follows: G1 = 600,

G2 = G3 = 1000, Qmax
1 = 500, Qmax

2 = Qmax
2 = 300, β1 = 1.0, β1 = β2 = 0.5,

rmax
c,1 = rmax

d,1 = 30, rmax
c,2 = rmax

d,2 = 40, rmax
c,3 = rmax

d,3 = 50, Smax
1 = 100,
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Smax
2 = Smax

3 = 200, cs = 0.01, and ηc,i = ηd,i = 0.95, i = 1, 2, 3.
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Figure 4.2: Wind power generations in Microgrid 1, 2 and 3.
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Figure 4.3: Electricity price set by the main power grid.

4.6.1 Optimal Energy Trading

We first study the optimal energy trading of all three microgrids, as depicted

in Figures 4.4, Fig. 4.5 and Fig. 4.6. Here positive values correspond to

purchasing energy, and negative values correspond to selling energy. We

see that all three microgrids exchange energy actively across the 24-hour

operation horizon. From Fig. 4.2, we see that microgrid 1 has higher wind
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power output than other microgrids, and thus sell excessive energy to other

microgrids during most of time slots except hour 7. The reason for this is

that microgrid 1 has a sudden drop of wind power supply in hour 7 while

microgrid 3 has adequate generation in the same hour. Therefore, microgrid

1 purchases energy from microgrid 3 in hour 7. Microgrid 2 and microgrid 3

purchase energy during hours 1-10 and 23-24, because they lack local wind

generations during the corresponding time slots.

0 5 10 15 20 24
−300

−200

−100

0

100

200

Time (Hour) 

E
ne

rg
y 

T
ra

di
ng

 (
kW

h)

Figure 4.4: Optimal energy trading of Microgrid 1.
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Figure 4.5: Optimal energy trading of Microgrid 2.
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Figure 4.6: Optimal energy trading of Microgrid 3.

4.6.2 Optimal Power Scheduling

Through energy trading, the overall multi-microgrid system purchases less

power from the main grid, hence improves the overall utilization of local

renewable energy. We compare the main grid power schedules with and

without energy trading, as depicted in Figures 4.7, Fig. 4.8 and Fig.

4.9. Note that even without energy trading among microgrids, we always

allow microgrids to sell excessive renewable energy to the main grid. We

see that microgrid 2 purchases less power from the main grid with energy

trading, because they can get power supply from microgrid 1 and microgrid 3.

Microgrid 1 and microgrid 3 also sell less power to the main grid with energy

trading, because they sell more local wind power to microgrid 2.

Figures 4.10, 4.11 and 4.12 depict the optimal demand response of

microgrids 1, 2 and 3 in the scenario with energy trading. We see that

microgrid 1 has peak power load at night time (hours 18-22), and original

power loads in microgrid 2 and microgrid 3 achieve peak levels at day-time

(hours 9-17). As shown in Fig. 4.2 and Fig. 4.3, the aggregate renewable

power generation has higher output during hours 1-10, and the electricity

price is higher in peak-time slots (hours 11-20). Therefore, all the microgrids
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Figure 4.7: Optimal gird power schedule of Microgrid 1.
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Figure 4.8: Optimal gird power schedule of Microgrid 2.
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Figure 4.9: Optimal gird power schedule of Microgrid 3.
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shift their flexible loads from peak-time slots to off-peak time slots to use more

renewable energy and reduce their operational costs.
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Figure 4.10: Optimal demand response in Microgrid 1.
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Figure 4.11: Optimal demand response in Microgrid 2.

Figures 4.13, 4.14 and 4.15 show the comparison of optimal energy storage

dynamics with and without energy trading, for microgrids 1, 2 and 3,

respectively. We see that at the beginning of the day, all microgrids charge

more power into energy storage in the scenario with energy trading than

without energy trading. This is because microgrids can trade renewable power

with other microgrids, and thus store more energy in batteries to meet their

peak loads later.



CHAPTER 4. INCENTIVIZE ENERGY TRADING FOR INTERCONNECTED MICROGRIDS 150

0 5 10 15 20 24
100

150

200

250

300

Time (Hour) 

P
ow

er
 L

oa
d 

(k
W

)

 

 

Original power load
Optimized power load

Figure 4.12: Optimal demand response in Microgrid 3.
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Figure 4.13: Optimal energy storage dynamics in Microgrid 1.
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Figure 4.14: Optimal energy storage dynamics in Microgrid 2.
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Figure 4.15: Optimal energy storage dynamics in Microgrid 3.

4.6.3 Optimal Payment

Table 4.6.3 shows the operating costs of microgrids 1, 2 and 3 and their

payments for energy trading. The total cost of the interconnected microgrids

is reduced by up to 13.2% from 1637.8 to 1422.4. We see that energy trading

reduces the operating costs of microgrids 2 and 3. The operating cost of

microgrid 1, however, increases. The reason is that microgrid 1 sells more wind

power to other microgrids for profits, instead of selling back to the main grid.

Microgrid 2 pays 124.5 and 33.4 to microgrid 1 and microgrid 3. Considering

the overall impact of cost and payment, every microgrid benefits through

energy trading. For example, microgrid 1 reduces the cost from 243.8 (no

trading) to cost plus payment 172.1 (with trading), which corresponds to a

29.4% decrease. This demonstrates the effectiveness of our proposed payment

scheme, which incentivizes microgrids to participate in the energy trading.

4.7 Chapter Summary

In this chapter, we studied the energy trading problem among interconnected

microgrids using Nash bargaining theory. We first presented a model for a
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Table 4.1: Comparison of costs and payments between noncooperative and
cooperative scenarios

Merits vs Microgrids 1 2 3 System

Cost (non-trading) 243.8 607.0 787.0 1637.8

Cost (trading) 296.5 377.4 748.6 1422.4

Payment (trading) -124.5 157.8 -33.4 0.0

Cost+Payment (trading) 172.1 535.2 715.2 1422.4

single microgrid that captures key features of smart grid technologies. Then

we designed a bargaining-based energy trading market for interconnected

microgrids, and proposed a distributed solution method. Numerical

simulations based on realistic meteorological data demonstrated the

effectiveness of the energy trading mechanism. In our future work, we will

consider the role of the power grid operator in the energy trading of microgrids.

4.8 Appendix

In the appendix, we present the proofs for Proposition 4.1 and Theorem

4.1.

4.8.1 Proof of Proposition 4.1

For the microgrids in set M′, they have incentives to trade energy with

each other. For any group of microgrids who trade energy with each other,

we conclude that the aggregated operational cost of the microgrids-group G

decreases, i.e.,
∑

i∈G
(
CO
i (qi,xn, rc,i, rd,i)− CNon

i

)
< 0. There always exists

a feasible payment allocation {πi, i ∈ G}, such that its performance improves

in terms of cost reduction, i.e., CO
i (qi,xn, rc,i, rd,i) + Ce(πi) < CNon

i .

As constraint (4.18) is guaranteed to be satisfied, we can divide the decision

variables of the Nash bargaining problem NBP into two sets: the energy
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trading & power scheduling variables {gi, qi,xn, rc,i, rd,i, ei, i ∈ M′} and

trading payment variables {πi, i ∈ M′}. We observe that these two sets

of variables are decoupled, thus we can solve Problem NBP in a sequential

manner.

Given the optimal energy trading & power scheduling decisions

{g∗i , q∗i ,x∗n, r∗c,i, r∗d,i, e∗i , i ∈ M′}, we can solve the optimal trading payment

decisions {π∗i , i ∈M′} through

max
∏
i∈M′

[
CNon
i −

(
CO
i (q∗i ,x

∗
n, r

∗
c,i, r

∗
d,i) + Ce(πi)

)]
subject to (4.16),

variables: {πi, i ∈M′},

and obtain

Ce(π
∗
i ) =CNon

i − CO
i (q∗i ,x

∗
n, r

∗
c,i, r

∗
d,i)

−
∑

i∈M′
(
CNon
i − CO

i (q∗i ,x
∗
n, r

∗
c,i, r

∗
d,i)
)

M ′ .

(4.27)

Substituting (4.27) into Problem NBP yields the optimal objective:

[∑
i∈M′

(
CNon
i − CO

i (q∗i ,x
∗
n, r

∗
c,i, r

∗
d,i)
)

M ′

]M ′
. (4.28)

From (4.28), we conclude that Problem NBP maximizes the social welfare

of all microgrids inM′, i.e.,
∑
i∈M′

(
CNon
i − CO

i (q∗i ,x
∗
n, r

∗
c,i, r

∗
d,i)
)
. Since CNon

i is

given, we prove that Problem NBP minimizes the social cost of all microgrids

in M′, i.e.,
∑
i∈M′

CO
i (q∗i ,x

∗
n, r

∗
c,i, r

∗
d,i).
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4.8.2 Proof of Theorem 4.1

For microgrids in set M′, we have proved in Proposition 4.1 that Problem

NBP minimizes the social cost of all microgrids in M′. Therefore, we can

solve Problem NBP in a sequential manner. First, we solve the optimal

energy trading & power scheduling to minimize the social cost of microgrids

in M′. Second, we solve the optimal trading payment to maximize the Nash

product in NBP.

However, we do not know the set M′. Since a microgrid j ∈M\M′ does

not have incentives to trade energy, its optimal energy trading decisions will

be e∗j = 0, and its optimal cost is the same as the benchmark cost CNon
j .

Therefore, we can solve the cost minimization problem for the whole system

consisting of all the microgrids in set M, and determine the set M′ in which

microgrids trade energy.

Specifically, we have the following two steps to solve Problem NBP. In

the first step, we minimize the social cost of the microgrids-system in Problem

P1:

min
∑
i∈M

CO
i (qi,xn, rc,i, rd,i)

subject to (4.1)–(4.3), (4.5), (4.6), (4.8)–(4.11), (4.14), (4.15), and (4.17),

variables: {gi, qi,xn, rc,i, rd,i, ei, i ∈M}.

Solving P1 determines the optimal energy trading & scheduling

{g∗i , q∗i ,x∗n, r∗c,i, r∗d,i, e∗i } for each microgrid i ∈ M. Based on the optimal

energy trading decisions, we determine the set M′ in the following.

Specifically, set M′ is made up of microgrids having nonzero energy trading

vector e∗i . For each of the remaining microgrids j ∈ M\M′, it has a zero

energy trading vector, i.e., e∗j = 0, and thus neither receives nor makes
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payment, i.e., π∗j = 0. Only those microgrids in set M′ would bargain with

each other to decide the associated trading payments.

In the second step, we solve the optimal trading payment for microgrids

i ∈M′ in Problem P2:

max
∏
i∈M′

(
δ∗i − Ce(πi)

)
subject to (4.16) and (4.18),

variables: {πi, i ∈M′},

where δ∗i , CNon
i − CO

i (q∗i ,x
∗
n, r

∗
c,i, r

∗
d,i). Solving P2 determines the optimal

payments for those microgrids participating in energy trading.

2 End of chapter.



Chapter 5

Cooperative Planning of

Renewable Energy Generations

In this chapter, we study the renewable energy generations in Hong Kong

based on realistic meteorological data, and find that different renewable

sources exhibit diverse time-varying and location-dependent profiles. To

efficiently explore and utilize the diverse renewable energy generations,

we propose a theoretical framework for the cooperative planning of

renewable generations in a system of interconnected microgrids. The

cooperative framework considers the self-interested behaviors of microgrids,

and incorporates both their long-term investment costs and short-term

operational costs over the planning horizon. Specifically, interconnected

microgrids jointly decide where and how much to deploy renewable energy

generations, and how to split the associated investment cost. We show that

the cooperative framework minimizes the overall system cost. We also design a

fair cost-sharing method based on Nash bargaining to incentivize cooperative

planning, such that all microgrids will benefit from cooperative planning.

Using realistic data obtained from the Hong Kong observatory, we validate the

156
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cooperative planning framework, and demonstrate that all microgrids benefit

through the cooperation, and the overall system cost is reduced by 35.9%

compared to the noncooperative planning benchmark.

This chapter is organized as follows. We introduce the cooperative

planning problem in Section 5.1 and analyze the renewable generations of

Hong Kong in Section 5.2, and formulate the interconnected-microgrids system

in Section 5.3. We propose the cooperative planning problem and design the

cost-sharing scheme in Section 5.4. Numerical studies are presented in Section

5.5, and we summarize this chapter in Section 5.6.

5.1 Introduction

Recent years have witnessed a significant increase of the share of renewable

energy in the overall energy generation profile worldwide. However, the time-

varying and intermittent nature of renewable energy makes its integration into

the main grid very challenging. Microgrid [11], as one of the key smart grid

technologies, can help with the integration and management of distributed

renewable energy generations. To prepare for possible independent operation

from the main grid, a microgrid often needs to have a total generation

capacity that exceeds its critical local load, often in the form of renewable

energy investment. On the other hand, renewable energy installation can be

expensive, hence underutilization of the installed renewable capacity would

be a significant economic loss.

The above observation motivates the recent studies on power grid planning

and integration of renewable energy. Specifically, studies in [42] and [43]

examined renewable energy investment strategies through empirical (or

numerical) approaches, without considering the tradeoff between investment

and operation. Cai et al. [73] formulated the generation capacity optimization
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problem with inelastic demands, without considering consumers’ demand

responses. Yang and Nehorai [9] studied a planning problem for energy

storage and generators in a microgrid, and formulated a joint optimization

problem to minimize the total investment and operational cost. Jin et al. [74]

studied the impact of demand response on the thermal generation investment.

The studies in [9, 42, 43, 73, 74] all focused on capacity investment problems

in a single microgrid or from a social planner’s perspective. Renewable

energy generations and load profiles vary in different geographical locations

and at different time periods of a day. Baeyens et al. [75] showed that

aggregating diverse renewable resources from geographically distributed areas

can substantially reduce the generation variability. This has motivated

research towards planning and operation of distributed renewable sources

in [49,76,77].

Planning of renewable sources in microgrids requires a comprehensive

evaluation of both the initial investment and its subsequent impact on the

operation. This requires us to jointly consider the system optimization at

two different time scales: the long-term planning horizon and the short-

term operational horizon. Moreover, different from the traditional power grid

operation, microgrids are often designed to be self-operated, and hence have

their own local interests. This brings challenges to the cooperative planning

and operation of multiple microgrids. Therefore, an incentive mechanism is

needed to encourage cooperation among independent microgrids in generation

capacity planning.

In Chapter 3, we studied the renewable generation planning in a single

microgrid. In Chapter 4, we studied the interaction of multiple microgrids

in a distribution network, assuming that the investments are given in each

microgrid. In this chapter, we aim to study the more challenging planning
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problem of multiple interconnected microgrids, to explore diverse renewable

resources at different locations. In particular, interconnected microgrids

cooperatively decide the optimal renewable generation capacities for a long

time period (say several years), and manage power supplies, energy storage

units, demand responses, and energy trading over many short time periods

(such as on a daily basis). The cooperative planning problem is more

challenging in the following aspects: (i) each microgrid’s decisions involve

two coupling periods: planning and operation, and each microgrid’s decisions

on capacity planning and power scheduling are also coupled with other

microgrids’ decisions; (ii) renewable generation profiles exhibit diversities

across locations and technology types. We seek to understand and take

advantage of the diversity and develop a holistic theoretic framework for data

analysis and optimal decision.

The main contributions of this chapter are as follows.

• Meteorological data analytics : Based on meteorological data acquired

from the Hong Kong Observatory, we study the potentials of solar and

wind energy generations and their correlations across different locations

of Hong Kong. The results show diverse profiles of renewable energy

generations in terms of technologies and locations, which motivate us to

study the cooperative planning of renewable energy generations.

• Cooperative planning framework : We develop a theoretical framework

that leads the optimal investment strategies in deploying different

types of renewable generations across different locations. We model

the planning problem as a cooperative game, in which microgrids

cooperatively decide the renewable energy investment levels at all

microgrids and the corresponding cost sharing based on the Nash

bargaining framework.
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• Numerical case studies based on realistic data: We conduct numerical

case studies based on realistic meteorological data of Hong Kong, and

compute the optimal planning of renewable generations and fair cost

sharing. We show that our proposed cooperative planning framework

can reduce 35.9% of the overall cost compared with the noncooperative

approach.

5.2 Renewable Generations in Hong Kong

To study the renewable power generations in Hong Kong, we acquire

meteorological data from the Hong Kong Observatory. The data include the

hourly solar radiation data measured at King’s Park (KP), and hourly wind

speeds measured at seven different locations of Hong Kong: KP, Tai Mei Tuk

(TMT), Sha Tin (SHA), Sai Kung (SKG), Tate’s Cairn (TC), Tai Po Kau

(TPK), and Waglan Island (WGL). Since Hong Kong is a relatively small

area, we assume that the solar radiation is the same across the entire Hong

Kong and can be represented by the solar radiation at KP.

5.2.1 Renewable Energy Potential and Correlation

We first study the renewable generations from solar and wind energy at seven

locations of Hong Kong, and then analyze the potentials and correlations of

different technologies (solar and wind energy) across different locations.

Solar power and wind power generations highly depend on the solar

radiation level and wind speed, respectively. We denote the hourly solar

radiation as Id,t and hourly wind speed as V d,t, where t ∈ {1, 2, ..., T} is

the hour index, T = 24, and d ∈ {1, 2, ..., 365} is the day index within an

entire year. The hourly solar radiation is measured in Wm−2, corresponding
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to the solar radiation energy received on a unit surface area on earth. The

hourly wind speed is measured in m/s, which corresponds to the distance

traveled per unit of time.23

The power generated from a solar module can be calculated using the

following formula [50]:

pd,ts = AmηmPfηcI
d,t, (5.1)

where Am is the solar cell array area, ηm is the module reference efficiency, Pf

is the packing factor, and ηc is the power conditioning efficiency.

Regarding the wind speed, we denote Vci and Vco as the cut-in and cut-out

wind speed. The wind power will be zero when the speed is less than Vci or

above Vco. The latter case is due to the protection of wind turbine under a

very high wind speed. When the wind speed is between Vci and Vco, the wind

power output [51] can be modeled as

pd,tw =
1

2
ρCpA(V d,t)3, (5.2)

where ρ is the density of the air, Cp is a coefficient related to the performance

of the wind turbine, and A is the swept area of the turbine blades.

To study the potential of renewable generation, we calculate the average

capacity factor of solar power and wind power at different locations.

Specifically, the capacity factor is the ratio of the output power to the capacity

23For presentation clarity, we omit the location index for the solar radiation and wind
speed in Section 5.2.
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(maximum possible output power) [78]. We plot the average capacity factor

of both solar and wind power at seven locations in Fig. 5.1. We can see that

the average capacity factor of solar power is higher than most of the average

capacity factors of wind power, except for TC and WGL, which suggests solar

power may be a better choice at KP, TMT, SHA, SKG and TPK in terms of

the generation potential. However, average capacity factors of wind power at

TC and WGL are quite high, which suggests high investment return of wind

power at TC and WGL.
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Figure 5.1: Average capacity factors at different locations (HK means for the
entire Hong Kong).

Furthermore, we study the statistical correlation between the hourly

solar and wind power productions over one year, and calculate the sample

correlation coefficient [78] as

ρX,Y =

∑
k

(
X(k)− X̄

) (
Y (k)− Ȳ

)√∑
k

(
X(k)− X̄

)2
√∑

k

(
Y (k)− Ȳ

)2
,

where X and Y are data series with k = 1, ..., K terms, X̄ and Ȳ are the

mean values of X and Y , respectively, and ρX,Y measures the correlation

coefficient between X and Y . We substitute the one-year hourly solar power
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production into X, and the one-year hourly wind power production into Y ,

and calculate the correlation between solar power and wind power of each

location, shown in Fig. 5.2. We find that the wind powers at four locations

(KP, TPK, SHA, SKG) have positive correlations with solar power, while

the correlations are negative at the other three locations (TMT, TC, WGL).

Solar power and wind power complement each other, especially at locations

with negative correlations. We will show that the optimal planning mixes

negatively correlated renewable generations later in Section 5.5.
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Figure 5.2: Solar and wind power correlations at different locations of Hong
Kong.

Similarly, we calculate the statistical correlation of each pair of wind power

across all the locations, and summarize the results in Table 5.1. We see that

all the correlation coefficients are positive. Therefore, wind power at different

locations may substitute each other.

The renewable generation profiles exhibit a remarkable diversity, which

motivates us to study the cooperative planning of renewable energy across

technologies and locations. For example, the users at those locations with low

potential of renewable energy have more incentive to cooperate with others

who have high renewable energy output, especially for wind power. Solar and
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Table 5.1: Correlations of wind power across different locations in Hong Kong

Correlation KP TMT SHA SKG TC TPK WGL

KP 1.00 0.56 0.38 0.46 0.49 0.63 0.47

TMT 0.56 1.00 0.37 0.52 0.49 0.73 0.51

SHA 0.38 0.37 1.00 0.36 0.26 0.23 0.31

SKG 0.46 0.52 0.36 1.00 0.33 0.50 0.37

TC 0.49 0.49 0.26 0.33 1.00 0.43 0.73

TPK 0.63 0.73 0.23 0.50 0.43 1.00 0.41

WGL 0.47 0.51 0.31 0.37 0.73 0.41 1.00

wind power generations also show locational patterns. For those locations with

negative correlations between solar and wind power generations, it is easier

to obtain relatively stable renewable energy generation when investing both

technologies; while for other locations, one needs to further reply on energy

storage and demand response program to achieve relatively stable renewable

energy generation with significant more costs. Wind power correlations are

positive, and thus a high wind power production at one location can provide

supply for several locations.

5.2.2 Renewable Energy Scenarios

For the purpose of later optimization formulations, we model the renewable

generations as a set of daily realizations of hourly solar and wind power

productions [56]. Each realization of daily power production is called a

scenario24, denoted by ω. Specifically, each renewable energy scenario is

24The typical practice of power market is based on hourly power scheduling and billing,
and this is the reason that we generate 24-hour power production as one scenario.
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represented by the joint 24-hour solar and wind power productions of all seven

candidate locations. Based on the one-year data, we have the total number of

original scenarios S̃ = 365. The corresponding realization probability of each

original scenario is given as π̃ω = 1
365

, ω = 1, ..., S̃.

Due to a large number of original scenarios, the computation later on

can be intractable. Thus, it is very useful in practice to approximate the

original large set of scenarios with a much smaller subset that can well

represent the original scenario set. We use the scenario reduction algorithm

presented in Algorithm 3.2 to determine a scenario subset and assign new

probabilities to the preserved scenarios, such that the corresponding reduced

probability measure is the closest to the original measure in terms of the

probability distance between the two probability measures. After reduction,

the total number of reserved scenarios is denoted as S, and the scenario set is

Ω = {1, ..., S}. The new realization probability of each scenario is denoted as

πω, and
∑

ω∈Ω πω = 1.

For the purpose of illustration, we set the number of preserved scenarios

as 10, and generate selected scenarios for the solar power generation and wind

power generations, depicted in Fig. 5.3. The actual number of scenarios S

depends on the tradeoff between performance and complexity in practice.

Fig. 5.3 shows the renewable generations (both solar power and wind

power) per kW capacity of investment, respectively. We see that the solar

power has a peak at noontime while wind power productions show dramatic

locational differences. Wind power at WGL is often adequate during night-

time while wind power at TPK reaches a higher output level during day-

time. In addition, wind power at TC and WGL has a higher average output

than that at other locations, which implies that TC and WGL have higher

potentials for wind power production. The diverse renewable generations
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Figure 5.3: Scenarios of renewable energy generations, including 10 daily
productions of solar and wind power at locations King’s Park (KP), Tai Mei
Tuk (TMT), Sha Tin (SHA), Sai Kung (SKG), Tate’s Cairn (TC), Tai Po
Kau (TPK), and Waglan Island (WGL) of Hong Kong.

motivate us to study the cooperative planning of renewable generations.

5.3 System Model

Consider a distribution network including a set M = {1, ...,M} of

interconnected microgrids, all of which are connected to the main power grid

as well as with each other through the distribution bus, as shown in Fig. 5.4.

Each microgrid i ∈ M owns some energy storage, and has implemented the

demand response program. Each microgrid is capable of investing both solar

and wind renewable energy generations, and the actual investment amounts

are the variables to be optimized. We further assume that each microgrid has

space to deploy renewable energy at its own location.

To explore the diversities of renewable energy generation potentials at

different locations, the interconnected microgrids jointly plan the renewable

generations. Each microgrid needs to consider the interactions with other
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Figure 5.4: System model for planning of renewable energy generations.

interconnected microgrids and the impact of the long-term investment on

its future short-term daily local power scheduling and the operational cost.

In particular, renewable generation investment determines the availability of

renewable power outputs in the next few years25, and thus affects the future

daily operational cost. On the other hand, the accumulative operational costs

can be substantial over a long period of time, and should be considered when

planning renewable generation investment. The interactions among microgrids

will enable the exploitation of diversity across locations, and hence improve

the overall system efficiency through a proper incentive mechanism.

5.3.1 Renewable Generation Investment

We consider an investment horizon H = {1, ..., D} of D days, and let

zi = {0, 1} denote the long-term investment decision of microgrid i. Usually,

renewable generation facilities (e.g., photovoltaic panels and wind turbines)

occupy large space, which leads to a significant fixed cost of installation

25We consider 20 years as the planning horizon in the later case study.
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(besides the additional cost depending on the capacity). To account for the

locational difference, we denote Fi as the fixed investment cost in microgrid i.

We assume that each microgrid has two candidate renewable sources: solar

and wind. If microgrid i decides to install renewable generation, i.e., zi = 1,

it needs to determine the capacities of solar power Gs
i ∈ [0, Gs,max

i ] and wind

power Gw
i ∈ [0, Gw,max

i ], both measured in kW , where Gs,max
i and Gw,max

i are

the maximum capacities allowed for solar power and wind power deployment

in microgrid i, respectively. The capital investment cost for microgrid i is

CI
i (zi, G

s
i , G

w
i ) = zi(Fi + csiG

s
i + cwi G

w
i ),

where csi and cwi denote the investment cost of solar and wind generation

per kW in microgrid i. We assume that the investment cost covers all

expenditures, e.g., installation and maintenance of photovoltaic panel for solar

energy, turbine for wind energy, controllers, inverters, and cables. These

invested capacities will determine the renewable power productions in the

future daily operations.

5.3.2 Daily Operation

Given the invested renewable capacities, each microgrid is responsible for the

power scheduling in the microgrid as well as energy exchange with other

interconnected microgrids. The operation horizon for the microgrid is one

day, which is divided into T = 24 equal time slots, denoted as T = {1, ..., T}.

We assume that the operations of different days are independent, hence we
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will focus on the operation of one day in the rest of this subsection.26

In scenario ω and an operational horizon T , microgrid i determines the

renewable power supply, main grid power procurement, and energy storage

charging and discharging to meet its users’ aggregate demand, which consists

of both elastic and inelastic loads. In the following, we model the operational

characteristics of microgrids, including supply model, energy storage model,

demand model, and energy management of the interconnected-microgrids

system.

5.3.2.A Supply Model

Microgrid has two sources for power supply: renewable power gωi = {gω,ti , ∀t ∈

T } and main grid power procurement qωi = {qω,ti , ∀t ∈ T }. The power

supplies satisfy the following constraints:

0 ≤ gω,ti ≤ zi(G
s
iη
s,ω,t
i +Gw

i η
w,ω,t
i ),∀t ∈ T , ∀i ∈M, (5.3)

0 ≤ qω,ti ≤ Qmax
i ,∀t ∈ T , ∀i ∈M, (5.4)

where ηs,ωi = {ηs,ω,ti ,∀t ∈ T } and ηw,ωi = {ηw,ω,ti ,∀t ∈ T } denote the solar and

wind generations in microgrid i under scenario ω per unit of invested capacity.

If zi = 0, microgrid i does not install local renewable generation, and its local

renewable supply is zero. If zi = 1, Gs
iη
s,ω,t
i +Gw

i η
w,ω,t
i denotes the maximum

available renewable power of microgrid i in time slot t under scenario ω.

Microgrid i can curtail renewable power, and thus the actual renewable power

26We assume that the users’ power consumption and energy charging/discharging
behaviors are repeated in a daily basis.
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supply gω,ti in time slot t can be less than the available renewable power

Gs
iη
s,ω,t
i + Gw

i η
w,ω,t
i . For the main grid power supply, qω,ti is bounded by

Qmax
i , which denotes microgrid i’s maximum power procurement from the

main grid. The microgrids are connected to the main grid through a point of

common coupling (PCC), which could be distribution feeders, transformers

or converters (for DC microgrids). The maximum power procurement of

microgrid i depends on the capacities of PCC and power bus within microgrid

i. We assume that net metering is not allowed, which means that microgrids

cannot sell power back to the main grid, i.e., qω,ti ≥ 0.

5.3.2.B Energy Storage Model

Energy storage (such as batteries) can smooth out the intermittent renewable

power generation, and exploit time-varying operational costs for arbitrage.

For microgrid i, we let sωi = {sω,ti , ∀t ∈ T }, rωi = {rω,ti , ∀t ∈ T }, and

dωi = {dω,ti , ∀t ∈ T } denote the amount of electricity stored, charged, and

discharged over the operational horizon T in scenario ω, respectively.

First, the energy charging and discharging amounts are bounded, and

satisfy the following constraints:

0 ≤ rω,ti ≤ rmax
i , ∀t ∈ T , ∀i ∈M, (5.5)

0 ≤ dω,ti ≤ dmax
i , ∀t ∈ T , ∀i ∈M, (5.6)

where rmax
i > 0 and dmax

i > 0 denote the maximum charging and discharging

limits, respectively.

Second, there are power losses when electricity is charged into and

discharged from the battery. We denote ηri ∈ (0, 1] and ηdi ∈ (0, 1] as the

conversion efficiencies of charging and discharging. The battery’s lifetime

is heavily affected by the depth-of-discharge [61], and thus we introduce a
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maximum allowed depth-of-discharge DoDmax
i to restrict the operation of

battery. Specifically, the stored energy sω,ti should be bounded between lower

and upper bounds. We can set the upper bound Smax
i as the battery capacity

Ei in microgrid i. The lower bound can be set as Smin
i = Ei(1 − DoDmax

i ),

in which we can choose a low DoDmax
i to reduce the impact of battery

degradation. Therefore, we obtain microgrid i’s battery dynamics in time

slot t and scenario ω as

sω,ti = min

{
max

{
Smin
i , sω,t−1

i + ηri r
ω,t
i −

dω,ti
ηdi

}
, Smax

i

}
, ∀t ∈ T , ∀i ∈M,

(5.7)

in which we further restrict the terminal energy level sω,Ti to be equal to

the initial value sω,0i , such that the battery operation is independent across

multiple operational horizons.

5.3.2.C Demand Model

LetNi denote the set of users in microgrid i ∈M. We classify the loads of each

user n ∈ Ni into two categories: inelastic loads and elastic loads. The inelastic

loads, such as refrigerator and illumination demands, cannot be easily shifted

over time. We let bti denote the aggregate inelastic load of all the users in

microgrid i and time slot t, and denote bi = {bti, ∀t ∈ T }. The elastic loads,

such as HVAC (heating, ventilation and air conditioning) demand, electric

vehicle and washing machine demands, can be flexibly scheduled over time.

For a user n ∈ Ni, we denote the elastic load as xωn = {xω,tn , ∀t ∈ T }, where

xω,tn is user n’s elastic power consumption in slot t under renewable generation

scenario ω.

The demand response program can only control the elastic loads, and
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should be subject to the following constraints:

∑
t∈T

xω,tn = Ln, ∀n ∈ Ni, ∀i ∈M, (5.8)

lt,min
n ≤ xω,tn ≤ lt,max

n , ∀t ∈ T , ∀n ∈ Ni, ∀i ∈M, (5.9)

where constraint (5.8) corresponds to the prescribed total energy requirement

Ln in each day. Constraint (5.9) provides a lower bound lt,min
n and upper

bound lt,max
n for the power consumption of user n in each time slot t.

5.3.2.D Operational Costs

In each operational horizon (say a day) under renewable generation scenario

ω, microgrid i coordinates its local power supply and demand by power

supply scheduling, energy storage charging and discharging, and elastic load

shifting through demand response program. Such power scheduling incurs an

operational cost, including the costs of purchasing main grid power, energy

storage operation, and demand response.

We assume that the cost of renewable power production is zero [49], as

renewable sources are free to utilize when the renewable generation facilities

are installed and in operation. For the power purchased from the main grid,

microgrid i will be charged by a time-dependent unit price pt in time slot t,

and thus the power supply cost of microgrid i is written as ptqω,ti in time slot

t and scenario ω.

Repeated charging and discharging cause degradation of the energy storage

devices. We model the aging cost of energy storage as a function of charging

and discharging amounts, and define the cost of energy storage operation [70]

in microgrid i as αi
(
rω,ti + dω,ti

)
in time slot t and scenario ω, where αi is the

unit cost of energy storage charging and discharging in microgrid i.
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Scheduling elastic load may affect user’s comfort, as the scheduled power

consumption deviates users’ preferred power consumption. We let yn =

{ytn, ∀t ∈ T } denote the most preferred power consumption of user n, and

define the discomfort cost [57] of user n in time slot t as βn (xω,tn − ytn)
2
, where

βn is used to indicate the sensitivity of user n towards the power consumption

deviation.

Therefore, we have the following operational cost of microgrid i over the

entire operational horizon in scenario ω:

CO
i (qωi , r

ω
i ,d

ω
i ,x

ω
n) =

∑
t∈T

[
ptqω,ti + αi

(
rω,ti + dω,ti

)
+
∑
n∈Ni

βn
(
xω,tn − ytn

)2

]
,

which includes power procurement cost, battery operation cost and users’

discomfort costs.

5.4 Cooperative Planning of Renewable Gen-

erations

As shown in Section 5.2, microgrids at different locations have different

renewable generation profiles and potentials. Some locations have adequate

renewable sources (e.g., high solar radiation or strong wind) while others do

not. For example, when renewable generations at some locations are in deficit

(relative to the demands at those locations), renewable generations at other

locations could have a significant surplus. The costs of renewable generation

planning are also different. For example, the fixed investment costs due to

real estate are low in some suburban areas, but high in urban areas. All

these factors will affect the economic planning and operation of renewable

generations. Through cooperative planning and later utilization of renewable



CHAPTER 5. COOPERATIVE PLANNING OF RENEWABLE ENERGY GENERATIONS 174

generation, microgrids can leverage the diversities of renewable generation

profiles. Those microgrids with larger renewable generation capacities and

excessive local renewable generations can supply power to other microgrids in

short of power supplies.

However, microgrids are often managed by local entities with local

interests. They do not have incentives to over-invest in their local

renewable generations and provide power supplies to other microgrids without

proper incentives. To encourage cooperative planning among interconnected

microgrids, we propose a cooperative planning and cost-sharing scheme based

on Nash bargaining solution [71]. Before presenting the cooperative planning

model, we first present a noncooperative benchmark problem in the following.

5.4.1 Non-cooperative Benchmark

We calculate the best performance (minimum overall cost) that each microgrid

can achieve without cooperating with other microgrids. This corresponds to

the outside option in the bargaining game, as each microgrid needs to decide

whether to cooperate or not depending on whether the cooperation leads

to a performance that is better than his corresponding outside option. In

this noncooperative planning benchmark, microgrid i balances its local power

supply and demand, and minimizes its overall cost without interacting with

other microgrids.

We assume that all the loads and renewable energy generations are

connected to a common power bus within each microgrid, such that we can

restrict the discussion on the balance between aggregate power supply and

aggregate demand. The local power balance constraint for microgrid i in time
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slot t and scenario ω is

gω,ti + qω,ti + dω,ti = rω,ti + bti +
∑
n∈Ni

xω,tn , ∀t ∈ T , ∀i ∈M. (5.10)

We denote the expected overall cost (i.e., investment plus operational

costs) of microgrid i over all possible scenarios ω ∈ Ω as

COverall
i (zi, G

s
i , G

w
i , q

ω
i , r

ω
i ,d

ω
i ,x

ω
n)

, CI
i (zi, G

s
i , G

w
i ) + θ · Eω∈ΩC

O
i (qωi , r

ω
i ,d

ω
i ,x

ω
n),

which consists of the initial investment cost CI
i (zi, G

s
i , G

w
i ) and the present

value of the accumulative expected operational cost θ ·Eω∈ΩC
O
i (qωi , r

ω
i ,d

ω
i ,x

ω
n)

in the entire planning horizon. The discounted coefficient for the operational

cost θ is calculated by θ =
∑D

d=1
1

(1+Rd)d
, where Rd is the daily discount rate.

The expected daily operational cost can be calculated as

Eω∈ΩC
O
i (qωi , r

ω
i ,d

ω
i ,x

ω
n) =

∑
ω∈Ω

πωC
O
i (qωi , r

ω
i ,d

ω
i ,x

ω
n),

where the weight πω is the probability obtained in Section 5.2.

We solve the expected overall cost minimization problem of microgrid i:

min COverall
i (zi, G

s
i , G

w
i , q

ω
i , r

ω
i ,d

ω
i ,x

ω
n)

subject to (5.3)− (5.10),

variables: zi, G
s
i , G

w
i , g

ω
i , q

ω
i , r

ω
i ,d

ω
i , s

ω
i ,x

ω
n,

and obtain the optimum denoted as CNonCoop
i , which is the minimum expected

overall cost that microgrid i can achieve without cooperating with other. In

Section 5.5, we will compare the performances of the cooperative planning

and this noncooperative benchmark.
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5.4.2 Cooperative Planning via Nash Bargaining

Next, we consider the cooperative renewable generation planning of

interconnected microgrids. As shown in Section 5.2, microgrids at

different locations have different potentials and patterns of renewable power

generations. Through cooperative planning and operation, the interconnected-

microgrids system can benefit from the diversity of renewable energy

generations. However, each microgrid operator is a rational decision maker,

and aims to optimize its own benefit (e.g., cost minimization). Therefore,

we need to design a proper incentive mechanism to induce each microgrid to

participate in the cooperative planning. We model the interactions among

microgrids in the cooperative planning as a Nash bargaining game [71].

First, in the planning period, interconnected microgrids cooperatively

decide the renewable energy planning, and share the investment costs through

bargaining. Let v = {vi, ∀i ∈ M} be the cost-sharing vector of all the

microgrids. The summation of all the cost sharing should be equal to the

total investment expense:

∑
i∈M

vi =
∑
i∈M

CI
i (zi, G

s
i , G

w
i ). (5.11)

Such an cost-sharing scheme should not only cover the total investment

expense, but also reflect the benefit gained by each microgrid in the

operational period.

Second, when the renewable energy facilities are deployed, renewable

power generations are dispatched to microgrids at different locations. Let

eωi = {eω,ti,j , ∀t ∈ T , ∀j ∈ M} denote the power supply vector for microgrid

i, where eω,ti,j ≥ 0 denotes the renewable power supply from microgrid j to

microgrid i. In practice, the power dispatch can be achieved by algorithm
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implemented in the control modules co-located with supply side (renewable

generations) and demand side (microgrids). The total renewable power supply

should be no greater than the available renewable power production, as shown

in the following constraint:

∑
j∈M

eω,tj,i ≤ zi(G
s
iη
s,ω,t
i +Gw

i η
w,ω,t
i ), ∀t ∈ T , ∀i ∈M, (5.12)

where
∑

j∈M eω,tj,i is the total renewable power supply from microgrid i.

Note that the power distribution has loss, and we let ηi,j denote the

distribution efficiency between microgrid j and microgrid i. For microgrid

i, we have the new power balance constraint:

∑
j∈M

ηi,je
ω,t
i,j + qω,ti + dω,ti = rω,ti + bti +

∑
n∈Ni

xω,tn , ∀t ∈ T , ∀i ∈M, (5.13)

where the left-hand side and right-hand side of the equality constraint

represent the net power supply and demand for microgrid i, respectively. The

total renewable energy serving microgrid i is represented by
∑

j∈M ηi,je
ω,t
i,j .

To guarantee that each microgrid is willing to participate in the cooperative

planning, its overall cost should be less than that in the noncooperative

benchmark. This leads to the following incentive constraint:

vi + θ · Eω∈ΩC
O
i (qωi , r

ω
i ,d

ω
i ,x

ω
n) ≤ CNonCoop

i , ∀i ∈M, (5.14)

where the overall cost of microgrid i consists of its shared investment cost vi

and the total expected operational cost.

We formulate the cooperative planning problem among M interconnected
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microgrids as a Nash bargaining problem as

Cooperative Planning Problem (CPP)

max
∏
i∈M

[
CNonCoop
i −

(
vi + θ · Eω∈ΩC

O
i (qωi , r

ω
i ,d

ω
i ,x

ω
n)
)]

subject to (5.4)− (5.9) and (5.11)− (5.14),

variables: {zi, Gs
i , G

w
i , vi, e

ω
i , q

ω
i , r

ω
i ,d

ω
i , s

ω
i ,x

ω
n,∀i ∈M}.

To solve Problem CPP, we have the following Theorem:

Theorem 5.1. We can solve Problem CPP in two steps:

Step 1: solve the joint investment and operation problem (IOP) of the

system,

min
∑
i∈M

COverall
i (zi, G

s
i , G

w
i , q

ω
i , r

ω
i ,d

ω
i ,x

ω
n)

subject to (5.4)− (5.9), (5.12) and (5.13),

variables: {zi, Gs
i , G

w
i , e

ω
i , q

ω
i , r

ω
i ,d

ω
i , s

ω
i ,x

ω
n, ∀i ∈M},

where we denote {z?i , G
s,?
i , Gw,?

i ,∀i ∈ M} as the optimal planning,

{eω,?i , qω,?i , rω,?i ,dω,?i , sω,?i ,xω,?n ,∀i ∈ M} as the optimal power schedule, and

COper,?
i , θ · Eω∈ΩC

O
i (qω,?i , rω,?i ,dω,?i ,xω,?n ) as the optimal minimum expected

operational cost of microgrid i over the entire planning horizon.

Step 2: given the optimal planning and operation decisions in Problem

IOP, solve the cost-sharing problem (CSP),

max
∏
i∈M

[
CNonCoop
i −

(
COper,?
i + vi

)]
subject to (5.11) and (5.14),

variables: {vi,∀i ∈M}.
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Theorem 5.1 shows that the cooperative planning among microgrids

through bargaining achieves the best overall performance for the distribution

system. Problem IOP minimizes the overall cost of the microgrids-system,

and solves the optimal investment in renewable generations and the optimal

power scheduling of all microgrids. Given the optimal planning of renewable

generations, we solve Problem CSP to derive the optimal cost-sharing to

incentivize cooperative planning. Problem IOP can be solved by mixed

integer programming solver and Problem CSP can be solved by standard

convex optimization techniques [34]. Note that the cost-sharing scheme not

only applies to the scenario where renewable generation facilities are planned

at the same time, but also applies to the scenario where incremental capacity

is built sequentially. For the proof of Theorem 5.1, see the appendix in

Section 5.7.

5.5 Simulation Results

In this section, we conduct numerical studies using realistic data of

Hong Kong. We consider both noncooperative and cooperative cases, in

which interconnected microgrids make renewable generation planning by

themselves and cooperatively, respectively. We aim to study the benefit of

cooperative planning, and to validate our proposed incentive mechanism for

the interconnected-microgrids system.

We consider four interconnected microgrids, which are assumed to be

located at KP, TMT, TC and WGL, respectively. Renewable generation

scenarios at locations KP, TMT, TC and WGL illustrated in Fig. 5.3 are

used to imitate the locational renewable generations in the four microgrids,

respectively. The associated realization probabilities are summarized in Table

5.2. Since our focus is on the renewable generation planning, we assume that
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each microgrid has equipped energy storage and demand response program.

The users’ loads are depicted in Fig. 5.5, and the number of users is set

as 800, 900, 1200 and 1100, respectively. We set the parameters of the solar

power model and wind power model as in Table 5.3. The efficiency coefficients

for power exchange among microgrids are summarized in Table 5.4. We

consider 20 years as the planning horizon, and the discount rate Rd = 0.01.

For investment costs, we set fixed costs F1 = 3.0 × 107, F2 = 0.3 × 107,

F3 = 1.5×107, F4 = 2.0×107, and variable costs csi = 12, 480 and cwi = 7, 800.

Other simulation parameters are summarized in the following: αi = 0.2,

βn = 0.1, ηri = ηdi = 0.98, Qmax
i = 5000, rmax

i = dmax
i = 0.2 × Smax

i ,

DoDmax
i = 0.8, Ei = 1000, Gs,max

i = Gw,max
i = 5000, i ∈ {1, 2, 3, 4}.

Table 5.2: Realization probabilities for renewable generation scenarios

Scenario index Realization probabilities

ω = 1 ∼ 5 0.20, 0.01, 0.04, 0.12, 0.02

ω = 6 ∼ 10 0.05, 0.25, 0.21, 0.07, 0.02

Table 5.3: Parameters of solar and wind power models

Model Parameters

Solar power in (5.1) Am = 16, ηm = 0.11, Pf = 0.9, ηc = 0.86

Wind power in (5.2) ρ = 1.225, Cp = 0.593, A = 6.15

Table 5.4: Efficiency coefficients for power exchange among microgrids

Coefficients Microgrid
1

Microgrid
2

Microgrid
3

Microgrid
4

Microgrid 1 1.00 0.98 0.95 0.90

Microgrid 2 0.98 1.00 0.88 0.85

Microgrid 3 0.95 0.88 1.00 0.90

Microgrid 4 0.90 0.85 0.90 1.00



CHAPTER 5. COOPERATIVE PLANNING OF RENEWABLE ENERGY GENERATIONS 181

0 6 12 18 24
0

1

2

3

Time (Hour) 

P
ow

er
 L

oa
d 

(k
W

) KP

0 6 12 18 24
0

1

2

3

Time (Hour) 

P
ow

er
 L

oa
d 

(k
W

) TMT

0 6 12 18 24
0

1

2

3

Time (Hour) 

P
ow

er
 L

oa
d 

(k
W

) TC

0 6 12 18 24
0

1

2

3

Time (Hour) 

P
ow

er
 L

oa
d 

(k
W

) WGL

Figure 5.5: Consumers’ demands in four microgrids.

5.5.1 Optimal Planning without Cooperation

We first study the noncooperative benchmark, in which each microgrid itself

decides whether or not to install its own renewable generations (solar and/or

wind power), without interacting with other microgrids. Due to locational-

diversity of renewable generation, microgrids have different conditions in terms

of local solar and wind power profiles, and thus make very different decisions

on whether to invest renewable generation or not. We calculate the optimal

minimum overall cost for each microgrid, and derive the optimal strategy

toward renewable generation planning.

For example, Table 5.5 and Table 5.6 summarize the minimized overall

costs of not deploying and deploying local renewable power facilities at KP

and TMT, respectively. In terms of the renewable power profiles shown in Fig.

5.3, both KP and TMT have low wind power potential. For KP, it is actually

optimal not to install renewable energy but rely on main grid power. Table

5.5 shows that if KP chooses to deploy renewable power, then the best plan is
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to invest 78.9M HKD; however, KP only gets 70.5M HKD in cost reduction in

the operation, and the overall cost is 155.5M HKD, which is still greater than

the overall cost without renewable. On the contrary, it is optimal for TMT to

install renewable energy, as doing so will reduce the overall cost from 150.6M

HKD to 137.1M HKD.

Table 5.5: Comparison of costs (in Million HKD) at location King’s Park
(KP)

Cost Without renewable With renewable

Investment cost 0.0 78.9

Operational cost 147.1 76.6

Overall cost 147.1 155.5

Table 5.6: Comparison of costs (in Million HKD) at location Tai Mei Tuk
(TMT)

Cost Without renewable With renewable

Investment cost 0.0 42.1

Operational cost 150.6 95.0

Overall cost 150.6 137.1

Similarly, we show the minimized overall costs of not deploying and

deploying local renewable power facilities at TC and WGL in Table 5.7 and

Table 5.8, respectively. Both TC and WGL have a high potential of renewable

energy generation and a complementary relationship between wind power and

solar power. It is optimal for both TC and WGL to install local renewable

energy generations. Specifically, by investing 61.6M HKD in renewable energy,

the operational cost at TC decreases dramatically from 303.8M HKD to 46.6M

HKD, which implies that TC’s demand can be mostly satisfied by its local

renewable generation rather than the main grid. Table 5.8 leads to a similar

observation for WGL.
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Table 5.7: Comparison of costs (in Million HKD) at location Tate’s Cairn
(TC)

Cost Without renewable With renewable

Investment cost 0.0 61.6

Operational cost 303.8 46.6

Overall cost 303.8 108.2

Table 5.8: Comparison of costs (in Million HKD) at location Waglan Island
(WGL)

Cost Without renewable With renewable

Investment cost 0.0 59.0

Operational cost 251.0 42.0

Overall cost 251.0 101.0

5.5.2 Optimal Cooperative Planning

From the noncooperative benchmark analysis above, we can see that different

microgrids exhibit various differences in renewable generation planning

behaviors. Next, we study the cooperative planning, in which microgrids

coordinate with each other to determine the social optimal planning and fair

cost sharing.

In Fig. 5.6, we plot the optimal renewable energy planning (including solar

power and wind power) for the interconnected-microgrids system. The optimal

cooperative planning does not install any renewable energy at KP, as the fixed

investment cost at KP is high, and meanwhile other three locations can provide

adequate renewable energy for the entire system. At TC and WGL, both solar

power and wind power are invested, and wind power has a larger invested

capacity than solar power. This is because wind power at TC and WGL has a

higher average power output than solar power. On the contrary, at TMT, only

solar power is invested, because the solar power produces more compared to
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the wind power at TMT. Through cooperative planning, microgrids are able to

take full advantage of the diverse renewable resources and improve the social

welfare. The overall cost of the system (investment and operational costs) is

reduced by 35.9% compared to the overall cost of all the microgrids under

noncooperative planning.
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Figure 5.6: Optimal cooperative planning of renewable energy generations.

In Fig. 5.7, we compare the operational costs under the noncooperative

and cooperative planning. The cooperative planning significantly reduces the

operational cost of each microgrid, especially those who do not have high

potentials for local renewable energy generation (e.g., KP and TMT). For

example, it is not economical for KP to deploy local renewable energy in the

noncooperative case. Instead, KP has a strong incentive to participate in

the cooperative planning and pay for others in order to get renewable energy

supply (also see Fig. 5.8 later on). As a result, KP reduces its operational

cost by more than 4/5 through cooperation. For TC and WGL, they are able

to benefit significantly from high local renewable energy generation even in

the noncooperative case, and hence the additional gains from cooperation are

small.

In Fig. 5.8, we plot the optimal cost-sharing derived from Nash bargaining



CHAPTER 5. COOPERATIVE PLANNING OF RENEWABLE ENERGY GENERATIONS 185

KP TMT TC WGL
0

50

100

150

Locations

O
pe

ra
tio

na
l C

os
t (

M
ill

io
n 

H
K

D
)

 

 

Noncooperative planning
Cooperative planning

Figure 5.7: Comparison of operational cost under noncooperative and
cooperative planning.

solution. Cost sharing relies on the operational cost reduction between

noncooperative and cooperative scenarios. Fig. 5.7 shows that KP gains

significant cost reduction (from 147.1M to 22.5M HKD) through cooperating

with other microgrids. Similarly, TMT also gains significant cost reduction

(from 95.0M to 30.8M HKD) through cooperation. Therefore, KP and TMT

share the largest portions of the total investment cost, as they benefit most

from the cooperation (as discussed in Fig. 5.7). Relatively speaking, TC and

WGL benefit less from the cooperation, and hence they share less investment

cost than KP and TMT. The cost sharing is fair as those who benefit more

need to share more investment cost. The overall costs (shared investment

cost plus operational cost) of all microgrids are depicted in Fig. 5.9. We

see that microgrids’ overall costs are reduced by 30%–44% compared with

the noncooperative benchmark, such that all the microgrids are better off

in the cooperative planning. This demonstrates that our proposed cost-

sharing scheme provides incentives to all the interconnected microgrids toward

cooperative planning.
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Figure 5.8: Optimal cost sharing in cooperative planning.
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Figure 5.9: Comparison of overall cost under noncooperative and cooperative
planning.

5.6 Chapter Summary

We proposed a theoretical framework to study the cooperative planning of

renewable generations in a distribution network, considering variable nature

of renewable energy generations, self-interested behaviors of microgrids, and

both long-term investment and short-term operation of the system. We

analyzed the renewable energy generations using realistic meteorological data

of Hong Kong. We designed an incentive mechanism, which encourages
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cooperation among interconnected microgrids towards a socially optimal

planning, and splits the total investment cost in a fair manner. Simulation

studies based on realistic data characterized the optimal investment decisions

and demonstrated the economic benefit (with 35.9% overall cost reduction) of

the cooperative planning method.

5.7 Appendix

In the appendix, we present the proof for Theorem 5.1.

5.7.1 Proof of Theorem 5.1

First, we divide the decision variables of microgrid i into the joint planning and

operational decisions {zi, Gs
i , G

w
i , e

ω
i , q

ω
i , r

ω
i ,d

ω
i , s

ω
i ,x

ω
n, ∀n ∈ Ni, ∀ω ∈ Ω}

and cost-sharing decisions vi.

We can characterize the optimal solution of Problem CPP as

follows. Given the optimal joint planning and operational decisions

{z?i , G
s,?
i , Gw,?

i , eω,?i , qω,?i , rω,?i ,dω,?i , sω,?i ,xω,?n , ∀n ∈ Ni, ∀ω ∈ Ω, ∀i ∈ M},

we can solve the optimal cost-sharing decisions {v?i , ∀i ∈M} through

max
∏
i∈M

[
CNonCoop
i −

(
vi + COper,?

i

)]
subject to (5.11) and (5.14),

variables: {vi, ∀i ∈M},

(5.15)

where the minimum expected operational cost of microgrid i is denoted by

COper,?
i , θ · Eω∈ΩC

O
i (qω,?i , rω,?i ,dω,?i ,xω,?n ).

Solving (5.15), we obtain the following relation between the optimal joint
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planning and operational decisions and the optimal cost-sharing decisions v?i :

CNonCoop
i −

(
v?i + COper,?

i

)
=

∑
i∈M

[
CNonCoop
i −

(
CI
i (z?i , G

s,?
i , Gw,?

i ) + COper,?
i

)]
M

.

(5.16)

Substituting (5.16) into Problem CPP yields the optimal objective of the

cooperative planning problem:

∏
i∈M

∑i∈M

(
CNonCoop
i − COverall,?

i

)
M

M , (5.17)

where the optimal overall cost of microgrid i is denoted by COverall,?
i ,

CI
i (z?i , G

s,?
i , Gw,?

i ) + COper,?
i .

From (5.17), we conclude that Problem CPP maximizes the social benefit

of all the microgrids, i.e.,
∑
i∈M

(
CNonCoop
i − COverall,?

i

)
, through cooperative

planning of renewable generations. Since CNonCoop
i is given, we prove that

Problem CPP minimizes the social overall cost of all the microgrids, i.e.,∑
i∈M

COverall,?
i .

Note that the social cost of the microgrids-system does not contain cost-

sharing decisions {vi,∀i ∈ M}. Therefore, we can decompose the original

cooperative planning problem CPP into two consecutive problems. First,

we minimize the social cost of the microgrids-system by solving the joint

investment and operation problem (IOP),

min
∑
i∈M

COverall
i (zi, G

s
i , G

w
i , q

ω
i , r

ω
i ,d

ω
i ,x

ω
n)

subject to (5.4)− (5.9), (5.12) and (5.13),

variables: {zi, Gs
i , G

w
i , e

ω
i , q

ω
i , r

ω
i ,d

ω
i , s

ω
i ,x

ω
n,∀i ∈M}.
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Second, we solve the cost-sharing problem (CSP), given the optimal

operational cost of each microgrid COper,?
i and optimal total planning cost∑

i∈M

CI
i (z?i , G

s,?
i , Gw,?

i ),

max
∏
i∈M

[
CNonCoop
i −

(
COper,?
i + vi

)]
subject to (5.11) and (5.14),

variables: {vi,∀i ∈M}.

2 End of chapter.



Chapter 6

Conclusions and Future Work

The main theme of this thesis is to study the economic impact of smart

grid technologies and develop novel economic mechanisms for the long-term

planning and short-term operation of the smart grid system. In this chapter,

we first discuss several extensions to our work in Section 6.1, and some

potential research directions for future study in Section 6.2.

6.1 Extensions to Our Work

In Chapter 2, we studied the interactions between a utility company and data

centers in the context of smart grid, and obtained a win-win solution in power

load balancing for the utility company and energy cost reduction for data

centers. In our study, we assumed that the utility company can predict the

energy consumption profiles of data centers. In the future study, we would

like to consider a more realistic scenario, in which utility company may not

able to acquire private information of data-center operation. Therefore, how

to incentivize demand response of data centers with asymmetric information

is a practical and interesting problem. To make data-center operation

190
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greener, some cloud providers (e.g., Google) started to install renewable energy

facilities to power their data centers. It is challenging to cope with stochastic

renewable energy generations in data-center operations. We would like to

extend our model to incorporate high penetration of renewable energy, and

study how to jointly manage the renewable energy and computing resources

in data centers.

In Chapter 3, we developed a theoretical framework to study the joint

investment and operation of a microgrid system. We designed a pricing

scheme and a distributed algorithm for the interactions between the microgrid

operator and residential consumers. For the microgrid investment, microgrid

operator decides the optimal capacities for renewable energy technologies and

energy storage facilities. It is expected to see that the future smart grid

investment involves more stakeholders with different self-interests, instead

of a single collective operator. Therefore, we would like to extend the

distributed solution method for the investment problem as well. In particular,

we are interested in designing a scalable distributed algorithm for long-term

investment problem, supporting big data analytics and enabling participation

of multiple decision makers.

In Chapter 4, we studied the energy-trading problem among interconnected

microgrids in a day-ahead electricity market. As the penetration of renewable

energy increases, microgrids may not be able to perfectly predict the renewable

energy outputs and thus suffer from power mismatch. To cope with the

uncertainty in power supply and demand, we would like to extend the day-

ahead market setup to a two-settlement market, which consists of both day-

ahead and real-time markets. The real-time market provides a second chance

for microgrids to balance its supply and demand. Another extension we would

like to explore is to consider the role of the power grid operator in the energy
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trading of microgrids. Because the energy trading of microgrids relies on the

distribution network, which is managed by the grid operator. How to balance

the interests of the grid operator and microgrids calls for a novel business

model.

In Chapter 5, we developed a theoretical framework for the cooperative

planning of renewable generations in a distribution network. For future work,

we would like to enrich the system model to incorporate the impact of variable

renewable energy on the voltage and frequency of the system. We also would

like to consider the topology of the distribution network.

6.2 Future Work

Low-carbon economy calls for the increasing penetration of clean energy

resources and transportation electrification, e.g., renewable energies and

electric vehicles. These small-scale renewable energy generations, energy

storage units, and electric vehicles are typically located on the side of

consumers and known as distributed energy resources. It is essential to fully

understand the challenges and opportunities of integrating a large number of

distributed energy resources.

6.2.1 Consumer-Centric Modeling

First, distributed energy resources are usually owned by individual consumers,

which implies that different resources may have different interests and

behaviors. Therefore, it is necessary to take consumers’ perspective and

understand their behavioral features under uncertainties (of renewable supply,

energy demand, and market parameters) in a smart grid system. Recent

studies in [79] have investigated the impact of consumer behavior in energy
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management using prospect theory, which has shown to be a powerful tool in

modeling real-life decision-making. In order to integrate distributed energy

resources in practice, we need to develop proper consumer-centric models to

characterize consumers’ behaviors.

6.2.2 Holistic Evaluation of Distributed Energy Re-

sources

Second, distributed energy resources can provide various services to the power

system. For example, smart homes and buildings can install local renewable

energy and reduce the peak demand on the grid. Consumers can explore the

flexibility of their power usage (demand response) to shave peak load and

defer investment in capacity expansion. Energy storage and electric vehicles

can assist with power frequency regulation, renewable energy integration, peak

load reduction, and offer arbitrage by charging at low prices and discharging at

high prices. Given different technical and economic features, it is important to

quantify the values of services provided by various kinds of distributed energy

resources. Furthermore, we want to identify the optimal way of using all kinds

of distributed energy resources and develop a holistic framework to optimize

the portfolio (combination) of distributed energy resources.

6.2.3 Cross-Layer Planning and Operation

Third, traditional planning and operational methods cannot serve the

requirements raised by distributed energy resources. System operator used to

plan and operate by itself, and consumers were rarely involved in the planning

and operational decision making. However, smart grid is expected to integrate

a large number of distributed energy resources, behind which there are also a

large number of consumers and stakeholders. In the future smart grid, system
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operator needs to fully incorporate the impact of these distributed energy

resources, and proactively involves different consumers and stakeholders in

the planning and operation of smart grid. Moreover, smart grid demands

more decentralized sensing and control. Note that decentralized solution

relies on communication and information technologies, which have very diverse

technical and cost-effective features. Therefore, joint consideration of both

energy system and its associated communication and information system is

necessary. Therefore, the planning and operation for the future smart grid

must be a cross-layer solution, e.g., from demand-side to supply-side, and

from energy system to information system.

2 End of chapter.
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