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Abstract

Network pricing is a cross-disciplinary research area, which requires deep under-

standing of both networking technology and microeconomics. The goal of net-

work pricing is to achieve satisfied network performances by allocating the scarce

resource to satisfy different users’ qualities of services while keeping in mind the

incentives of different network entities. Proper design of pricing schemes is in-

dispensable to the operation and management of communication networks. In this

thesis we divide network pricing into four categories: static optimization-oriented

pricing, dynamic optimization-oriented pricing, static profit-driven pricing, and

dynamic profit-driven pricing. The first one is well studied in the literature, and

our focus will be on the latter three categories. For each category, we illustrate the

key design challenges and insights through a concrete networking example.

First, we investigate the issue of static profit-driven pricing. We consider a rev-

enue maximization problem for a monopolist service provider, and discuss how to

set incentive-compatible prices to induce proper allocation of limited resources

among different types of users. We capture the interaction between the service

provider and users through a two-stage Stackelberg game with both complete

and incomplete information. With complete information, we study three pricing

schemes: complete price differentiation, partial price differentiation, and no price

differentiation. We characterize the trade-offs between the performance and com-
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plexity of different schemes. With incomplete information, we show that it is still

possible to realize price differentiation, and provide the sufficient and necessary

condition under which an incentive compatible price differentiation scheme can

achieve the same revenue as the best scheme with complete information.

Then we investigate the issue of dynamic profit-driven pricing. We consider

a general resource allocation and profit maximization problem for a cognitive vir-

tual mobile network operator. Dynamics of the cognitive radio network include

dynamic user demands, unstable sensing spectrum resources, dynamic spectrum

prices, and time-varying channel conditions. In addition, we also consider multi-

user diversity and imperfect sensing technique so that the network model is more

realistic. We develop a low-complexity on-line control policy that determines

pricing and resource scheduling without knowing the statistics of dynamic net-

work parameters. We show that the proposed algorithm with dynamic pricing

can achieve arbitrarily close to the optimal profit with a proper trade-off with the

queuing delay.

We later investigate the issue of dynamic optimization-oriented pricing. We

consider a node-capacitated multicast network with time-varying topology. By

utilizing network coding, we design a dynamic pricing scheme that can achieve

arbitrarily close to maximum network utility in a distributed fashion, while main-

taining network stability. Moreover, we show that this algorithm is incentive-

compatible, i.e., no matter what role a node plays in the network, the algorithm

guarantees that the node has a non-negative profit. This result has practical im-

portance for constructions for node-capacitated networks with multiple individual

users (e.g., P2P networks), since it provides the proper incentives for individual

nodes to join, stay, and contribute as relays in the network even if they have no

interested contents.
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The results developed in this thesis highlight the importance of pricing in com-

munication networks. Specifically, our results show that pricing can be used as an

effective tool to achieve optimal network performances while providing proper in-

centives for all network entities. This not only helps us better understand network

pricing, but also gives us insights on the design of network pricing schemes.

iii



 

 

 

 

 

           

 

 

 

 

 

iv



 

 P2P  

 

v



Acknowledgement

First, I am deeply indebted to my supervisor, Professor Shuo-Yen Robert Li. His

wise advice, his consistent support, and his generous spirit have been invaluable

to me. He shows me the beauty and power of mathematics in finding simple and

elegant solutions to complex engineering problems. I always admire his broad

knowledge, acute insight, and deep wisdom on research and everything, which

have great impacts on me in both personal and professional terms. I think, and

I hope, what I have learned from him is not only the way to be a theoretical re-

searcher and a technical expert, but the way to be an intellectual with the passion

and the pursuit of truth.

I am also sincerely grateful to my co-supervisor, Professor Jianwei Huang, for

his great guidance as an advisor and his continuous encouragement to me like a

family member. It has been a wonderful and enjoyable time of working with him.

I have been greatly impressed by his enthusiastic attitude towards top research

quality, and the dedication, the diligence and the high efficiency showed in this

pursuit. His sharp insights and invaluable suggestions have considerably broaden

my horizon and tremendously helped through my research process. His proactive

and positive attitude toward life, tireless energy, and great leadership will set up a

role model for my future career.

I also want to thank other members of my thesis committee, Professor Wai-

vi



Yin Will Ng, Professor Angela Yingjun Zhang, and Professor Sidharth Jaggi of

CUHK, and Professor Mingyan Liu of University of Michigan. Each devoted

significant time to review the early version of this thesis and to attend my oral

defense as an examiner, and provided valuable suggestions and comments to help

improve the thesis to this final product.

A special thank goes to Dr. Robert Shao for being a loving and supporting

husband, who knows better than anyone else to cheer me up. Because of him, the

past five-year doctoral life, supposed and depicted to be difficult and struggling

(though it sometimes indeed was), has turned out to be one of the happiest periods

since I can remember.

Many thanks to my brothers and sisters in Switch Lab and NCEL( Network

Communication and Economic Lab) who make my life and study cheerful in the

past years: Dr. Tyler Sun, Dr. Vincent Wang, Dr. Jeff Qian, Dr. Siu-Tin Ho,

Jennifer Wu, Janice Law, Tong Liang, Dr. Liqun Fu, Dr. Lingjie Duan, Dr. Lin

Gao, Dr. Vojislav Gajic, Dr. Xu Chen, Sam Feng, Erica Lueng, Scotty Lueng,

Yuan Luo, and Hao Wang.

I am especially want to thank two of my close friends since college, Dr. Xuechen

Chen and Dr. Bei Liu, for always sharing my ups and downs though we are oceans

and mountains apart.

Finally, I owe my deepest appreciation to my parents Dezheng Li and Yuhua

Li for unconditional love and endless support.

vii



Contents

Abstract i

Acknowledgement vi

Contents viii

List of Figures xii

List of Tables xv

1 Introduction 1

1.1 Pricing Schemes in Communication Networks . . . . . . . . . . . 3

1.2 Two Main Algorithm Design Techniques . . . . . . . . . . . . . . 5

1.2.1 Network Utility Maximization . . . . . . . . . . . . . . . 5

1.2.2 Lyapunov Stochastic Optimization . . . . . . . . . . . . . 7

1.3 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Price Differentiation for Communication Networks 13

2.1 Usage-based Pricing Schemes . . . . . . . . . . . . . . . . . . . 14

2.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3 Complete Price Differentiation under complete information . . . . 20

2.3.1 User’s Surplus Maximization Problem in Stage 2 . . . . . 20

viii



2.3.2 Service Provider’s Pricing and Admission Control Prob-

lem in Stage 1 . . . . . . . . . . . . . . . . . . . . . . . 20

2.3.3 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Single Pricing Scheme . . . . . . . . . . . . . . . . . . . . . . . 26

2.4.1 Problem Formulation and Solution . . . . . . . . . . . . . 27

2.4.2 Properties . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5 Partial Price Differentiation under Complete Information . . . . . 32

2.5.1 Three-level Decomposition . . . . . . . . . . . . . . . . . 33

2.5.2 Solving Level-2 and Level-3 . . . . . . . . . . . . . . . . 36

2.5.3 Solving Level-1 . . . . . . . . . . . . . . . . . . . . . . . 39

2.6 Price Differentiation under Incomplete Information . . . . . . . . 43

2.6.1 Extensions to Partial Price Differentiation under Incom-

plete Information . . . . . . . . . . . . . . . . . . . . . . 48

2.7 Connections with the Classical Price Differentiation Taxonomy . . 49

2.8 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.8.1 When is price differentiation most beneficial? . . . . . . . 50

2.8.2 What is the best tradeoff of Partial Price Differentiation? . 56

2.9 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.10 Appendix of Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . 59

2.10.1 Complete Price Differentiation under complete informa-

tion with General Utility Functions . . . . . . . . . . . . 59

2.10.2 Proof of Proposition 2.1 . . . . . . . . . . . . . . . . . . 64

2.10.3 Proof of Lemma 2.2 . . . . . . . . . . . . . . . . . . . . 65

2.10.4 Proof of Theorem 2.4 . . . . . . . . . . . . . . . . . . . . 66

2.10.5 Proof of Theorem 2.6 . . . . . . . . . . . . . . . . . . . . 72

ix



3 Profit Maximization of Cognitive Mobile Virtual Network Operator

in A Dynamic Wireless Network 73

3.1 Dynamic Spectrum Access . . . . . . . . . . . . . . . . . . . . . 74

3.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.3 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.3.1 Imperfect Spectrum Sensing . . . . . . . . . . . . . . . . 81

3.3.2 Collision Constraint . . . . . . . . . . . . . . . . . . . . 82

3.3.3 Spectrum Leasing with Dynamic Market Price . . . . . . 82

3.3.4 Power Allocation . . . . . . . . . . . . . . . . . . . . . . 83

3.3.5 Demand Model . . . . . . . . . . . . . . . . . . . . . . . 84

3.3.6 Queuing dynamics . . . . . . . . . . . . . . . . . . . . . 86

3.4 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . 87

3.5 Profit Maximization Control (PMC) Policy . . . . . . . . . . . . 89

3.5.1 Lyapunov stochastic optimization . . . . . . . . . . . . . 89

3.5.2 Profit Maximization Control (PMC) policy . . . . . . . . 93

3.5.3 Algorithms for Cost Minimization Problem . . . . . . . . 96

3.5.4 Performance of the PMC Policy . . . . . . . . . . . . . . 101

3.5.5 Extension: More General Model of Primary Users’ Activ-

ities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.6 Heterogeneous Users . . . . . . . . . . . . . . . . . . . . . . . . 104

3.6.1 Multi-queue Profit Maximization Control (M-PMC) Policy 106

3.6.2 Performance of the M-PMC Policy . . . . . . . . . . . . 111

3.7 Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

3.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.9 Appendix of Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . 118

3.9.1 (Waterfilling) Power Allocation Algorithm . . . . . . . . 118

x



3.9.2 Threshold Searching Algorithm . . . . . . . . . . . . . . 118

3.9.3 Proof for Theorem 3.1 (a) . . . . . . . . . . . . . . . . . 120

3.9.4 Proof for Theorem 3.1 (b) . . . . . . . . . . . . . . . . . 122

3.9.5 Impact of Queueing on Revenue Maximization . . . . . . 124

4 Distributed Resource Allocation for Node-Capacitated Networks with

Network Coding 126

4.1 Node-Capacitated Networks . . . . . . . . . . . . . . . . . . . . 126

4.2 Network Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

4.2.1 Time-varying network topology and node upload capacities 131

4.2.2 Multicast with intra-session network coding . . . . . . . . 133

4.3 Stochastic Network Utility Maximization Problem . . . . . . . . 135

4.4 Low Complexity Distributed Algorithm . . . . . . . . . . . . . . 138

4.5 Performance Analysis . . . . . . . . . . . . . . . . . . . . . . . . 141

4.5.1 Network Stability . . . . . . . . . . . . . . . . . . . . . . 141

4.5.2 Network Utility Maximization . . . . . . . . . . . . . . . 143

4.5.3 The Incentives Issue . . . . . . . . . . . . . . . . . . . . 146

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

5 Conclusion 151

5.1 Extensions on Static Profit-driven Pricing . . . . . . . . . . . . . 152

5.2 Extensions on Dynamic Profit-driven Pricing . . . . . . . . . . . 153

5.3 Extensions on Dynamic Optimization-oriented Pricing . . . . . . 153

Bibliography 155

xi



List of Figures

1.1 Taxonomy of pricing schemes in communication networks . . . . 5

2.1 A two-stage leader and follower model . . . . . . . . . . . . . . . 19

2.2 A 6-group example for effective market: the willingness to pays

decrease from group 1 to group 6. The effective market threshold

can be obtained by Algorithm 1, and is 4 in this example. . . . . . 24

2.3 Comparison of prices between the CP scheme and the SP scheme 29

2.4 Comparison of resource allocation between the CP scheme and

the SP scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.5 An illustrative example: the cluster contains four groups, group 4,

5, 6 and 7; and the effective market contains group 4 and 5, thus

Kj = 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.6 Decomposition and simplification of the general PP problem:

The three-level decomposition structure of the PP problem is

shown in the left hand side. After simplifications in Section 2.5.2

and 2.5.3, the problem will be reduced to structure in right hand

side. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.7 An example of coupling thresholds. . . . . . . . . . . . . . . . . 38

xii



2.8 A four-group example of the ICCP scheme: where the prices

p∗1 > p∗2 > p∗3 > p∗4 are the same as the CP scheme. To mimic the

same resource allocation as under the CP scheme, one necessary

(but not sufficient) condition is sj−1
th ≥ s∗j for all j, where s∗j is the

optimal resource allocation of the CP scheme. . . . . . . . . . . 45

2.9 When the threshold sq−1
th < si→q, the group i user can not obtain

U(s∗i , p
∗
i ) if it chooses the lower price pq at a quantity less than

sq−1
th . Therefore it will automatically choose the high price p∗i to

maximize its surplus. . . . . . . . . . . . . . . . . . . . . . . . . 46

2.10 One example of the revenue gain G(t, 0.01, 0.2) for the CP scheme.

It is clear that the revenue gain can be divided into three regions.

Region(1), increasing region, where Kcp = Ksp = 2, and the

revenue gain comes from the differentiation gain. Region(2), de-

creasing region, where Kcp = 2, Ksp = 1, and the revenue gain

comes from larger effective market and differentiation gain. Re-

gion(3), zero region, where Kcp = Ksp = 1, and is a degenerating

case where two pricing scheme coincide. . . . . . . . . . . . . . 52

2.11 For a fixed s̄, Gmax(α, s̄) monotonically increases in α. For a fixed

α, Gmax(α, s̄) first increases in s̄, and then decreases in s̄ . . . . . 53

2.12 An example of the revenue gain of the three-group market with

the same average willingness to pay . . . . . . . . . . . . . . . . 55

2.13 Revenue gain of a five-group example under different price differ-

entiation schemes . . . . . . . . . . . . . . . . . . . . . . . . . . 57

2.14 Corresponding thresholds of effective markets of Fig. 2.13’s example 58

xiii



3.1 Business model of the operator (Cognitive Virtual Network Oper-

ator). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.2 Flowchart of the dynamic PMC policy . . . . . . . . . . . . . . . 95

3.3 Markov chain model of the PUs’ activities . . . . . . . . . . . . . 103

3.4 Heterogeneous user model: Users in a hexagons are nearby homo-

geneous users, who have the same channel experience. Users in

deferent hexagons can have different channel experience. . . . . . 105

3.5 A collision situation of all sensing channels with V = 100 . . . . 113

3.6 (a) Average queue length vs. Parameter V , (b) Average profit vs.

Parameter V . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

3.7 Average Profit with different sensing technologies . . . . . . . . . 116

3.8 (a) Average transmission rates of a two-queue M-PMC policy, (b)

Average revenues of a two-queue M-PMC policy . . . . . . . . . 117

3.9 An illustration for Alg. 10. The maximum possible threshold is 3. 120

4.1 Standard transformation from a link-capacitated network to node-

capacitated network . . . . . . . . . . . . . . . . . . . . . . . . . 128

4.2 Transformation From Node-capacitated Networks to Edge-capacitated

Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

4.3 An example of the transformation fails in the broadcast scenario . 129

4.4 A general model for a dynamic node-capacitated netwroks . . . . 133

4.5 Relay service of node n . . . . . . . . . . . . . . . . . . . . . . . 147

xiv



List of Tables

2.1 Numerical examples for feasible set size of the partition problem

in Level-1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.2 Parameter settings of a three-group example . . . . . . . . . . . . 55

2.3 Parameter setting of a five-group example . . . . . . . . . . . . . 56

xv



Chapter 1

Introduction

Pricing plays an important role for the design, operation, and management of com-

munication networks. Traditionally, engineers have designed communication ser-

vices without worrying about how these services should be priced. This may due

to the fact that in early time, there are very few monopolist service providers in

the market provisioning very few services (mainly voice service and a little bit

data service). These service providers are guaranteed enough profit, even with

simple flat-fee pricing schemes e.g., unlimited data plans that have dominated the

communication market for quite a long time.

However, the recent technology advances bring major changes to the commu-

nication industry. On one hand, the demands for both wileline and wireless data

services have been growing exponentially due to the increasing popularity of Inter-

net multimedia applications, mobile devices, and social networks. Statistics from

Cisco’s white paper [1,2] show that “Global IP traffic has increased eightfold over

the past 5 years, and will increase fourfold over the next 5 years. In 2015, global

IP traffic will reach 966 exabytes per year or 80.5 exabytes per month”, “Global

mobile data traffic will increase 18-fold between 2011 and 2016. Mobile data

1
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traffic will grow at a compound annual growth rate (CAGR) of 78 percent from

2011 to 2016, reaching 10.8 exabytes per month by 2016”. On the other hand, the

expansion of the market has spawned a highly competitive environment for ser-

vice providers. For example, the increasingly expensive radio spectrum resources

significantly increase the capital and operational costs. In the European 3G spec-

trum auction, a 20 MHz frequency band costs as high as multi-billion dollars [3].

With no doubt, these major changes in communication networks also lead to ma-

jor challenges for service providers in making pricing strategies for both wireline

and wireless services. Randall Stephenson, chief executive of AT&T, recently

commented on the state of the communication industry [4]: “My only regret was

how we introduced pricing in the beginning (the flat-fee pricing)”. In fact, these

new challenges in communication networks make service providers worldwide,

including AT&T, gradually move to more sophisticated pricing schemes. These

challenges also necessitate the emergence of a cross-discipline academic research

of “network economics”1, which searches for new approaches to the modeling and

management of communication networks.

In this thesis, we study one key issue in the network economics: how to design

pricing schemes for communication networks. There are multiple dimensions of

the network pricing. According to different network scenarios, there are static

pricing schemes for deterministic networks, and dynamic pricing for stochastic

networks. In terms of the functionalities of network pricing, it is not only useful

for compensating costs and making profits, but also is an effective tool for the net-

1Network economics was initiated for pricing Internet traffic (wireline). The recent trend shows

that wireless data traffic has been growing much faster than the wireline traffic. It is expected that

traffic from wireless devices will exceed traffic from wireline devices by 2015 [1]. Thus a lot of

research activities on network economics now happen in the wireless domain.
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work operation and management. By exploring different dimensions of network

pricing, this thesis study modeling, analysis, and algorithm design for a wide range

of communication networks. We consider different perspectives of network par-

ticipants including the end users, the service providers, and the social planners; we

consider both deterministic network and the stochastic network; we also consider

both centralized and distributed algorithm design. Optimality and incentives are

two major recurring themes through this network pricing study. On one hand, no

matter which role it plays in a network, a selfish end-user, a profit-driven operator,

or a social planner, the optimality of its own objective is always a desirable goal

or at least a benchmark for the related pricing problem. On the other hand, since

communication markets include multiple participants (e.g., service providers and

millions of individual users), we should take the incentive issues into considera-

tion, as strategic behaviors of different participants have big impacts on the pricing

and resource allocation result.

In this chapter, we will give a high-level overview of this thesis, and introduce

the preliminary backgrounds and methodologies for the network pricing study. In

Section 1.1, we review the pricing schemes in communication networks. Sec-

tion 1.2 provides a brief introduction for two main mathematical tools used in the

network pricing study, which serves a pivotal role in solving the pricing related

optimization problem in this thesis. The main results of this thesis are outlined in

Section 1.3.

1.1 Pricing Schemes in Communication Networks

In the area of communication networks, existing pricing schemes can be classified

into two main categories: optimization-oriented pricing schemes and profit-driven
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pricing schemes.

Optimization-oriented pricing schemes in communication networks are initi-

ated by MacKie-Mason and Varian [5], and further developed in Kelly’s work on

network congestion control [6, 7]. Following this line of work, the Transmission

Control Protocol (TCP) has been successfully reverse-engineered as a congestion

pricing based solution to a network optimization problem [8, 9]. A more general

framework of Network Utility Maximization (NUM) was subsequently developed

to forward-engineer many new network protocols (see a recent survey in [10]).

In various NUM formulations, the “optimization-oriented” prices often represent

the Lagrangian multipliers of various resource constraints and are used to coordi-

nate different network entities to achieve the maximum system performance in a

distributed fashion.

From an economic perspective, optimization-oriented pricing schemes are as-

sociated with social welfare maximization problems. They focus on network pro-

tocol design and individual entity based distributed implementation. The prices

here are devised by a virtual social planner as the “invisible hand”. However,

most commercial communication networks today are built and managed by ser-

vice providers with profit maximization in mind. Therefore, service providers

in practical network operation are more likely to adopt the profit-driven pricing

schemes. These schemes provide incentive ways for service providers to set prices

that they are ready to offer and their customers are willing to accept. During the

past decades, service providers have preferred to using simple pricing schemes,

e.g., the flat-fee pricing. But today, with an exponential growth of data volume and

applications in both wireline and wireless networks, service providers are gradu-

ally shifting to more sophisticated profit-driven pricing schemes.

Based on specific different network scenarios, each of the pricing category
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Figure 1.1: Taxonomy of pricing schemes in communication networks

can be further divided into two sub-categories: static pricing and dynamic pric-

ing. A taxonomy of pricing schemes in communication networks can be found

in Figure 1.1. Now, in the bottom row of this taxonomy in Figure 1.1, we have

four categories of pricing schemes. The first category, static optimization-oriented

pricing schemes, has been thoroughly studied in the NUM framework during the

past decade [10]. Therefore, this thesis omits the first category and focuses on the

other three categories.

1.2 Two Main Algorithm Design Techniques

1.2.1 Network Utility Maximization

In the past decade, we have witnessed the development of Network Utility Maxi-

mization (NUM) framework, which provides a systematic way for network proto-

col analysis and design. The central idea is to associate each individual network

entity with a utility function, and to view the network protocol as a distributed

solution to the global optimization problem of maximizing aggregate entitys’ util-

ities. In this way, people have successfully reverse-engineered many commonly

used network protocols (e.g., TCP/IP [8, 9, 11–15], BGP [16], contention-based
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MAC protocols [17,18]). With the insights obtained from the reverse-engineering

work, forward-engineering studies further systematically improve the existing net-

work protocols.

A typical form of the NUM problem is given as follows:

Maximize
∑
i∈I

Ui(xi) (1.1)

subject to Rx ≤ c

variables x

where xi represents the resource allocated to entity i and Ui(·) denotes the utility

function of entity i. The utility functions are usually interpreted as the entitys’

preferences of the resource allocation, or the measurements of the efficiency and

fairness of algorithms. The concrete from of utility functions depends on the pro-

tocol design goal. To obtain analytical results, we often assume the utility function

to be twice differentiable, increasing and strictly concave. In doing so, the NUM

problem is a convex optimization problem. A commonly used family of utility

functions is the following α−fairness utility function [13]:

Uα(x) =


x1−α

1−α
α ̸= 1

log x Otherwise
, (1.2)

where α = 1 corresponds to proportional fairness and α → ∞ corresponds to

max-min fairness. The inequality Rx ≤ c is a general form of linear constraints

in NUM problem, which represents various network constraints (e.g., network

connection, channel variation in wireless communication network) and Quality

of Service (QoS) requirements (e.g., rate requirement, SINR requirement). For

example, when R denotes the binary network routing matrix, and c denotes the

link capacity vector, then Rx ≤ c can represent the link capacity constraints.
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In protocol design, it is often desirable to have a distributed network algorithm

to solve NUM problems, where each network entity makes its own decisions based

on local information. From an economic perspective, it is in the same spirit of

“invisible hand” described by Adam Smith. The basic idea is proper decomposi-

tion: to divide the original large optimization problem into smaller subproblems

(for each network entity). Today, we have several readily available decomposi-

tion techniques. One most frequently used decomposition technique is based on

the Lagrange dual of the original optimization problem. In this dual decompo-

sition method, the Lagrangian multipliers can be interpreted as prices charged to

the resource allocation in the subproblems, in which network entities decide the

amount of resource to be used according to the prices. Thus the dual decomposi-

tion approach can be understood as a pricing mechanism design, which falls into

the category of the aforementioned optimization-oriented pricing schemes.

1.2.2 Lyapunov Stochastic Optimization

Lyapunov stochastic optimization technique (an application of which is also known

as Max-Weight or Backpressure based scheduling) is the state-of-the-art tool for

solving stochastic network optimization problems. It was first proposed in the

seminal work [19] for the optimization of wireless networks [20], and was later

developed into a general framework for stochastic network optimization [21]. It

has been proven to be capable of solving a wide range of communication and

queueing network problems [21], for instance, throughput optimal routing, net-

work energy minimization, opportunistic cooperation, dynamic data compression,

product-assembly plants, energy allocation for smart grids, inventory control and

power reduction for data centers. The Lyapunov optimization technique is cur-

rently receiving much attention in both the theoretical and experimental commu-
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nities, due to (i) its ability to achieve performance optimality, (ii) its robustness

against time-varying and stochastic network conditions, and (iii) its mathematical

tractability.

One of the key tools in Lyapunov optimization technique is Lyapunov drift ar-

gument [20, 21]. Suppose we are given a discrete-time stochastic network with K

queues (possibly including some virtual queues). Let Q(t) = (Q1(t), . . . , QK(t))

be a vector process of queue lengths. We assume that Q(t) represent network

states, which characterize the randomness in the network, such as the network

channel condition or the random number of arrivals. Q(t) is stable if and only if

lim sup
t→∞

1

t

t−1∑
τ=0

K∑
n=1

E [Qn(τ)] <∞. (1.3)

Let L(Q) be any non-negative scalar valued function of the queue lengths,

called a Lyapunov function. Usually we adopt the quadratic Lyapunov function

L(Q(t)) , 1

2

[
K∑

n=1

Q2
n(t)

]
. (1.4)

Now we define the one-slot conditional Lyapunov drift ∆(Q(t)) as follows:

∆(Q(t)) , E [L(Q(t+ 1))− L(Q(t))|Q(t)]. (1.5)

This drift is the expected change in the Lyapunov function over one slot, given

that the current state in slot t is Q(t).

Suppose that, in addition to the queues Q(t) that we want to stabilize, we have

an associated stochastic “penalty” process f(t), whose time average we want to

make less than (or close to) some target value f∗. Assume the expected penalty is

lower bounded by a finite value 0. We have the following Lyapunov drift theorem:

Theorem 1.1. Suppose that there exist finite constants V > 0, B > 0, ϵ > 0, and

a non-negative function L(Q) such that EL(Q(0)) < ∞ and for every timeslot
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τ ≥ 0, we have:

∆(Q(τ)) + V Ef(τ)|Q(τ) ≤ B + V f ∗ − ϵ

K∑
n=1

|Qn(τ)|, (1.6)

then the time average expected penalty and queue length satisfy:

lim sup
t→∞

1

t

t−1∑
τ=0

Ef(τ) ≤ f ∗ +
B

V
(1.7)

lim sup
t→∞

1

t

t−1∑
τ=0

K∑
n=1

E|Qn(τ)| ≤
B + V f ∗

ϵ
. (1.8)

If for any parameter V > 0, we can design a control policy to ensure the

drift condition (1.6) is satisfied on every slot τ , then the time average expected

penalty satisfies (1.7) and hence it can be arbitrarily close to the target value f ∗

with a sufficient large value of V . However, according to (1.8), the time average

queue length bound increases linearly with V . By Little’s Theorem we know that

queue length is proportional to average delay, thus we obtain a performance-delay

tradeoff of [O(1/V ), O(V )]. This means when achieving the O(1/V ) close-to-

optimal performance, one can only guarantee that the incurred network delay is

O(V ).

The control policy developed using Lyapunov drift argument has many useful

features:

• The sequence of base policies are created in a greedy and dynamic fashion,

depending on the current network state information. In this regard, we may

view it as a learning algorithm over stochastic networks.

• The policy requires limited statistical knowledge of the network, such as

arrival rates and channel statistics of the network. In many applications, it

does not need any statistical knowledge.

• The resulting policy has a near-optimal performance which can be proved

without knowing the exact value of the optimal performance.
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More details can be found at [20, 21].

1.3 Thesis Outline

In summary, we divide the results presented in this thesis into three main cate-

gories showed in Figure 1.1: static profit-driven pricing schemes, dynamic profit-

driven pricing schemes and dynamic optimization-oriented pricing schemes. For

each category, we illustrate the key design challenges and insights through a con-

crete networking example. The rest of this thesis and main results are provided as

follows:

Chapter 2 is about static profit-driven pricing. Motivated by the practical needs

of industry, in this chapter, we provide a comprehensive study for the usage-

based pricing design with different price differentiation levels. Concretely, we

consider the revenue-maximizing problem for a monopoly service provider under

both complete and incomplete network information. Under complete informa-

tion, our focus is to investigate the tradeoff between the total revenue and the im-

plementational complexity (measured in the number of pricing choices available

for users). Among the three pricing differentiation schemes we proposed (i.e.,

complete, single, and partial), the partial price differentiation is the most general

one and includes the other two as special cases. By exploiting the unique prob-

lem structure, we designe an algorithm that computes the optimal partial pricing

scheme in polynomial time, and numerically quantize the tradeoff between imple-

mentational complexity and total revenue. Under incomplete information, it is dif-

ficult in general to design an incentive-compatible differentiation pricing scheme.

We show that when the users are significantly different, it is possible to design a

quantity-based pricing scheme that achieves the same maximum revenue as under
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complete information.

Chapter 3 considers dynamic profit-driven pricing. Cognitive radio networks,

as one of the most promising solutions to nowadays spectrum shortage problem,

have also brought new challenges in future network management. In this chap-

ter, we study a general resource allocation and profit maximization for a cognitive

mobile virtual network operator (a mobile virtual network operator equipped with

the cognitive radio technique). We consider a downlink OFDM transmission sys-

tem with various network dynamics, including dynamic user demands, unstable

sensing spectrum resources, dynamic spectrum prices, and time-varying channel

conditions. In addition, multi-user diversity and imperfect sensing technique are

incorporated to make the network model close to the real system. By exploring

the special structural information of the problem, we develop a low-complexity

on-line control policy that determines pricing and resource scheduling without

knowing the network statistics. We show that the proposed algorithm can achieve

arbitrarily close to the optimal profit with a proper trade-off with the queuing de-

lay.

Chapter 4 provides an example of dynamic optimization-oriented pricing de-

sign for a stochastic network utility maximization problem. We consider a mul-

ticast scenario in a time-varying node-capacitated network with network coding.

We design a dynamic and distributed pricing and resource allocation algorithm

that can achieve arbitrarily close to the optimal network utility (at the expense

of large delays) while maintaining the network stability. Moreover, we show this

algorithm is incentive-compatible, i.e., no matter what role a node plays in the net-

work, the algorithm guarantees that the node has a non-negative profit. This result

has practical importance for distributed network constructions, since it provides

the proper incentives for individual nodes to join, stay, and contribute as relays in
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the network even if they have no interested contents.

The conclusion to the thesis, Chapter 5, discusses open issues and further re-

search directions.



Chapter 2

Price Differentiation for

Communication Networks

We study the optimal usage-based pricing problem in a resource-constrained net-

work with one profit-maximizing service provider and multiple groups of surplus-

maximizing users. With the assumption that the service provider knows the utility

function of each user (thus complete information), we find that the complete price

differentiation scheme can achieve a large revenue gain (e.g., 50%) compared to

no price differentiation under two conditions: the total network resource is compa-

rably limited, and the users with high willingness to pay are minorities. However,

the complete price differentiation scheme may lead to a high implementational

complexity. To trade off the revenue against the implementational complexity, we

further study the partial price differentiation scheme, and design a polynomial-

time algorithm that can compute the optimal partial differentiation prices. We

also consider the incomplete information case where the service provider does not

know which group each user belongs to. We show that it is still possible to realize

price differentiation under this scenario, and provide the sufficient and necessary

13
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condition under which an incentive compatible differentiation scheme can achieve

the same revenue as under complete information.

2.1 Usage-based Pricing Schemes

Economists have proposed many sophisticated pricing mechanisms to extract sur-

pluses from the consumers and maximize revenue (or profits) for the providers.

A typical example is the optimal nonlinear pricing [22–24]. In practice, however,

we observe simple pricing schemes deployed by the service providers. Typical

examples include flat-fee pricing and (piecewise) linear usage-based pricing. One

potential reason behind the gap between “theory” and “practice” is that the op-

timal pricing schemes derived in economics often has a high implementational

complexity. Besides a higher maintenance cost, complex pricing schemes are not

“customer-friendly” and discourage customers from using the services [25, 26].

Furthermore, achieving the highest possible revenue often with complicated pric-

ing schemes requires knowing the information (identity and preference) of each

customer, which can be challenging in large scale communication networks. It is

then natural to ask the following two questions:

1. How to design simple pricing schemes to achieve the best tradeoff between

complexity and performance?

2. How does the network information structure impact the design of pricing

schemes?

This chapter tries to answer the above two questions with some stylized com-

munication network models. Different from some previous work that considered

a flat-fee pricing scheme where the payment does not dependent on the resource
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consumption (e.g., [25, 27, 28]), here we study the revenue maximization prob-

lem with the linear usage-based pricing schemes, where a user’s total payment is

linearly proportional to allocated resource. In wireless communication networks,

the usage-based pricing scheme has become increasingly popular due to the rapid

growth of wireless data traffic. In June 2010, AT&T in the US switched from the

flat-free based pricing (i.e., unlimited data for a fixed fee) to the usage-based pric-

ing schemes for 3G wireless data [29]. Verizon followed up with similar plans in

July 2011. Similar usage-based pricing plans have been adopted by major Chinese

wireless service providers including China Mobile and China UniCom. Thus, the

research on the usage-based pricing is of great practical importance.

In this chapter, we consider the revenue maximization problem of a monopolist

service provider facing multiple groups of users. Each user determines its optimal

resource demand to maximize the surplus, which is the difference between its util-

ity and payment. The service provider chooses the pricing schemes to maximize

his revenue, subject to a limited resource. We consider both complete information

and incomplete information scenarios and design different pricing schemes with

different implementational complexity levels.

Our main contributions are as follows.

• Complete network information: We propose a polynomial algorithm to com-

pute the optimal solution of the partial price differentiation problem, which

includes the complete price differentiation scheme and the single pricing

scheme as special cases. The optimal solution has a threshold structure,

which allocates positive resources with priorities to users with high willing-

ness to pay.

• Revenue gain under the complete network information: Compared to the

single pricing scheme, we identify the two important factors behind the
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revenue increase of the (complete and partial) price differentiation schemes:

the differentiation gain and the effective market size. The revenue gain is

the most significant when users with high willingness to pay are minority

among the whole population and total resource is limited but not too small.

• Incomplete network information: We design an incentive-compatible scheme

with the goal to achieve the same maximum revenue that can be achieved

with the complete information. We find that if the differences of willingness

to pays of users are larger than some thresholds, this incentive-compatible

scheme can achieve the same maximum revenue. We further characterize

the necessary and sufficient condition for the thresholds.

It is interesting to compare our results under the complete network information

scenario with results in [25] and [30]. In [25], the authors showed that the revenue

gain of price differentiation is small with a flat entry-fee based Paris Metro Pricing

(e.g., [31]), and a complicated differentiation strategy may not be worthwhile.

Chau et al. [30] further derived the sufficient conditions of congestion functions

that guarantee the viability of these Paris Metro Pricing schemes. By contrast, our

results show that the revenue gain of price differentiation can be substantial for a

usage-based pricing system.

Some recent work of usage-based pricing and revenue management in com-

munication network includes [32–39]. Basar and Srikant in [32] investigated the

bandwidth allocation problem in a single link network with the single pricing

scheme. Shen and Basar in [33] extended the study to a more general nonlinear

pricing case with the incomplete network information scenario. They discussed

the single pricing scheme under incomplete information with a continuum dis-

tribution of users’ types. In contrast, our study on the incomplete information

focuses on the linear pricing with a discrete setting of users’ types. We also show
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that, besides the single pricing scheme, it is also possible to design differentia-

tion pricing schemes under incomplete information. Daoud et al. [34] studied

an uplink power allocation problem in a CDMA system, where the interference

among users are the key constraint instead of the limited total resource considered

in this chapter. Jiang et al. in [35] and Hande et al. in [36] focused on the study

of the time-dependent pricing. He and Walrand in [37], Shakkottai and Srikant

in [38] and Gajic et al. in [39] focused on the interaction between different service

providers embodied in the pricing strategies, rather than the design of the pricing

mechanism. Besides, none of the related work considered the partial differential

pricing as in this chapter.

2.2 System Model

We consider a network with a total amount of S limited resource (which can be in

the form of rate, bandwidth, power, time slot, etc.). The resource is allocated by a

monopolistic service provider to a set I = {1, . . . , I} of user groups. Each group

i ∈ I has Ni homogeneous users1 with the same utility function:

ui(si) = θi ln(1 + si), (2.1)

where si is the allocated resource to one user in group i and θi represents the

willingness to pay of group i. The logarithmic utility function is commonly used

to model the proportionally fair resource allocation in communication networks

(see [32] for detailed explanations). The analysis of the complete information

case can also be extended to more general utility functions (see Appendix 2.10.1).

Without loss of generality, we assume that θ1 > θ2 > · · · > θI . In other words,

1A special case is Ni=1 for each group, i.e., all users in the network are different.
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group 1 contains users with the highest valuation, and group I contains users with

the lowest valuation.

We consider two types of information structures:

1. Complete information: the service provider knows each user’s utility func-

tion. Though the complete information is a very strong assumption, it is the

most frequently studied scenario in the network pricing literature [32–39].

The significance of studying the complete information is two-fold. It serves

as the benchmark of practical designs and provides important insights for

the incomplete information analysis.

2. Incomplete information: the service provider knows the total number of

groups I , the number of users in each group Ni, i ∈ I, and the utility func-

tion of each group ui, i ∈ I. It does not know which user belongs to which

group. Such assumption in our discrete setting is analogous to that the ser-

vice provider knows only the users’ type distribution in a continuum case.

Such statistical information can be obtained through long term observations

of a stationary user population.

The interaction between the service provider and users can be characterized as

a two-stage Stackelberg model shown in Fig. 2.1. The service provider publishes

the pricing scheme in Stage 1, and users respond with their demands in Stage 2.

The users want to maximize their surpluses by optimizing their demands according

to the pricing scheme. The service provider wants to maximize its revenue by

setting the right pricing scheme to induce desirable demands from users. Since

the service provider has a limited total resource, he must guarantee that the total

demand from users is no larger than what he can supply.

The details of pricing schemes depend on the information structure of the ser-
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Stage 2: Every admitted user decides si

si

Stage1 : SP sets prices:

i i

i I

ns S
 

!"

SP must 

guarantee

{ pi, ni }

YES

NO, statistical information only

Scheme 1: Complete Price Differentiation

(Section III)

Scheme 2: No Price Differentiation

(Section IV)

Scheme 3: Partial Price Differentiation

(Section V) 

Scheme 1: No Price Differentiation

(Section IV)

Scheme 2: Incentive compatible price 

differentiation (Section VI)

complete information of 

every user?

Figure 2.1: A two-stage leader and follower model

vice provider. Under complete information, since the service provider can distin-

guish different groups of users, he announces the pricing and the admission control

decisions to different groups of users. It can choose from the complete price dif-

ferentiation scheme, the single pricing scheme, and the partial price differentiation

scheme to realize desired trade-off between implementational complexity and to-

tal revenue. Under incomplete information, it publishes a common price menu to

all users, and allow users to freely choose a particular price option in this menu.

All these pricing schemes will be discussed one by one in the following sections.

Note that it is possible for a user to achieve an “arbitrage” by splitting into sev-

eral smaller users, each of which requests a small amount of resource and enjoys

a lower unit price. Fortunately, preventing arbitrage of services is often easier and

less costly than that of goods [40]. For example, we can often uniquely identify a

user through its MAC address. Full discussion of arbitrage prevention, however,

is beyond the scope of this chapter.
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2.3 Complete Price Differentiation under complete

information

We first consider the complete information case. Since the service provider knows

the utility and the identity of each user, it is possible to maximize the revenue by

charging a different price to each group of users. The analysis will be based on

backward induction, starting from Stage 2 and then moving to Stage 1.

2.3.1 User’s Surplus Maximization Problem in Stage 2

If a user in group i has been admitted into the network and offered a linear price

pi in Stage 1, then it solves the following surplus maximization problem,

maximize
si≥0

ui(si)− pisi, (2.2)

which leads to the following unique optimal demand

si(pi) =

(
θi
pi
− 1

)+

, where (·)+ , max(·, 0). (2.3)

Remark 2.1. The analysis of the Stage 2 user surplus maximization problem is

the same for all pricing schemes. The result in (2.3) will be also used in Sections

2.4, 2.5 and 2.6.

2.3.2 Service Provider’s Pricing and Admission Control Prob-

lem in Stage 1

In Stage 1, the service provider maximizes its revenue by choosing the price pi and

the admitted user number ni for each group i subject to the limited total resource

S. The key idea is to perform a Complete Price differentiation (CP ) scheme, i.e.,
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charging each group with a different price.

CP : maximize
p≥0,s≥0,n

∑
i∈I

nipisi (2.4)

subject to si =

(
θi
pi
− 1

)+

, i ∈ I, (2.5)

ni ∈ {0, . . . , Ni} , i ∈ I, (2.6)∑
i∈I

nisi ≤ S. (2.7)

where p
∆
= {pi, i ∈ I}, s

∆
= {si, i ∈ I}, and n

∆
= {ni, i ∈ I}. We use bold sym-

bols to denote vectors in the sequel. Constraint (2.5) is the solution of the Stage 2

user surplus maximization problem in (2.3). Constraint (2.6) denotes the admis-

sion control decision, and constraint (2.7) represents the total limited resource in

the network.

The CP problem is not straightforward to solve, since it is a non-convex op-

timization problem with a non-convex objective function (summation of products

of ni and pi), a coupled constraint (2.7), and integer variables n. However, it is

possible to convert it into an equivalent convex formulation through a series of

transformations, and thus the problem can be solved efficiently.

First, we can remove the (·)+ sign in constraint (2.5) by realizing the fact that

there is no need to set pi higher than θi for users in group i; users in group i already

demand zero resource and generate zero revenue when pi = θi. This means that

we can rewrite constraint (2.5) as

pi =
θi

si + 1
and si ≥ 0, i ∈ I. (2.8)

Plugging (2.8) into (2.4), then the objective function becomes
∑
i∈I

ni
θisi
si+1

. We can

further decompose the CP problem in the following two subproblems:

1. Resource allocation: for a fixed admission control decision n, solve for the
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optimal resource allocation s.

CP1 : maximize
s≥0

∑
i∈I

ni
θisi
si + 1

subject to
∑
i∈I

nisi ≤ S. (2.9)

Denote the solution of CP1 as s∗ = (s∗i (n), ∀i ∈ I). We further maximize

the revenue of the integer admission control variables n.

2. Admission control:

CP2 : maximize
n

∑
i∈I

ni
θis

∗
i (n)

s∗i (n) + 1
(2.10)

subject to ni ∈ {0, . . . , Ni} , i ∈ I

Let us first solve the CP1 subproblem in s. Note that it is a convex optimiza-

tion problem. By using Lagrange multiplier technique, we can get the first-order

necessary and sufficient condition:

s∗i (λ) =

(√
θi
λ
− 1

)+

, (2.11)

where λ is the Lagrange multiplier corresponding to the resource constraint (2.9).

Meanwhile, we note the resource constraint (2.9) must hold with equality,

since the objective is a strictly increasing function in si. Thus, by plugging (2.11)

into (2.9), we have ∑
i∈I

ni

(√
θi
λ
− 1

)+

= S. (2.12)

This weighted water-filling problem (where 1√
λ

can be viewed as the water level)

in general has no closed-form solution for λ. However, we can efficiently deter-

mine the optimal solution λ∗ by exploiting the special structure of our problem.

Note that since θ1 > · · · > θI , then λ∗ must satisfy the following condition:
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Kcp∑
i=1

ni

(√
θi
λ∗ − 1

)
= S, (2.13)

for a group index threshold value Kcp satisfying

θKcp

λ∗ > 1 and
θKcp+1

λ∗ ≤ 1. (2.14)

In other words, only groups with index no larger than Kcp will be allocated the

positive resource. This property leads to the following simple Algorithm 1 to

compute λ∗ and group index threshold Kcp: we start by assuming Kcp = I and

compute λ. If (2.14) is not satisfied, we decrease Kcp by one and recompute λ

until (2.14) is satisfied.

Algorithm 1 Solving the Resource Allocation Problem CP1

1: function CP ({ni, θi}i∈I , S)

2: k ← I , λ(k)←
(∑k

i=1 ni
√
θi

S+
∑k

i=1 ni

)2
3: while θk ≤ λ(k) do

4: k ← k − 1, λ(k)←
(∑k

i=1 ni
√
θi

S+
∑k

i=1 ni

)2
5: end while

6: Kcp ← k, λ∗ ← λ(k)

7: return Kcp, λ∗

8: end function

Since θ1 > λ(1) = ( n1

s+n1
)2θ1, Algorithm 1 always converges and returns the

unique values of Kcp and λ∗. The complexity isO(I), i.e., linear in the number of

user groups (not the number of users).

With Kcp and λ∗, the solution of the resource allocation problem can be written

as

s∗i =


√

θi
λ∗ − 1, i = 1, . . . , Kcp;

0, otherwise.
(2.15)
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For the ease of discussion, we introduce a new notion of the effective market,

which denotes all the groups allocated non-zero resource. For the resource al-

location subproblem CP1, the threshold Kcp describes the size of the effective

market. All groups with indices no larger than Kcp are effective groups, and users

in these groups as effective users. An example of the effective market is illustrated

in Fig. 2.2.

group 1 group 6group 5group 4group 3group 2

Zero resource Nonzero resource
Threshold (size) of effective 

market K
cp

= 4

Willingness to pay decreasing

Effective market

Figure 2.2: A 6-group example for effective market: the willingness to pays de-

crease from group 1 to group 6. The effective market threshold can be obtained

by Algorithm 1, and is 4 in this example.

Now let us solve the admission control subproblem CP2. Denote the objective

(2.10) as Rcp(n), by (2.15), then Rcp(n)
∆
=

Kcp∑
i=1

ni

(√
θi

λ∗(n)
− 1
)√

θiλ∗(n). We

first relax the integer domain constraint of ni as ni ∈ [0, Ni]. Since (2.13), by

taking the derivative of the objective function Rcp(n) with respect to ni, we have

∂Rcp(n)

∂ni

= ni

(√
θi

λ∗(n)
− 1

)
∂
√

θiλ∗(n)

∂ni

, (2.16)

Also from (2.13), we have λ∗=
(∑Kcp

i=i ni
√
θi

S+
∑Kcp

i=1 ni

)2
, thus

∂
√

λ∗(n)

∂ni
> 0, for i = 1, . . . , Kcp,

and
∂
√

λ∗(n)

∂ni
= 0, for i = Kcp + 1, . . . , I . This means that the objective Rcp(n)

is strictly increasing in ni for all i = 1, . . . , Kcp, thus it is optimal to admit all

users in the effective market. The admission decisions for the groups not in the
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effective market is irrelevant to the optimization, since those users consume zero

resource. Therefore, one of the optimal solutions of CP1 subproblem is n∗
i = Ni

for all i ∈ I. Solving CP1 and CP2 subproblems leads to the optimal solution of

the CP problem:

Theorem 2.1. There exists an optimal solution of the CP problem that satisfies

the following conditions:

• All users are admitted: n∗
i = Ni for all i ∈ I.

• There exist a value λ∗ and a group index threshold Kcp ≤ I , such that only

the top Kcp groups of users receive positive resource allocations,

s∗i =


√

θi
λ∗ − 1, i = 1, . . . , Kcp;

0, otherwise.

with the prices

p∗i =


√
θiλ∗, i = 1, . . . , Kcp;

θi, otherwise.

The values of λ∗ and Kcp can be computed as in Algorithm 1 by setting

ni = Ni, for all i ∈ I.

Theorem 2.1 provides the right economic intuition: service provider maxi-

mizes its revenue by charging a higher price to users with a higher willingness to

pay. It is easy to check that pi > pj for any i < j. The users with low willingness

to pay are excluded from the markets.

2.3.3 Properties

Here we summarize some interesting properties of the optimal complete price

differentiation scheme:
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2.3.3.1 Threshold structure

The threshold based resource allocation means that groups with higher willingness

to pay have higher priories of obtaining the resource at the optimal solution.

To see this clearly, assume the effective market size is K(1) under parameters

{θi, N (1)
i }i∈I and S. Here the superscript (1) denotes the first parameter set. Now

consider another set of parameters {θi, N (2)
i }i∈I and S, where N

(2)
i ≥ N

(1)
i for

each group i and the new effective market size is K(2). By (2.13), we can see

that K(2) ≤ K(1). Furthermore, we can show that if some high willingness to

pay group has many more users under the latter system parameters, i.e., N (2)
i is

much larger than N
(1)
i for some i < K(1), then the effective size will be strictly

decreased, i.e., K(2) < K(1). In other words, the increase of users with high will-

ingness to pay will drive the users with low willingness to pay out of the effective

market.

2.3.3.2 Admission control with pricing

Theorem 2.1 shows the explicit admission control is not necessary at the optimal

solution. Also from Theorem 2.1, we can see that when the number of users in

any effective group increases, the price p∗i , for all i ∈ I increases and resource s∗i ,

for all ∀ i ≤ Kcp decreases. The prices serve as the indications of the scarcity of

the resources and will automatically prevent the users with low willingness to pay

to consume the network resource.

2.4 Single Pricing Scheme

In last section, we showed that the CP scheme is the optimal pricing scheme to

maximize the revenue under complete information. However, such a complicated
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pricing scheme is of high implementational complexity. In this section we study

the single pricing scheme. It is clear that the scheme will in general suffer a

revenue loss comparing with the CP scheme. We will try to characterize the

impact of various system parameters on such revenue loss.

2.4.1 Problem Formulation and Solution

Let us first formulate the Single Pricing (SP ) problem.

SP : maximize
p≥0, n

p
∑
i∈I

nisi

subject to si =

(
θi
p
− 1

)+

, i ∈ I

ni ∈ {0, . . . , Ni} , i ∈ I∑
i∈I

nisi ≤ S.

Comparing with the CP problem in Section 2.3, here the service provider charges

a single price p to all groups of users. After a similar transformation as in Sec-

tion 2.3, we can show that the optimal single price satisfies the following the

weighted water-filling condition

∑
i∈I

Ni

(
θi
p
− 1

)+

= S.

Thus we can obtain the following solution that shares a similar structure as com-

plete price differentiation.

Theorem 2.2. There exists an optimal solution of the SP problem that satisfies

the following conditions:

• All users are admitted: n∗
i = Ni, for all i ∈ I.
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• There exist a price p∗ and a group index threshold Ksp ≤ I , such that only

the top Ksp groups of users receive positive resource allocations,

s∗i =

 θi
p∗
− 1, i = 1, 2, . . . , Ksp,

0, otherwise,

with the price

p∗ = p(Ksp) =

∑Ksp

i=1 Niθi

S +
∑Ksp

i=1 Ni

.

The value of Ksp and p∗ can be computed as in Algorithm 2.

Algorithm 2 Search the threshold of the SP problem

1: function SP ({Ni, θi}i∈I , S)

2: k ← I , p(k)←
∑k

i=1 Niθi

S+
∑k

i=1 Ni

3: while θk ≤ p(k) do

4: k ← k − 1, p(k)←
∑k

i=1 Niθi

S+
∑k

i=1 Ni

5: end while

6: Ksp ← k, p∗ ← p(k)

7: return Ksp, p∗

8: end function

2.4.2 Properties

The SP scheme shares several similar properties as the CP scheme (Sec. 2.3.3),

including the threshold structure and admission control with pricing. Similarly,

we can define the effective market for the SP scheme.

It is more interesting to notice the differences between these two schemes. To

distinguish solutions, we use the superscript “cp” for the CP scheme, and “sp” for

the SP scheme.

Proposition 2.1. Under same parameters {Ni, θi}i∈I and S:
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1. The effective market of the SP scheme is no larger than the one of the CP

scheme, i.e., Ksp ≤ Kcp.

2. There exists a threshold k̄ ∈ {1, 2 . . . , Ksp}, such that

• Groups with indices less than k̄ (users with high willingness to pay)

are charged with higher prices and allocated less resources in the CP

scheme, i.e., pcdi ≥ p∗ and scdi ≤ sspi , ∀ i ≤ k̄, where the equality holds

if only if i = k̄ and θk̄ =
p∗2

λ∗ ,

• Groups with indices greater than k̄ (users with low willingness to pay

) are charged with lower prices and allocated more resources in the

CP scheme, i.e., pcdi < p∗ and scdi > sspi , ∀ i ≥ k̄.

where p∗ is the optimal single price.

The proof is given in Appendix 2.10.2. An illustrative example is shown in

Fig. 2.3 and Fig. 2.4.
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Figure 2.3: Comparison of prices between the CP scheme and the SP scheme
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Figure 2.4: Comparison of resource allocation between the CP scheme and the

SP scheme

It is easy to understand that the SP scheme makes less revenue, since it is a

feasible solution to the CP problem. A little bit more computation sheds more

light on this comparison. We introduce the following notations to streamline the

comparison:

• Neff (k) ,
k∑

i=1

Ni: the number of effective users, where k is the size of the

effective market.

• γi(k) , Ni

Neff (k)
, i = 1, 2, . . . , k: the fraction of group i’s users in the effec-

tive market.

• s̄(k) , S
Neff (k)

: the average resource per an effective user.

• θ̄(k) ,
k∑

i=1

γiθi: the average willingness to pay per an effective user.

Based on Theorem 2.1, the revenue of the CP scheme is

Rcp(Kcp) = Neff (K
cp)

(
s̄(Kcp)θ̄(Kcp) + g(Kcp)

s̄(Kcp) + 1

)
, (2.17)
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where

g(Kcp) =
1

λ∗

Kcp∑
i=1

Kcp∑
j>i

γiγj(p
cp
i − pcpj )

2. (2.18)

Based on Theorem 2.2, the revenue of the SP scheme is

Rsp(Ksp) = Neff (K
sp)

(
s̄(Ksp)θ̄(Ksp)

s̄(Ksp) + 1

)
. (2.19)

From (2.17) and (2.19), it is clear to see that Rcp ≥ Rsp due to two factors: one

is the non-negative term in (2.18), the other is Kcp ≥ Ksp: a higher level of

differentiation implies a no smaller effective market. Let us further discuss them

in the following two cases:

• If Kcp = Ksp, then the additional term of (2.18) in (2.17) means that Rcp ≥

Rsp. The equality holds if and only if Kcp = 1, in which case g(Kcp) = 0.

Note that in this case, the CP scheme degenerates to the SP scheme. We

name the nonnegative term g(Kcp) in (2.18) as price differentiation gain, as

it measures the average price difference between any effective users in the

CP scheme. The larger the price difference, the larger the gain. When there

is no differentiation in the degenerating case (Kcp = 1), the gain is zero.

• If Kcp > Ksp, since the common part of two revenue Neff (K)
(

s̄(K)θ̄(K)
s̄(K)+1

)
=

Sθ̄Neff (K)

S+Neff (K)
is a strictly increasing function of Neff (K), price differentia-

tion makes more revenue even if the positive differentiation gain g(Kcp) is

not taken into consideration. This result is intuitive, that more consumers

with purchasing power always mean more revenue in the service provider’s

pocket.

Finally, we note that the CP scheme in Section 2.3 requires the complete net-

work information. The SP scheme here, on the other hand, works in the incom-

plete information case as well. This distinction becomes important in Section 2.6.
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2.5 Partial Price Differentiation under Complete In-

formation

For a service provider facing thousands of user types, it is often impractical to

design a price choice for each user type. The reasons behind this, as discussed

in [26], are mainly high system overheads and customers’ aversion. However, as

we have shown in Sec. 2.4, the single pricing scheme may suffer a considerable

revenue loss. How to achieve a good tradeoff between the implementational com-

plexity and the total revenue? In reality, we usually see that the service provider

offers only a few pricing plans for the entire users population; we term it as the

partial price differentiation scheme. In this section, we will answer the follow-

ing question: if the service provider is constrained to maintain a limited number

of prices, p1, . . . , pJ , J ≤ I , then what is the optimal pricing strategy and the

maximum revenue? Concretely, the Partial Price differentiation (PP ) problem is

formulated as follows.

PP : maximize
ni,pi,si,pj ,a

j
i

∑
i∈I

nipisi

subject to si =

(
θi
pi
− 1

)+

, ∀ i ∈ I, (2.20)

ni ∈ {0, . . . , Ni}, ∀ i ∈ I, (2.21)∑
i∈I

nisi ≤ S, (2.22)

pi =
∑
j∈J

ajip
j, (2.23)∑

j∈J

aji = 1, aji ∈ {0, 1},∀ i ∈ I. (2.24)

Here J denotes the set {1, 2, . . . , J}. Since we consider the complete informa-

tion scenario in this section, the service provider can choose the price charged
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to each group, thus constraints (2.20) – (2.22) are the same as in the CP prob-

lem. Constraints (2.23) and (2.24) mean that pi charged to each group i is one

of J choices from the set {pj, j ∈ J }. For convenience, we define cluster

Cj ∆
= {i | aji = 1}, j ∈ J , which is a set of groups charged with the same

price pj . We use superscript j to denote clusters, and subscript i to denote groups

through this section. We term the binary variables a ∆
= {aji , j ∈ J , i ∈ I} as the

partition, which determines which cluster each group belongs to.

The PP problem is a combinatorial optimization problem, and is more diffi-

cult than the previous CP and SP problems. On the other hand, we notice that this

PP problem formulation includes the CP scheme (J = I) and the SP scheme

scenario (J = 1) as special cases. The insights we obtained from solving these

two special cases in Sections 2.3 and 2.4 will be helpful to solve the general PP

problem.

2.5.1 Three-level Decomposition

To solve the PP problem, we decompose and tackle it in three levels. In the

lowest level-3, we determine the pricing and resource allocation for each cluster,

given a fixed partition and fixed resource allocation among clusters. In level-2, we

compute the optimal resource allocation among clusters, given a fixed partition.

In level-1, we optimize the partition among groups.
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2.5.1.1 Level-3: Pricing and Resource Allocation in Each Cluster

For a fix partition a and a cluster resource allocation s
∆
= {sj}j∈J , we focus the

pricing and resource allocation problems within each cluster Cj , j ∈ J :

Level-3: maximize
ni,si,pj

∑
i∈Cj

nip
jsi

subject to si =

(
θi
pj
− 1

)+

, ∀ i ∈ Cj,

ni ≤ Ni, ∀ i ∈ Cj,∑
i∈Cj

nisi ≤ sj.

The level-3 subproblem coincides with the SP scheme discussed in Section 2.4,

since all groups within the same cluster Cj are charged with a single price pj . We

can then directly apply the results in Theorem 2 to solve the level-3 subproblem.

We denote the effective market threshold2 for cluster Cj as Kj , which can be

computed in Algorithm 2. An illustrative example is shown in Fig. 2.5, where

the cluster contains four groups (group 4, 5, 6 and 7), and the effective market

contains groups 4 and 5, thus Kj = 5. The service provider obtains the following

maximum revenue obtained from cluster Cj:

Rj(sj,a) =
sj
∑

i∈Cj , i≤Kj Niθi

sj +
∑

i∈Cj , i≤Kj Ni

. (2.25)

2Note that we do not assume that the effective market threshold equals to the number of effec-

tive groups, e.g., there are 2 effective groups in Fig. 5, but threshold Kj = 5. Later we will prove

that there is unified threshold for the PP problem. Then by this result, the group index threshold

actually coincides with the number of effective groups.
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group 4 group 7group 6group 5

Zero resource Nonzero resource
Threshold (size) of effective 

market K
j
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C
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Figure 2.5: An illustrative example: the cluster contains four groups, group 4, 5,

6 and 7; and the effective market contains group 4 and 5, thus Kj = 5

2.5.1.2 Level-2: Resource Allocation among Clusters

For a fix partition a, we then consider the resource allocation among clusters.

Level-2: maximize
sj≥0

∑
j∈J

Rj(sj,a)

subject to
∑
j∈J

sj ≤ S

We will show in Section 2.5.2 that subproblems in level-2 and level-3 can be trans-

formed into a complete price differentiation problem under proper technique con-

ditions. Let us denote the its optimal value as Rpp(a).

2.5.1.3 Level-1: cluster partition

Finally, we solve the cluster partition problem.

Level-1: maximize
aji∈{0,1}

Rpp(a)

subject to
∑
j∈J

aji = 1, i ∈ I.

This partition problem is a combinatorial optimization problem. The size of its

feasible set is S(I, J) = 1
J !

J∑
t=1

(−1)J+tC(J, t)tI , Stirling number of the second

kind [41, Chap.13], where C(J, t) is the binomial coefficient. Some numerical
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Table 2.1: Numerical examples for feasible set size of the partition problem in

Level-1

Number of groups I = 10 I = 100 I = 1000

Number of prices J = 2 J = 3 J = 2 J = 3 J = 2

S(I, J) 511 9330 6.338× 1029 8.590× 1046 5.358× 10300

C(I − 1, J − 1) 9 36 99 4851 999

examples are given in the third row in Table 2.1. If the number of prices J is

given, the feasible set size is exponential in the total number of groups I . For our

problem, however, it is possible to reduce the size of the feasible set by exploiting

the special problem structure. More specifically, the group indices in each cluster

should be consecutive at the optimum. This means that the size of the feasible set

is C(I − 1, J − 1) as shown in the last row in Table 2.1, and thus is much smaller

than S(I, J).

Next we discuss how to solve the three level subproblems. A route map for the

whole solution process is given in Fig. 2.6.

2.5.2 Solving Level-2 and Level-3

The optimal solution (2.25) of the level-3 problem can be equivalently written as

Rj(s,a) =
sj
∑

i∈Cj , i≤Kj Niθi

sj +
∑

i∈Cj , i≤Kj Ni

(a)
=

sjN jθj

sj +N j
, (2.26)

where


N j =

∑
i∈Cj , i≤Kj Ni,

θj =
∑

i∈Cj , i≤Kj
Niθi
Nj .

(2.27)

The equality (a) in (2.26) means that each cluster Cj can be equivalently treated as

a group with N j homogeneous users with the same willings to pay θj . We name
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Figure 2.6: Decomposition and simplification of the general PP problem: The

three-level decomposition structure of the PP problem is shown in the left hand

side. After simplifications in Section 2.5.2 and 2.5.3, the problem will be reduced

to structure in right hand side.

this equivalent group as a super-group (SG). We summarize the above result as the

following lemma.

Lemma 2.1. For every cluster Cj and total resource sj , j ∈ J , we can find an

equivalent super-group which satisfies conditions in (2.27) and achieves the same

revenue under the SP scheme.

Based on Lemma 2.1, level-2 and level-3 subproblems together can be viewed

as the CP problem for super-groups. Since a cluster and its super-group from a

one-to-one mapping, we will use the two words interchangeably in the sequel.

However, simply combining Theorems 2.1 and 2.2 to solve level-2 and level-3

subproblems for a fixed partition a can result in a very high complexity. This is

because the effective markets within each super-group and between super-groups

are coupled together. An illustrative example of this coupling effective market is

shown in Fig. 2.7, where Kc is the threshold between clusters and has three pos-

sible positions (i.e., between group 2 and group 3, between group 5 and group 6,

or after group 6); and K1 and K2 are thresholds within cluster C1 and C2, which
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have two or three possible positions, respectively. Thus, there are (2×3)×3 = 18

possible thresholds possibilities in total.

C1 (or SG1) C2 (or SG2)

group 1 group 2 group 3 group 4 group 5

Zero resource Nonzero resource

K
C

: Threshold for 

clusters

K1: Threshold in C1
K2: Threshold in C2

group 6

C3 (or SG3)

Figure 2.7: An example of coupling thresholds.

The key idea resolving this coupling issue is to show that the situation in

Fig. 2.7 can not be an optimal solution of the PP problem. The results in Sec-

tions 2.3 and 2.4 show that there is a unified threshold at the optimum in both the

CP and SP cases, e.g., Fig. 2.2. Next we will show that a unified single threshold

also exists in the PP case.

Lemma 2.2. At any optimal solution of the PP scheme, the group indices of the

effective market is consecutive.

The proof of Lemma 2.2 can be found in Appendix 2.10.3. The intuition is

that the resource should be always allocated to users with high willingness to pay

at the optimum. Thus, it is not possible to have Fig. 2.7 at an optimal solution,

where users in group 2 with high willingness to pay are allocated zero resource

while users in group 3 with low willingness to pay are allocated positive resources.

Based on Lemma 2.2, we know that there is a unified effective market thresh-

old for the PP problem, denoted as Kpp. Since all groups with indices larger

than Kpp make zero contribution to the revenue, we can ignore them and only
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consider the partition problem for the first Kpp groups. Given a partition that di-

vides the Kpp groups into J clusters (super-groups), we can apply the CP result

in Section 2.3 to compute the optimal revenue in the level-2 subproblem based on

Theorem 2.1.

Rpp(a) =
J∑

j=1

N jθj −

(∑J
j=1 N

j
√
θj
)2

S +
∑J

j=1 N
j

=
Kpp∑
i=1

Niθi −

(∑J
j=1 N

j
√
θj
)2

S +
∑Kpp

i=1 Ni

. (2.28)

2.5.3 Solving Level-1

2.5.3.1 With a given effective market threshold Kpp

Based on the previous results, we first simplify the level-1 subproblem, and prove

the theorem below.

Theorem 2.3. For a given threshold Kpp, the optimal partition of the level-1 sub-

problem is the solution of the following optimization problem.

Level-1′ minimize
aji ,N

j ,θj

∑
j∈J

N j
√
θj

subject to N j =
∑
i∈Kpp

Nia
j
i , j ∈ J ,

θj =
∑
i∈Kpp

Nia
j
i

N j
θi j ∈ J ,∑

j∈J

aji = 1, aji ∈ {0, 1} , i ∈ Kpp j∈J ,

θKpp > pJ =
√
θJ(a)λ(a). (2.29)

where Kpp ∆
= {1, 2, . . . , Kpp}, θJ(a) is the value of average willingness to pay of

the J th group for the partition a, and λ(a) =

(∑
j∈J Nj

√
θj

S+
∑Kpp

i=1 Ni

)2

.
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Proof. The objective function and the first three constraints in the level-1 subprob-

lem are easy to understand: if the effective market threshold Kpp is given, then the

objective function of the level-1 subproblem, maximizing Rpp in (2.28) over a, is

as simple as minimizing
∑J

j=1 N
j
√
θj as the level-1 subproblem suggested; the

first three constraints are given by the definition of the partition.

Constraint (2.29) is the threshold condition that supports (2.28), which means

that group with the least willingness to pay in the effective market has a positive

demand. It ensures that calculating the revenue by (2.28) is valid. Remember

that the solution of the CP problem of level-2 and level-3 is threshold based, and

Lemma 2.2 indicates that (2.29) is sufficient for that all groups with willingness

to pay larger than group Kpp can have positive demands. Otherwise, we can con-

struct another partition leading to a larger revenue (please refer to the proof of

Lemma 2.2), or equivalently leading to a less objective value of the level-1 sub-

problem. This leads to a contradiction.

The level-1 subproblem is still a combinatorial optimization problem with a

large feasible set of a (similar as the original level-1 subproblem). The following

result can help us to reduce the size of the feasible set.

Theorem 2.4. For any effective market size Kpp and number of prices J , an op-

timal partition of the PP problem involves consecutive group indices within clus-

ters.

The proof of Theorem 2.4 is given in Appendix 2.10.4. We first prove this

result is true for the level-1 subproblem without constraint (2.29), and further show

that this result will not affected by (2.29). The intuition is that users with high

willingness to pay should be allocated positive resources with priority. It implies

that groups with similar willingness to pays should be partitioned in the same

cluster, instead of in several far away clusters. Or equivalently, the group indices
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within each cluster should be consecutive.

We define A as the set of all partitions with consecutive group indices within

each cluster, and v(a) =
∑

j∈J N j
√
θj is the value of objective of the level-1

subproblem for a partition a. Algorithm 3 finds the optimal solution of the level-

1 subproblem. The main idea for this algorithm is to enumerate every possible

partition in set A, and then check whether the threshold condition (2.29) can be

satisfied. The main part of this algorithm is to enumerate all partitions in set A of

C(Kpp − 1, J − 1) feasible partitions. Thus the complexity of Algorithm 3 is no

more than O((Kpp)J−1).

Algorithm 3 Solve the level-1 subproblem with fixed Kpp

1: function LEVEL-1(Kpp, J)

2: k ← Kpp

3: v∗ ←
√∑k

i=1 Ni

∑k
i=1 Niθi, a∗ = 0

4: for a ∈ A do

5: if θk >
√

θJ(a)λ(a) then

6: if v(a) < v∗ then

7: v∗ ← v(a), a∗ ← a

8: end if

9: end if

10: end for

11: return a∗

12: end function

2.5.3.2 Search the optimal effective market threshold Kpp

We know the optimal market threshold Kpp is upper-bounded, i.e., Kpp ≤ Kcp ≤

I . Thus we can first run Algorithm 1 to calculate the effective market size for the
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CP scheme Kcp. Then, we search the optimal Kpp iteratively using Algorithm 3

as an inner loop. We start by letting Kpp = Kcp and run Algorithm 3. If there is

no solution, we decrease Kpp by one and run Algorithm 3 again. The algorithm

will terminate once we find an effective market threshold where Algorithm 3 has

an optimal solution. Once the optimal threshold and the partition of the clusters

are determined, we can further run Algorithm 1 to solve the joint optimal resource

allocation and pricing scheme. The pseudo code is given in Algorithm 4 as fol-

lows.

Algorithm 4 Solve partial price differentiation problem
1: pi ← θi

2: k ⇐ CP({Ni, θi}i∈I , S) 1, a∗ ⇐ Level-1(k,J)

3: while a∗ == 0 do

4: k ← k − 1, a∗ ⇐ Level-1(k,J)

5: end while

6: for j ← 1, J do

7: N j ←
∑k

i=1 Nia
j
i , θ

j ←
∑k

i=1
Nia

j
i

Nj θi

8: end for

9: λ⇐ CP({N j, θj}i∈J , S) 2

10: for i← 1, k do

11: pi ←
∑J

j=1 a
j
i

√
θjλ

12: end for

13: return {pi}i∈I

In Algorithm 4, it invokes two functions: CP({Niθi}i∈I , S) as described in

Algorithm 1 and and Level-1(k, J) as in Algorithm 3. CP({Niθi}i∈I , S) returns a

vector with two elements: CP({Ni{θi}i∈I , S) 1 denotes the first element Kcp, and

CP({Niθi}i∈I , S) 2 denotes the second element λ∗ in the CP problem.
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The above analysis leads to the following theorem:

Theorem 2.5. The solution obtained by Algorithm 4 is optimal for the PP prob-

lem.

Proof. It is clear that Algorithm 4 enumerates every possible value of the effec-

tive market size for the PP problem Kpp, and for a given Kpp its inner loop

Algorithm 3 enumerates every possible partition in set A. Therefore, the result in

Theorem 4 follows.

Next we discuss the complexity of Algorithm 4. The complexity of Algo-

rithm 1 isO(I), and we run it twice in Algorithm 4. The worst case complexity of

Algorithm 3 is O(IJ−1), and we run it no more than I − J times. Thus the whole

complexity of Algorithm 4 is no more than O(IJ), which is polynomial of I .

2.6 Price Differentiation under Incomplete Informa-

tion

In Sections 2.3, 2.4, and 2.5, we discuss various pricing schemes with different

implementational complexity level under complete information, the revenues of

which can be viewed as the benchmark of practical pricing designs. In this section,

we further study the incomplete information scenario, where the service provider

does not know the group association of each user. The challenge for pricing in

this case is that the service provider needs to provide the right incentive so that a

group i user does not want to pretend to be a user in a different group. It is clear

that the CP scheme in Section 2.3 and the PP scheme in Section 2.5 cannot be

directly applied here. The SP scheme in Section 2.4 is a special case, since it

does not require the user-group association information in the first place and thus
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can be applied in the incomplete information scenario directly. On the other hand,

we know that the SP scheme may suffer a considerable revenue loss compared

with the CP scheme. Thus it is natural to ask whether it is possible to design an

incentive compatible differentiation scheme under incomplete information. In this

section, we design a quantity-based price menu to incentivize the users to make

the right self-selection and achieve the same maximum revenue of the CP scheme

under complete information under proper technical conditions. We name it the

Incentive Compatible Complete Price differentiation (ICCP ) scheme.

In the ICCP scheme, the service provider publishes the quantity-based price

menu, which consists of several step functions of resource quantities. Users are

allowed to freely choose their quantities. The aim of this price menu is to make

the users self-differentiated, so that to mimic the same result (the same prices

and resource allocations) of the CP scheme under complete information. Based

on Theorem 2.1, there are only K (without confusion, we remove the superscript

“cp” to simplify the notation) effective groups of users receiving non-zero resource

allocations, thus there are K steps of unit prices, p∗1 > p∗2 > · · · > p∗K in the

price menu. These prices are exactly the same optimal prices that the service

provider would charge for K effective groups as in Theorem 2.1. Note that for the

K + 1, . . . , I groups, all the prices in the menu are too high for them, then they

will still demand zero resource. The quantity is divided into K intervals by K − 1

thresholds, s1th > s2th > · · · > sK−1
th . The ICCP scheme can specified as follows:

p(s) =



p∗1 when s > s1th

p∗2 when s1th ≥ s > s2th
...

p∗K when sK−1
th ≥ s > 0.

(2.30)

A four-group example is shown in Fig. 2.8.
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Figure 2.8: A four-group example of the ICCP scheme: where the prices p∗1 >

p∗2 > p∗3 > p∗4 are the same as the CP scheme. To mimic the same resource

allocation as under the CP scheme, one necessary (but not sufficient) condition is

sj−1
th ≥ s∗j for all j, where s∗j is the optimal resource allocation of the CP scheme.

Note that in contrast to the usual “volume discount”, here the price is non-

decreasing in quantity. This is motivated by the resource allocation in Theorem

2.1, that a user with a higher θi is charged a higher price for a larger resource

allocation. Thus the observable quantity can be viewed as an indication of the

unobservable users’ willingness to pay, and help to realize price differentiation

under incomplete information.

The key challenge in the ICCP scheme is to properly set the quantity thresh-

olds so that users are perfectly segmented through self-differentiation. This is,

however, not always possible. Next we derive the necessary and sufficient condi-

tions to guarantee the perfect segmentation.

Let us first study the self-selection problem between two groups: group i and

group q with i < q. Later on we will generalize the results to multiple groups.

Here group i has a higher willingness to pay, but will be charged with a higher

price p∗i in the CP case. The incentive compatible constraint is that a user with
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high willingness to pay can not get more surplus by pretending to be a user with

low willingness to pay , i.e., max
s

Ui(s; p
∗
i ) ≥ max

s
Ui(s; p

∗
q), where Ui(s; p) =

θi ln(1 + s)− ps is the surplus of a group i user when it is charged with price p.

Without confusion, we still use s∗i to denote the optimal resource allocation

under the optimal prices in Theorem 2.1, i.e., s∗i = argmax
si≥0

Ui(si; p
∗
i ). We define

si→q as the quantity satisfyingUi(si→q; p
∗
q) = Ui(s

∗
i ; p

∗
i )

si→q < s∗i

. (2.31)

In other words, when a group i user is charged with a lower price p∗q and demands

resource quantity at si→q, it achieves the same as the maximum surplus under the

optimal price of the CP scheme p∗i , as showed in Fig. 2.9. Since there are two

solutions of the first equation of (2.31), we constraint si→q to be the one that is

smaller than s∗i .

ΘilnH1+sL-p*

q s

resource

surplus

ΘilnH1+sL-p*

i  s

si®q s*
i

1 2 3 4

1

2

3

4

Figure 2.9: When the threshold sq−1
th < si→q, the group i user can not obtain

U(s∗i , p
∗
i ) if it chooses the lower price pq at a quantity less than sq−1

th . Therefore it

will automatically choose the high price p∗i to maximize its surplus.

To maintain the group i users’ incentive to choose the higher price p∗i instead

of p∗q , we must have sq−1
th ≤ si→q, which means a group i user can not obtain
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Ui(s
∗
i , p

∗
i ) if it chooses a quantity less than sq−1

th . In other words, it will automat-

ically choose the higher (and the desirable) price p∗i to maximize its surplus. On

the other hand, we must have sq−1
th ≥ s∗q in order to maintain the optimal resource

allocation and allow a group q user to choose the right quantity-price combination

(illustrated in Fig. 2.8).

Therefore, it is clear that the necessary and sufficient condition that the ICCP

scheme under incomplete information achieves the same maximum revenue of the

CP scheme under complete information is

s∗q ≤ si→q, ∀ i < q, ∀ q ∈ {2, . . . , K}. (2.32)

By solving these inequalities, we can obtain the following theorem (detailed proof

in Appendix 2.10.5).

Theorem 2.6. There exist unique thresholds {t1, . . . ,tK−1}, such that the ICCP

scheme achieves the same maximum revenue as in the complete information case

if √
θq
θq+1

≥ tq for q=1, . . . , K − 1.

Moreover, tq is the unique solution of the equation

t2 ln t− (t2 − 1) +
t
∑q

k=1 Nk +Nq+1

S +
∑Kcp

k=1 Nk

(t− 1) = 0

over the domain t > 1.

We want to mention that the condition in Theorem 2.6 is necessary and suf-

ficient for the case of K = 2 effective groups3. For K > 2, Theorem 2.6 is

sufficient but not necessary. The intuition of Theorem 2.6 is that users need to be

sufficiently different to achieve the maximum revenue.

The following result immediately follows Theorem 2.6.
3There might be other groups who are not allocated positive resource under the optimal pricing.



CHAPTER 2. PRICE DIFFERENTIATION FOR COMMUNICATION NETWORKS 48

Corollary 2.1. The tqs in Theorem 2.6 satisfy tq < troot for q = 1, . . . , K − 1,

where troot ≈ 2.21846 is the larger root of equation t2 ln t− (t2 − 1) = 0.

The Corollary 2.1 means that the users do not need to be extremely different

to achieve the maximum revenue.

When the conditions in Theorem 2.6 are not satisfied, there may be revenue

loss by using the pricing menu in (2.30). Since it is difficult to explicitly solve the

parameterized transcend equation (2.31), we are not able to characterize the loss

in a closed form yet.

2.6.1 Extensions to Partial Price Differentiation under Incom-

plete Information

For any given system parameters, we can numerically check whether a partial

price differentiation scheme can achieve the same maximum revenue under both

the complete and incomplete information scenarios. The idea is similar as we

described in this section. Since the PP problem can be viewed as the CP problem

for all effective super-groups, then we can check the ICCP bound in Theorem 2.6

for super-groups (once the super-group partition is determined by the searching

using Algorithm 4). Deriving an analytical sufficient condition (as in Theorem 2.6)

for an incentive compatible partial price differentiation scheme, however, is highly

non-trivial and is part of our future study.
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2.7 Connections with the Classical Price Differenti-

ation Taxonomy

In economics, price differentiation is often categorized by the first/second/third de-

gree price differentiation taxonomy [40]. This taxonomy is often used in the con-

text of unlimited resources and general pricing functions. The proposed schemes

in this chapter have several key differences from these standard concepts, mainly

due to the assumption of limited total resources and the choice of linear usage-

based pricing.

In the first-degree price differentiation, each user is charged a price based on its

willingness to pay. Such a scheme is also called the perfect price differentiation,

as it captures users’ entire surpluses (i.e., leaving users with zero payoffs). For the

complete price differentiation scheme under complete information in Section 2.3,

the service provider does not extract all surpluses from users, mainly due to the

choice of linear price functions. All effective users obtain positive payoffs.

In the second-degree price differentiation, prices are set according to quantities

sold (e.g., the volume discount). The pricing scheme under incomplete informa-

tion in Section 2.6 has a similar flavor of quantity-based charging. However, our

proposed pricing scheme charges a higher unit price for a larger quantity pur-

chase, which is opposite to the usual practice of volume discount. This is due to

our motivation of mimicking the optimal pricing differentiation scheme under the

complete information. Our focus is to characterize the sufficient conditions, under

which the revenue loss due to incomplete information (also called “information

rent” [22–24, 42]) is zero.

In the third-degree price differentiation, prices are set according to some cus-
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tomer segmentation. The segmentation is usually made based on users’ certain

attributes such as ages, occupations, and genders. The partial price differentia-

tion scheme in Section 2.5 is analogous to the third-degree price differentiation,

but here the user segmentation is still based on users’ willingness to pay. The

motivation of our scheme is to reduce the implementational complexity.

2.8 Numerical Results

We provide numerical examples to quantitatively study several key properties of

price differentiation strategies in this section.

2.8.1 When is price differentiation most beneficial?

Definition 2.1. (Revenue gain) We define the revenue gain G of one pricing scheme

as the ratio of the revenue difference (between this pricing scheme and the single

pricing scheme) normalized by the revenue of single pricing scheme.

In this subsection, we will study the revenue gain of the CP scheme, i.e.,

G(N ,θ, S)
∆
= Rcp−Rsp

Rsp
, where N

∆
= {Ni,∀i ∈ I} denotes the number of users

in each groups, θ ∆
= {θi,∀i ∈ I} denotes their willingness to pays, and S is the

total resource. Notice that this gain is the maximum possible differentiation gain

among all PP schemes.

We first study a simple two-group case. According to Theorems 2.1 and 2.2,

the revenue under the SP scheme and the CP scheme can be calculated as fol-

lows:

Rsp =


S(N1θ1+N2θ2)

N1+N2+S
1 ≤ t <

√
S+N1

N1
,

SN1θ1
N1+S

t ≥
√

S+N1

N1
,
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and

Rcp =


S(N1θ1+N2θ2)+N1N2(

√
θ1−

√
θ2)2

N1+N2+S
1 ≤ t < S+N1

N1
,

SN1θ1
N1+S

t ≥ S+N1

N1
.

where t =
√

θ1
θ2

> 1.

The revenue gain will depend on five parameters, S, N1, θ1, N2 and θ2. To

simplify notations, let N = N1 +N2 be the total number of the users, α = N1

N
the

percentage of group 1 users, and s̄ = S
N

the level of normalized available resource.

Thus the revenue gain can be expressed as

G(t, α, s̄) =


α(1−α)(t−1)2

s̄(1+α(t2−1))
1 < t <

√
s̄+α
α
,

(1−α)(s̄+α−tα)2

αs̄(1+s̄)t2

√
s̄+α
α
≤ t ≤ s̄+α

α
.

(2.33)

Next we discuss the impact of each parameter.

Observation 2.1. In terms of the parameter t, G monotonically increases in (1,
√

s̄+α
α
)

and decrease in [
√

k+α
α

, k+α
α

). The maximum is obtained at tG−max =
√

k+α
α

,

when the resource allocated to the group 2 user just becomes zero in the SP

scheme.

One example is showed in Fig.2.10.

It is clear that the revenue gain is not monotonic in the willingness to pay

ratio. Its behavior can be divided into three regions: the increasing Region (1)

with t ∈ (1,
√

s̄+α
α
), the decreasing Region (2) with t ∈ [

√
k+α
α

, k+α
α

), and the

zero Region (3) with t ≥ k+α
α

.

It is also interesting to note that three regions are closed related to the effective

market sizes: Ksp = Kcp = 2 in Region (1); Ksp = 1 and Kcp = 2 in Region

(2); and Kcp = Ksp = 1 in Region (3) where the CP scheme degenerates to the

SP scheme. The peak point of the revenue gain correspond to the place where the

effective market of the SP Scheme changes.
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Figure 2.10: One example of the revenue gain G(t, 0.01, 0.2) for the CP scheme.

It is clear that the revenue gain can be divided into three regions. Region(1),

increasing region, where Kcp = Ksp = 2, and the revenue gain comes from the

differentiation gain. Region(2), decreasing region, where Kcp = 2, Ksp = 1,

and the revenue gain comes from larger effective market and differentiation gain.

Region(3), zero region, where Kcp = Ksp = 1, and is a degenerating case where

two pricing scheme coincide.

Intuitively, the CP scheme increases the revenue by charging the high willing-

ness to pay groups with high prices, thus the revenue gain increases first when the

difference of willingness to pays increase. However, when the difference of will-

ingness to pay is very large, the CP scheme obtain most revenue from the users

with high willingness to pay , while the SP scheme declines the users with low

willingness to pay but serves the users with high willingness to pays only. Both

schemes lead to similar resource allocation in this region, and thus the revenue

gain decreases as the difference of willingness to pays increases.

Figure 2.10 shows the revenue gain under usage-based pricing can be very
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high in some scenario, e.g., over 50% in this example. We can define this peak

revenue gain as

Gmax(α, s̄)=max
t≥1

G(t, α, s̄)=
(α−1)(

√
s̄+α−

√
α)2

s̄(1 + s̄)
.

Figure 2.11 is shown how Gmax changes in s̄ with different parameters α.
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Figure 2.11: For a fixed s̄, Gmax(α, s̄) monotonically increases in α. For a fixed

α, Gmax(α, s̄) first increases in s̄, and then decreases in s̄

Observation 2.2. For a fixed s̄, Gmax(α, s̄) monotonically decreases in α .

When α is small, which means users with high willingness to pay are minori-

ties in the effective market, the advantage of price differentiation is very evident.

As shown in Fig. 2.11, when α = 0.1, the maximum possible revenue gain can

be over than 20%; and when α = 0.01, this gain can be even higher than 50%.

However, when users with high willingness to pay are majority, the price differen-

tiation gain is very limited, for example, the gain is no larger than 8% and 2% for

α = 0.5 and 0.9, respectively.
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Intuitively, users with high willingness to pay are the most profitable users

in the market. Ignoring them is detrimental in terms of revenue even if they only

occupy a small fraction of the population. Since the SP scheme is set based on the

average willingness to pay of the effective market, the users with high willingness

to pay will be ignored (in the sense of not charging the desirable high price) when

α is small. In contrast, ignoring the users with low willingness to pay when α is

large is not a big issue.

Observation 2.3. For parameter k, Gmax(α, s̄) is not a monotonic function in s̄.

Its shape looks like a skewed bell. The gain is either small when s̄ is very small or

very large.

Small s̄ means that resource is very limited, and both schemes allocates the

resource to users with high willingness to pay (see the discussion of the threshold

structure in Sections 2.3 and 2.4), and thus there is not much difference between

two pricing schemes. While s̄ is very large, i.e., the resource is abundant, the

prices and the resource allocation with or without differentiation become similar

(which can be easily checked from formulations in Theorems 2.1 and 2.2). In

these two scenarios, similar resource allocations lead to similar revenues. These

explains the bell shape for parameter s̄.

Based on the above observations, we find that the revenue gain can be very

high under two conditions. First, the users with high willingness to pay are mi-

norities in the effective market. Second, the total resource is comparatively lim-

ited.

For cases with three or more groups, the analytical study becomes much more

challenging due to many more parameters. Moreover, the complex threshold struc-

ture of the effective market makes the problem even complicated. We will present

some numerical studies to illustrate some interesting insights.
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Table 2.2: Parameter settings of a three-group example

θ1 N1 θ2 N2 θ3 N3 θ̄

Case 1 9 10 3 10 1 80 2

Case 2 3 33 2 33 1 34 2

Case 3 2.2 80 1.5 10 1 10 2

For illustration convenience, we choose a three-group example and three dif-

ferent sets of parameters as shown in Table 2.2. To limit the dimension of the

problem, we set the parameters such that the total number of users and the av-

erage willingness to pay (i.e., θ̄ =
∑3

i=1 Niθi/(
∑3

i=1 Ni)) of all users are the

same across three different parameter settings. This ensures that the SP scheme

achieves the same revenue in three different cases when resource is abundant. Fig-

ure 2.12 illustrates how the differentiation gain changing changes in resource S.
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Figure 2.12: An example of the revenue gain of the three-group market with the

same average willingness to pay
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Similar as the analytical study of the two-group case, Fig. 2.12 shows that

the revenue gain is large only when the users with high willingness to pay are

minorities (e.g. case 1) in the effective market and the resource is limited but not

too small (100 ≤ S ≤ 150 in all three cases). When resource S is large enough

(e.g., ≥ 150), the gain will gradually diminish to zero as the resource increases.

For each curve in Fig. 2.12, there are two peak points. Each peak point represents a

change of the effective market threshold in the SP scheme, i.e., when the resource

allocation to a group becomes zero. In numerical studies of networks with I > 3

groups (not shown in this chapter), we have observed the similar conditions for

achieving a large differentiation gain and the phenomenon of I − 1 peak points.

2.8.2 What is the best tradeoff of Partial Price Differentiation?

In Section 2.5, we design Algorithm 4 that optimally solves the PP problem with

a polynomial complexity. Here we study the tradeoff between total revenue and

implementational complexity.

To illustrate the tradeoff, we consider a five-group example with parameters

shown in Table 2.3. Note that users with high willingness to pay are minorities

here. Figure 2.13 shows the revenue gain G as a function of total resource S under

different PP schemes (including CP scheme as a special case), and Fig. 2.14

shows how the effective market thresholds change with the total resource.

Table 2.3: Parameter setting of a five-group example

group index i 1 2 3 4 5

θi 16 8 4 2 1

Ni 2 3 5 10 80
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We enlarge Fig. 2.13 and Fig. 2.14 within the range of S ∈ [0, 50], which

is the most complex and interesting part due to several peak points. Similar as

Fig. 2.12, we observe I−1 = 4 peak points for each curve in Fig. 2.13. Each peak

point again represents a change of effective market threshold of the single pricing

scheme, as we can easily verify by comparing Fig. 2.14 with Fig. 2.13.
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Figure 2.13: Revenue gain of a five-group example under different price differen-

tiation schemes

As the resource S increases from 0, all gains in Fig. 2.13 first overlap with

each other, then the two-price scheme (blue curve) separates from the others at

S = 3.41, after that the three-price scheme (purple curve) separates at S = 8.89,

and finally the four-price scheme (dark yellow curve) separates at near S = 20.84.

These phenomena are due to the threshold structure of the PP scheme. When the

resource is very limited, the effective markets under all pricing scheme include

only one group with the highest willingness to pay, and all pricing schemes coin-

cide with the SP scheme. As the resource increases, the effective market enlarges

from two groups to finally five groups. The change of the effective market thresh-
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Figure 2.14: Corresponding thresholds of effective markets of Fig. 2.13’s example

old can be directly observed in Fig. 2.14. Comparing across different curves in

Fig. 2.14, we find that the effective market size is non-decreasing with the number

of prices for the same resource S. This agrees with our intuition in Section 2.4.2,

which states that the size of effective market indicates the degree of differentiation.

Figure 2.13 provides the service provider a global picture of choosing the most

proper pricing scheme according to achieve the desirable financial target under a

certain parameter setting. For example, if the total resource S = 100, the two-

price scheme seems to be a sweet spot, as it achieves a differential gain of 14.8%

comparing to the SP scheme and is only 2.4% worse than the CP scheme with

five prices.

2.9 Summary

In this chapter, we study the revenue-maximizing problem for a monopoly ser-

vice provider under both complete and incomplete network information. Under
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complete information, our focus is to investigate the tradeoff between the total

revenue and the implementational complexity (measured in the number of pricing

choices available for users). Among the three pricing differentiation schemes we

proposed (i.e., complete, single, and partial), the partial price differentiation is the

most general one and includes the other two as special cases. By exploiting the

unique problem structure, we designed an algorithm that computes the optimal

partial pricing scheme in polynomial time, and numerically quantize the trade-

off between implementational complexity and total revenue. Under incomplete

information, designing an incentive-compatible differentiation pricing scheme is

difficult in general. We show that when the users are significantly different, it is

possible to design a quantity-based pricing scheme that achieves the same maxi-

mum revenue as under complete information.

2.10 Appendix of Chapter 2

2.10.1 Complete Price Differentiation under complete informa-

tion with General Utility Functions

In this section, we extend the solution of the complete price differentiation prob-

lem to general form of increasing and concave utility functions ui(si). We denote

Ri(si) as the revenue collected from one user in group i. Based on the stackelberg

model, the prices satisfy pi = u′
i(si), si ≥ 0 i ∈ I, thus

Ri(si) = u′
i(si)si, si ≥ 0. (2.34)

Therefore, we can rewrite the Complete Price differentiation problem with
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General utility function (CPG) as follows.

CPG : maximize
s≥0,n

∑
i∈I

niRi(si)

subject to ni ∈ {0, . . . , Ni} , i ∈ I (2.35)∑
i∈I

nisi ≤ S (2.36)

By similar solving technique in Sec. 2.3, we can solve the CPG problem by

decomposing it into two subproblems: the resource allocation subproblem CPG1,

and the admission control subproblem CPG2. In the subproblem CPG1, for given

n, we solve

CPG1 : maximize
s≥0

∑
i∈I

niRi(si)

subject to
∑
i∈I

nisi ≤ S

After solving the optimal resource allocation s∗i (n), i ∈ I, we further solve the

admission control subproblem:

CPG2 : maximize
n

∑
i∈I

niRi(s
∗
i (n))

subject to : ni ∈ {0, . . . , Ni}.

We are especially interested in the case that constraint (2.36) is active in the

CPG problem, which means the resource bound is tight in the considered prob-

lem; otherwise, the CPG problem degenerates to a revenue maximization without

any bounded resource constraint. We can prove the following results.

Proposition 2.2. If the resource constraint (2.36) is active in the optimal solution

of the CPG problem (or the CPG1 subproblem), then one of optimal solutions of

the CPG2 subproblem is

n∗
i = Ni, i ∈ I. (2.37)
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Proof. We first release the variable ni to real number, and calculate the first deriva-

tive as follows:

∂Ri

∂ni

= Ri(s
∗
i ) + ni

∂Ri(s
∗
i )

∂si

∂s∗i
∂ni

, i ∈ I. (2.38)

Plugging (2.34), R′
i(si) = u′′

i (si) si + u′
i(si), and we have

∂Ri

∂ni

= u′
i(s

∗
i )

(
s∗i + ni

∂s∗i
∂ni

)
+ ni u

′′
i (s

∗
i ) s

∗
i

∂s∗i
∂ni

, i ∈ I. (2.39)

Since the resource constraint (2.36) is active in the optimal solution of the

CPG1 subproblem, that is,
∑
i∈I

nisi = S, by taking derivative of ni in both sides

of it, we have:

s∗i + ni
∂s∗i
∂ni

= 0. (2.40)

Substituting (2.40) into (2.39), since we assume the utility function ui(si) is

increasing and concave function, then we have

∂Ri

∂ni

= −u′′
i (s

∗
i ) s

∗
i
2 ≥ 0, i ∈ K. (2.41)

Thus we can conclude that one of optimal solutions for the CPG2 subproblem

is n∗
i = Ni, i ∈ I.

Proposition 2.2 points out that when the resource constraint (2.36) is active, the

CPG problem can be greatly simplified: its solution can be obtained by solving

the CPG subproblem with parameters ni = Ni, i = 1, . . . , I . The following

proposition provides a sufficient condition that the resource constraint (2.36) is

active.

Proposition 2.3. If u′′
i (si)si + ui(si) > 0, si ≥ 0, i ∈ I, then the resource

constraint is active at the optimal solution.

Proof. Let λ and µi, i ∈ I, be the Lagrange multiplier of constraint (2.36) and

si ≥ 0, i ∈ I respectively, thus the KKT conditions of the CGP1 subproblem is
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given as follows:

ni
∂Ri(s

∗
i )

∂si
− niλ

∗ + µ∗
i = 0, i ∈ I;

λ∗

(∑
i∈I

nis
∗
i − S

)
= 0;

µ∗
i s

∗
i = 0;

λ∗ ≥ 0;

µ∗
i ≥ 0, i ∈ I;

s∗i ≥ 0, i ∈ I.

We denote K := {i | s∗i > 0}, and K̄ := {i | s∗i = 0}.

For i ∈ K:

∂Ri(s
∗
i )

∂si
= λ∗, i ∈ I; (2.42)

λ∗

(∑
i∈K

nis
∗
i − S

)
= 0. (2.43)

For i ∈ K̄:

∂Ri(0)

∂si
≤ λ∗, i ∈ I; (2.44)

Since u′′
i (si)si + ui(si) > 0, si ≥ 0, i ∈ I and (2.42), we have

λ∗ =
∂Ri(s

∗
i )

∂si
= u′′

i (s
∗
i )s

∗
i + ui(s

∗
i ) > 0.

By (2.43), we must have
∑

i∈I nis
∗
i − S = 0, that the resource constraint is

active at the optimal solution.

Next, let us discuss how to calculate the optimal solution. To guarantee unique-

ness resource allocation solution, we assume that revenue in is a strictly concave

function of the demand4, i.e., ∂2Ri(si)

∂s2i
< 0, i ∈ I. Thus we have the following

theorem.
4This assumption has been frequently used in the revenue management literature [43].
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Theorem 2.7. If ∂2Ri(si)

∂s2i
< 0, i ∈ I, then there exists an optimal solution of the

CGP problem as follows:

• All users are admitted: n∗
i = Ni for all i ∈ I.

• There exist a value λ∗ and a group index threshold Kcp ≤ I , such that only

the top Kcp groups of users receive positive resource allocations,

s∗i =


∂Ri

∂si

−1
(λ∗), i ∈ K ;

0, otherwise.
(2.45)

where values of λ∗ and effective marketK can be computed as in Algorithm

5.

In Algorithm 5, we use notation f−1 denotes its inverse function, and rearrange

the group index satisfying ∂R(1)

∂s(1)

−1
(0) ≥ ∂R(2)

∂s(2)

−1
(0) ≥ · · · ≥ ∂R(I)

∂s(I)

−1
(0).

Algorithm 5 Search the threshold for general utility function

1: k ← I , λ← ∂R(k)

∂s(k)

−1
(0)

2: while
k∑

i=1

n(i)

(
∂R(i)

∂s(i)

−1
(λ)
)+
≥ S, do

3: k ← k − 1

4: λ← ∂R(k)

∂s(k)

−1
(0)

5: end while

6: Return K = {(1), (2), . . . , (k)}

Remark 2.2. The complexity of Algorithm 5 is alsoO(I), i.e., linear in the number

of user groups (not the number of users).

Remark 2.3. There are several functions satisfying the technical conditions in

Theorem 2.7, e.g., the standard α-fairness functions

ui(si) =

(1− α)−1s1−α
i , 0 ≤ α < 1;

log si, α = 1.
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2.10.2 Proof of Proposition 2.1

Proof. We first focus on the key water-filling problems that we solve for the two

pricing schemes (the CP scheme on the LHS and the SP scheme on the RHS):

∑
i∈I

Ni

(√
θi
λ∗ − 1

)+

= S =
∑
i∈I

Ni

(
θi
p∗
− 1

)+

(2.46)

Let θ = p∗2

λ∗ be the solution of the equation of
√

θ
λ∗ = θ

p∗
. By comparing it

with θi, i ∈ I, there are three cases:

• Case 1:

θ > θ1 ⇒
√

θi
λ∗ =

√
θi
√
θ

p∗
> θi

p∗
, ∀ i ∈ I.

This case can not be possible. Since if every term in the left summation is

strictly larger than its counterpart in the right summation, then (2.46) can

not hold.

• Case 2: θI ≥ θ ⇒
√

θi
λ∗ =

√
θi
√
θ

p∗
≤ θi

p∗
, ∀ i ∈ I. Similarly as Case 1,

it can not hold, either.

• Case 3: ∃ k, s.t. 1 ≤ k < I and θk ≥ θ ≥ θk+1

⇒



√
θi
λ∗ =

√
θi
√
θ

p∗
≤ θi

p∗
, i = 1, 2, . . . , k;︸ ︷︷ ︸

The equality holds only when θ = θk and i = k.

√
θi
λ∗ =

√
θi
√
θ

p∗
≥ θi

p∗
, i = k + 1, . . . , I.︸ ︷︷ ︸

The equality holds only when θ = θk+1 and i = k + 1.

Similar argument as the above two case, we have Kcp ≥ k and Ksp ≥ k,

otherwise (2.46) can not hold. Further, Kcp ≥ Ksp, since if θKsp

p∗
− 1 > 0,

then
√

θKcp

λ∗ − 1 > 0.

By Theorems 2.1 and 2.2, we prove the proposition.
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2.10.3 Proof of Lemma 2.2

We can first prove the following lemma.

Lemma 2.3. Suppose an effective market of the single pricing scheme is denoted

as K = {1, 2, . . . , K}. If we add a new group v of Nv users with θv > θK , then

the revenue strictly increases.

Proof. We denote the single price before joining group v is p, the price after join-

ing group v is p′, the effective market become K′. By Theorem 2.2, we have

p =

∑K
i=1 Niθi

S +
∑K

i=1 Ni

with θK > p and θK+1 ≤ p.

Since the optimal revenue is obtained by selling out the total resource S, thus to

prove the total revenue strictly increases if and only if we can prove p′ > p. We

consider the following two cases.

• If after group v joining in, the new effective market satisfies K′ = K∪ {v},

then we have

p′ =

∑K
i=1 Niθi +Nvθv

S +
∑K

i=1 Ni +Nv

.

Since θv > θK > p, we have p′ > p, due to the following simple fact.

Fact 2.1. For any a1, b1, a2, b2 > 0, the following two inequality are equiv-

alent:
a1
b1
≥ a2

b2
⇔ a1

b1
≥ a1 + a2

b1 + b2
≥ a2

b2
. (2.47)

• If after group v joining in, the new effective market shrinks, namely, K′ ⊂

K ∪ {v}, K′ ̸= K ∪ {v}, then we have p′ > θK > p.

By the above Lemma 2.3, we further prove Lemma 2.2.
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Proof. We prove Lemma 2.2 by contradiction. Suppose that the group indices of

the effective market under the optimal partition a is not consecutive. Suppose that

group i is not an effective group, and there exists some group j, j > i, which is an

effective group. We consider a new partition a′ by putting group i into the cluster

to which group j belongs, and keeping other groups unchanged. According to

Lemma 2.3, the revenue under partition a′ is greater than that under partition a,

thus partition a is not optimal. This contradicts to our assumption and thus com-

pletes the proof.

2.10.4 Proof of Theorem 2.4

For convenience, we use the notation (· · ·∪· · · | · · ·∪· · · | · · · ) to denote a partition

with the groups between bars connected with “∪” representing a cluster, e.g., three

partitions for J = 2, Kpp = 3 are (1|2 ∪ 3), (1 ∪ 2 | 3) and (1 ∪ 3 | 2). In addition,

we introduce the compound group to simplify the notation of complex clusters

with multiple groups. A cluster containing group i can be simply represented as

Pre(i) ∪ i ∪ Post(i), where Pre(i) (or Post(i)) refers as a compound group

composing of all the groups with willingness to pay larger (or smaller) than that

of group i in the cluster. Note that the compound groups can be empty in certain

cases.

Before we prove the general case in Theorem 2.4, we first prove the results is

true for the following two special cases in Lemma 2.4 and Lemma 2.5.

Lemma 2.4. For a three-group effective market with two prices, i.e., Kpp = 3,

J = 2, an optimal partition involves consecutive group indices within clusters.

Proof. There are three partitions for Kpp = 3, J = 2, and only (1 ∪ 3 | 2) is with

discontinuous group index within clusters. To show our result, we only need to

prove one of partitions with group consecutive is better than (1 ∪ 3 | 2). We have
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two main steps in this proof, first we prove this result is true for the PP problem

without consider Constraint (2.29). Further, we show that Constraint (2.29) will

not affect the optimality of partitions with consecutive group indices within each

cluster.

Step 1: (Without Constraint (2.29))

Without considering Constraint (2.29), we want show that a1 = (1 ∪ 2 | 3) is

always better than a2 = (1 ∪ 3 | 2). Mathematically, what we try to prove is:

v(a2) > v(a1). (2.48)

where v(a2) = (N1+N3)
√

N1θ1+N3θ3
N1+N3

+N2

√
θ2, and v(a1) = (N1+N2)

√
N1θ1+N2θ2

N1+N2
+

N3

√
θ3. With the new notation

∆V (i, j) := (Ni +Nj)

√
Niθi +Njθj
Ni +Nj

−Ni

√
θi −Nj

√
θj,

it is easy to see that (2.48) is equivalent to the following inequality:

∆V (1, 3) > ∆V (1, 2). (2.49)

We prove the inequality (2.49) by considering the following two cases.

a) If N1 ≤ N2, we define a function of x as follows,

g(j; x) :=(Nj+N1)

√
Njθj+N1(θj+x)

Nj +N1

−N1

√
θj+x−Nj

√
θj.

It is easy to check that

g(j; x)|x=θ1−θj = ∆V (1, j), and g(j; x)|x=0 = 0;

and if x > 0, then

g′(j;x)=
∂g(j;x)

∂x
=
N1

2

 1√
Njθj+N1(θj+x)

Nj+N1

− 1√
θj + x

>0,
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and
∂g′(j; x)

∂θj
=

N1

4

 1

(θj + x)1.5
− 1(

Njθj+N1(θj+x)

Nj+N1

)
1.5

<0.

Since θ2 > θ3, it immediately follows that

g′(3;x) ≥ N1

2

 1√
N3θ2+N1(θ2+x)

N1+N3

− 1√
θ2 + x

 ,

Since N2 ≥ N1, then we have

g′(3;x) ≥ N1

2

 1√
N3θ2+N1(θ2+x)

N1+N3

− 1√
θ2 + x

≥ g′(2;x),

Thus, it follows

∆V (1, 3) =

∫ θ1−θ3

0

g′(3;x)dx >

∫ θ1−θ2

0

g′(2;x)dx = ∆V (1, 2),

i.e., (2.49) is obtained.

Let us see a special case of (2.49). When N1 = N2, then

∆V (1, 2)=(N1+N1)

√
N1θ2+N1θ1
N1 +N1

−N1

√
θ1−N1

√
θ2,

then we have

∆V (1, 3)>(N1+N1)

√
N1θ2+N1θ1
N1 +N1

−N1

√
θ1−N1

√
θ2. (2.50)

Notice that although (2.50) is defined with the assumption that N1 ≤ N2, it also

holds for the case N1 > N2 as (2.50) does not contain the parameter N2. This

result will be used in the proof later.

b) If N1 > N2, we define a function of m as

f(m) := (N1 +m)

√
N1θ1 +mθ2
N1 +m

−N1

√
θ1 −m

√
θ2.

It is easy to obtain that

df(m)

dm
=

(√
N1θ1+mθ2

N1+m
−
√
θ2

)2
2
√

N1θ1+mθ2
N1+m

> 0,
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i.e., the function f is an increasing function of m.

Thus it follows that

∆V (1, 2) = f(N2) < f(N1)
(a)
< ∆V (1, 3),

where (a) results from (2.50), the right hand side of which is equal to f(N1).

Step 2: (Checking Constraint (2.29))

We want to prove that a1 satisfying Constraint (2.29) is the sufficient condition

of a2 satisfying (2.29).

Consider if a1 does not satisfy (2.29), it means

√
θ3 ≤

√
λ(a1) =

√
v(a1)

S +
∑3

i=1 Ni

.

By the result in Step 1, we know that v(a1) < v(a2), then we have

√
θ3 <

√
λ(a2) =

√
v(a2)

S +
∑3

i=1 Ni

,

and further

θ3 <
√

θ3λ(a2) <

√
N3θ3 +N1θ1
N1 +N3

λ(a2) =
√

θ1λ(a2).

It means a2 can not satisfy (2.29) either. Thus we see that constraint (2.29) actually

does not affect the result in Step 1. In conclusion, we show that in a simple case

with Kpp = 3, J = 2, an optimal partition involves consecutive group indices

within clusters.

Further, based on Lemma 2.4 we prove another simple special case.

Lemma 2.5. For a four-group effective market with two prices, i.e., Kpp = 4,

J = 2, an optimal partition involves consecutive group indices within clusters.

Proof. For Kpp = 4 and J = 2 case, there are total seven possible partitions.

Three among them are with consecutive group index, (1 | 2∪ 3∪ 4), (1∪ 2 | 3∪ 4)
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and (1 ∪ 2 ∪ 3 | 4). We denote a set composed by these three partitions as Σc. We

need to show the remaining four partitions are no better than some partition in Σc.

To show this, we only need to transform them to some three-group case and apply

the result of Lemma 2.4.

• Case 1: (1∪4, 2∪3) is not optimal since we can prove (1∪2∪3, 4) ∈ Σc is

better. To show it, we take 2 ∪ 3 as a whole, then by Lemma 2.4, it follows

that ∆V (1, 4) > ∆V (1, 2 ∪ 3).

• Case 2: (2, 1∪ 3∪ 4) is not optimal, since we can prove (1∪ 2, 3∪ 4) ∈ Σc

is better. To show it, we take 3∪4 as a whole, then by Lemma 2.4, it follows

∆V (1, 3 ∪ 4) > ∆V (1, 2).

• Case 3: (3, 1∪ 2∪ 4) is not optimal, since we can prove (1∪ 2∪ 3, 4) ∈ Σc

is better. To show it, we take 1∪2 as a whole, then by Lemma 2.4, it follows

that ∆V (1 ∪ 2, 4) > ∆V (1 ∪ 2, 3).

• Case 4: (1∪3, 2∪4) is not optimal, since we can prove (1∪2∪3, 4) ∈ Σc is

better. To show it, by Lemma 2.4, it follows that ∆V (2, 4) > ∆V (2, 3), and

that ∆V (1, 3)
(b)
> ∆V (1, 2 ∪ 3). Here inequality (b) is also easily obtained,

if we notice that θ1 > θ2∪3 > θ3, thus group 2 ∪ 3 can be also treated as the

role of group 2 in Lemma 2.4.

Now Let us prove Theorem 2.4. For convenience, we introduce the notation

Compound group, such as Pre(i) or Post(i), which represents some part of a

cluster with ordered group indices. For a group i in some cluster, Pre(i) (or

Post(i)) refers as a compound group composing of all the groups with willingness

to pay larger (or smaller) than that of group i. For example, in a cluster 1 ∪ 2 ∪

3 ∪ 5 ∪ 7 ∪ 8, Pre(3) = 1 ∪ 2, Post(3) = 5 ∪ 7 ∪ 8. Note that compound groups

can be empty, denoted as ∅. In last example, Pre(1) = Post(8) = ∅. Since
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all the groups within the compound group belong to one cluster, we can apply

Lemma 2.2. For example, with the previous cluster setting, NPre(3) = N1 + N2,

and θPre(3) =
N1θ1+N2θ2

N1+N2
. By this equivalence rule, a compound group actually has

not much difference with one original group. The conclusions of Lemma 2.4 and

Lemma 2.5 can be easily extended to compound groups.

Proof. Without loss of generality, suppose that the group indices order within each

cluster is increasing.

Now consider one partition with discontinuous group indices within some

clusters. We can check the group indices continuity for every single group. For

example, a group c belonging to a cluster C, and its next neighbor in this cluster

is group d, if c − d = 1, then the group indices until c are consecutive, and if

c− d > 1, then the group indices are discontinuous, and we find a gap between c

and d.

Suppose that checking group indices continuity for each group following the

increasing indices order (or equivalently decreasing willingness to pay order) from

group 1 to group Kpp. We do not find any gap until group u1 in cluster U . We

denote group u1 next neighbor in cluster U is group u2. Since there is a gap

between u1 and u2, there exists a group v in another cluster V and satisfying

v = u1 + 1 < u2. Now we can construct a better partition by rearranging the

two clusters U and V , while keeping other clusters unchanged. We can view U

as (Pre(u2) ∪ Post(u1)), and V as (v ∪ Post(v)), since there is no group be-

fore v in super-group V , otherwise it contradicts with the fact that we do not find

any gap until group u1. It is easy to show that there is some new partition bet-

ter than the original one by Lemma 2.4 and Lemma 2.5. There are two cases

depending on whether Post(v) is empty or not. If Post(v) = ∅, according to

Lemma 2.4, we find another partition with U ′ = Pre(u2) ∪ v, V ′ = Post(u1)

better than the original U and V . If Post(v) ̸= ∅, no matter θPost(v) is larger than
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θPost(u2) or not, according to Lemma 2.5, it is easy to construct other partitions bet-

ter than the original U and V , since the compound groups in these original clusters

(U = (Pre(u2)∪Post(u1)), and V = (v ∪Post(v))) does not satisfy property of

consecutive group indices within each cluster.

In conclusion, we show that for general cases, if there is any gap in the par-

tition, then we can construct another partition that is better, which is equivalent

to that the optimal partition must satisfy consecutive group indices within each

cluster.

2.10.5 Proof of Theorem 2.6

Proof. Since Ui(s, pq) is a strictly increasing function in the interval [0, s∗i ], then

(2.32) holds, if and only if the following inequality holds:

Ui(s
∗
q, pq) ≤ Ui(si→q, pq), ∀i < q. (2.51)

Since t1q > · · · > tKq, (2.51) can be simplified to

t2q−1q ln tq−1q − (t2q−1q − 1) +

∑K
k=1 Nktkq∑K

k=1 Nk + S
(tq−1q − 1) ≥ 0, (2.52)

where tiq =
√

θi
θq

. With a slight abuse of notation, we abbreviate tq−1q as tq,

(q = 2, . . . , K) in the sequel. It is easy to see that the following inequality is the

necessary and sufficient condition of (2.52) for q = 2, and sufficient condition of

(2.52) for q > 2:

t2q ln tq − (t2q − 1) +
tq
∑q−1

k=1 Nk +Nq∑K
k=1 Nk + S

(tq − 1) ≥ 0. (2.53)

Let g(t) be the left hand side of the inequality (2.53). It is easy to check that g(t)

is a convex function, with g(1) = 0, g(∞) = ∞ and g′(1) < 0. So there exists a

root tq > 1. When t > tq, the inequality (2.53) holds, thus (2.51) holds, and the

conclusion in Theorem 2.6 follows.



Chapter 3

Profit Maximization of Cognitive

Mobile Virtual Network Operator in

A Dynamic Wireless Network

In this chapter, we study the profit maximization problem of a cognitive virtual net-

work operator in a dynamic network environment. We consider a downlink OFDM

communication system with various network dynamics, including dynamic user

demands, uncertain sensing spectrum resources, dynamic spectrum prices, and

time-varying channel conditions. In addition, heterogenous users and imperfect

sensing technology are incorporated to make the network model more realistic.

By exploring the special structural of the problem, we develop a low-complexity

on-line control policies that determine pricing and resource scheduling without

knowing the statistics of dynamic network parameters. We show that the pro-

posed algorithms can achieve arbitrarily close to the optimal profit with a proper

trade-off with the queuing delay.

73
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3.1 Dynamic Spectrum Access

The limited wireless spectrum is becoming a bottleneck for meeting today’s fast

growing demands for wireless data services. More specifically, there is very lit-

tle spectrum left that can be licensed to new wireless services and applications.

However, extensive field measurements [44] showed that much of the licensed

spectrum remains idle most of the time, even in densely populated metropolitan

areas such as New York City and Chicago. A potential way to solve this dilemma

is to manage and utilize the licensed spectrum resource in a more efficient way.

This is why the concept of Dynamic Spectrum Access (DSA) has received en-

thusiastic support from governments and industries worldwide [3,45,46]. We can

roughly classify various DSA approaches into two main categories: the spectrum

sensing based ones and the spectrum leasing (or market) based ones. The first

category indicates a hierarchical access model, where unlicensed secondary users

opportunistically access the under-utilized part of the licensed spectrum, with con-

trolled interference to the licensed primary users. During this process, spectrum

sensing helps the secondary users to detect the currently available spectrum re-

source. In contrast, the second category relates to a dynamic exclusive use model,

which allows licensees to trade spectrum usage right to the secondary users. In

both categories, it is possible to have a secondary operator coordinating the trans-

missions of multiple secondary users.

There are pros and cons for both DSA categories. Spectrum sensing detects

and identifies the available unused licensed spectrum through technologies such as

beacons, geolocation system, and cognitive radio. Form the secondary operator’s

perspective, the spectrum acquired by sensing is an unreliable resource, since it

cannot determine how much resource is available before sensing. Furthermore,
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imperfect sensing may lead to collisions with primary users, and thus reduce the

incentives for the licensee to share the spectrum. Therefore the secondary opera-

tor needs to carefully design sensing and access algorithm to control the collision

probability under an acceptable level. In dynamic spectrum leasing, a secondary

operator acquires the exclusive right to use spectrum within a limited time period

by paying the corresponding leasing price. Thus the spectrum acquired by spec-

trum leasing is a reliable resource. However, the cost can be high compared to the

spectrum sensing cost, and is dynamically changing according to the demand and

supply relationship in the market.

In this paper, we will consider a hybrid model, where a secondary operator ob-

tains resources from the primary licensees through both spectrum sensing and dy-

namic spectrum leasing, and provides services to the secondary unlicensed users.

Our study is motivated by [50, 51], in which the authors introduced the new con-

cept of Cognitive Mobile Virtual Network Operator (C-MVNO). The C-MVNO

is a generalization of the existing business model of MVNO [52], which refers

to the network operator who does not own a licensed frequency spectrum or even

wireless infrastructure, but resells wireless services under its own brand name.

The MVNO business model has been very successful after more than 10 years’

development, and there are more than 600 MVNOs today [53,54]. The C-MVNO

model generalizes the MVNO model with DSA technologies, which allow the

virtual operator to obtain spectrum resources through both spectrum sensing and

leasing. The C-MVNO model can be applied to a wild range of wireless sce-

narios. One example is the IEEE 802.22 standard [56], which suggests that the

cognitive radio network using white space in TV spectrum will operate on a point

to multipoint basis (i.e., a base station to customer-premises equipments). Such a

secondary base station can be operated by a C-MVNO.



CHAPTER 3. PROFIT MAXIMIZATION OF COGNITIVE MOBILE VIRTUAL NETWORK

OPERATOR IN A DYNAMIC WIRELESS NETWORK 76

The key difference between our work and the ones in [50, 51] is that we study

a much more realistic dynamic network in this paper. In [50, 51], the authors

formulated the problem based on a static network scenario, and provided interest-

ing equilibrium results through a one-shot Stackelberg game. However, the real

network is highly dynamic. For example, users arrive and leave the systems ran-

domly, the statistics of spectrum availability changes over time, and the spectrum-

sensing results are imperfect. Also the leasing price is often unpredictable and

changing from time to time. These dynamics and realistic concerns make the net-

work model and the corresponding analysis rather challenging.

In this paper, we focus on the profit maximization problem for C-MVNO in a

dynamic network scenario. Our key results and contributions are summarized as

follows.

• A dynamic network decision model: Our model incorporates various key

dynamic aspects of a cognitive radio network and the dynamic decision pro-

cess of a C-MVNO. We model sensing channel availability, leasing market

price, and channel conditions as exogenous stochastic processes.

• Dynamic user demands: We allow users to dynamically join the network

with random demands (file sizes). The demand is affected by both the trans-

mission prices (decision variables) and market states (exogenous stochas-

tics).

• Realistic cognitive radio model: We incorporate various practical issues

such as imperfect spectrum sensing, primary users’ collision tolerance, and

sensing technology selection. The operator needs to choose a sensing tech-

nology to trade-off between cost and performance.

• A low-complexity on-line control policy: By exploiting the special structure

of the problem, we design a low-complexity on-line pricing and resource
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allocation policy, which can achieve arbitrarily close to the operator’s opti-

mal profit. The policy does not require precise information of the dynamic

network parameters, has a low system overhead, and is easy to implement.

The remainder of the chapter is organized as follows. In Section II, we in-

troduce the related work. In Section 3.3, we introduce the system model. Sec-

tion 3.4 describes the problem formulation. In Section 3.5, we propose the profit

maximization control (PMC) policy for homogeneous users and analyze its per-

formance. We further extend profit maximization control policy (M-PMC policy)

to heterogeneous users in Section 3.6. Section 3.7 provides simulation results for

both PMC and M-PMC polices. Finally, we conclude the chapter in Section 3.8.

3.2 Related Work

We can classify the dynamic spectrum access literature into two categories: user-

oriented and operator-oriented.

In the user-oriented category, secondary end-users equipped with cognitive ra-

dio technologies are the decision-makers in the transmission services. Literature

in this category can be further divided into two sub-categories: individual per-

spective and networking perspective. The individual perspective research adopts

a local view of a particular individual user, where resource-consuming spectrum

sensing is the central research issue. Many sophisticated algorithms are proposed

from an individual secondary user’s perspective to achieve a good sensing effi-

ciency [57, 58] or desired tradeoffs between sensing cost and throughput [59–63].

In contrast, the networking perspective research focuses on the interaction among

multiple secondary users. The analysis is often based on network optimization

[64–66] and game theory [67–69].
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In the operator-oriented category, network operators serve as controllers of

the networks and players in spectrum market. The literature in this category only

started to emerge recently, e.g., [49–51,70–78]. We can further classify these stud-

ies into two clusters: monopoly models with one operator, and oligopoly models

with multiple operators.

References [50, 51, 70, 71] studied monopoly models using the Stackelberg

game formulation. Daoud et al. in [70] proposed a profit-maximizing pricing

strategy for uplink power control problem in wide-band cognitive radio networks.

Yu et al. in [71] proposed a pricing scheme that can guarantee a fair and efficient

power allocation among the secondary users.

References [49, 72–78] looked at the oligopoly issues, either between two op-

erators [49, 72] or among many operators [73–78]. For the case of two opera-

tors, Jia and Zhang in [49] proposed a non-cooperative two-stage game model to

study the duopoly competition. Duan et al. in [72] formulated the economic

interaction among the spectrum owner, two secondary operators and the users

as a three-stage game. For the case of many operators, Ileri et al. in [73] de-

veloped a non-cooperative game to model competition of operators in a mixed

commons/property-rights regime under the regulation of a spectrum policy server.

Elias and Martignon in [75] showed that polynomial pricing functions lead to

unique and efficient Nash equilibrium for the two-stage Stackelberg game between

network operators and secondary users. Niyato et al. in [74] formulated an evo-

lutionary game for modeling the dynamics of a multiple-seller, multiple-buyer

spectrum trading market. In addition, several auction mechanisms were proposed

to study the investment problems of cognitive network operators (e.g., [76–78]).

All results mentioned above considered a rather static network model. In con-

trast, our work adopts a dynamic network model to characterize the stochastic
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nature of wireless networks. We will focus on a monopoly model in this chapter.

In this chapter, we use the technique of Lyapunov stochastic optimization to

show the optimal performance and the stability of the proposed profit maximiz-

ing control algorithm. Several closely related previous results applying Lyaunov

stochastic optimization to wireless networks include [65,66,81]. Huang and Neely

in [81] considered revenue maximization problem for a conventional wireless ac-

cess point without considering the cognitive radio technologies. Urgaonkar and

Neely in [65] and Lotfinezhad et al. in [66] studied cognitive radio networks

based on a user-oriented approach, by designing joint scheduling and resource al-

location algorithms to maximize the utility of a group of secondary users. Our

paper focused on an operator-oriented approach to address profit maximization

problem. In particular, we need to deal with the combinatorial problem of channel

selection and channel assignment that usually leads to a high computational com-

plexity. By discovering and utilizing the special problem structure, we design a

low-complexity algorithm that is suitable for online implementation.

3.3 System Model

Consider a C-MVNO that provides wireless communications services to its own

secondary users by acquiring spectrum resource from some spectrum owner. For

example, Google may acquire spectrum from AT&T to provide its own wireless

services through the C-MVNO model. The spectrum owner’s spectrum can be

divided into two types: the sensing band and the leasing band. In the sensing

band, AT&T serves its own primary users, but allows Google to identify available

spectrum in this band through spectrum sensing without explicit communications

with AT&T. In the leasing band, AT&T will does not allow spectrum sensing, and
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will lease the band to Google for economic returns.

More specifically, we consider a time-slotted OFDM system, where the C-

MVNO serves the downlink transmissions from its base station to the secondary

users. The system model is illustrated in Fig. 3.1. Secondary users randomly arrive

at the secondary network and request files with random sizes to be downloaded

from the base station. This requested files are queued at the server in the base

station until they are successfully transmitted to the requesting users.
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Figure 3.1: Business model of the operator (Cognitive Virtual Network Operator).

Next, we will introduce each part of the system model in more details. The C-

MVNO (or “operator” for simplicity) obtains wireless channels through spectrum

sensing (Section 3.3.1 and Section 3.3.2) and spectrum leasing (Section 3.3.3),

and allocates power over the obtained channels (Section 3.3.4). Secondary users

dynamically arrive and request file downloading services (based on the demand

model in Section 3.3.5), and we model the requests as a queue (Section 3.3.6).
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3.3.1 Imperfect Spectrum Sensing

Sensing band Bs
max

∆
= {1, . . . , Bs

max} includes all channels that the spectrum

owner allows sensing by the operator.1 We define the state of a channel i ∈

Bs
max(t) in time slot t as Si(t), which equals 0 if channel i is busy (being used by

a primary user), and equals 1 if channel i is idle.

We assume that Si(t) is an i.i.d. Bernoulli random variable, with an idle proba-

bility p0 ∈ (0, 1) and a busy probability 1− p0. This approximates the reality well

if the time slots for secondary transmissions are sufficiently long or the primary

transmissions are highly bursty [85]. (We will further study the general Markovian

model in Section 3.5.5.) We define the sensing state of a channel i ∈ Bs
max in

time slot t as Wi(t), which equals to 0 if channel i is sensed busy, and 1 if sensed

idle.

Notice that Wi(t) may not equal to Si(t) due to imperfect sensing. The accu-

racy of spectrum sensing depends on the sensing technology [86]. If we denote

Cs as the sensing cost (per channel)2, then we can write the false alarm probabil-

ity as Pfa(C
s)

∆
= Pr{Wi = 0|Si = 1} (same for all channel i) and the missed

detection probability as Pmd(C
s)

∆
= Pr{Wi = 1|Si = 0} (same for all channel

i). Both functions are decreasing in Cs. Intuitively, a better technology will have

a higher cost Cs, a lower false alarm probability Pfa(C
s), and a lower missed

detection probability Pmd(C
s). We denote all choices of cost Cs (and thus the

corresponding sensing technologies) by a finite set Cs.
1The operator will collect the sensing information from a sensor network or geolocation

database and provide it to its users, i.e., providing “sensing as service” [83, 84]. This means

that the network can accommodate legacy mobile devices without cognitive radio capabilities. For

more detailed discussions, see [51].
2The cost corresponds to, for example, power or time used for sensing.



CHAPTER 3. PROFIT MAXIMIZATION OF COGNITIVE MOBILE VIRTUAL NETWORK

OPERATOR IN A DYNAMIC WIRELESS NETWORK 82

As different channels have different conditions (to be explained in details in

Section 3.3.4), the operator needs to decide which channels to sense at the begin-

ning of each time slot. We use Bs(t) to denote the set of channels sensed by the

operator at time t, which satisfies

Bs(t) ⊆ Bs
max,∀ t. (3.1)

3.3.2 Collision Constraint

Missed detections in spectrum sensing lead to transmission collisions with the

primary users. We denote the collision in channel i ∈ Bs
max at time t as a binary

random variable Xi(t) ∈ {0, 1}. We have Xi(t)
∆
= (1 − Si(t))Wi(t), i.e., the

collision happens if and only if the channel is busy but is sensed idle.

To protect primary users’ transmissions, the operator needs to ensure that the

average collision in each channel i does not exceed a tolerable level ηi (measured

in terms of the average number of collisions per unit time) specified by the spec-

trum owner. The tolerable level ηi can be channel specific, since the primary users

in different channels may have different QoS requirements. We define the time-

average number of collision in channel i as Xi
∆
= limt→∞

1
t

∑t−1
τ=0 E [Xi(τ)]. The

collision constraints are

Xi ≤ ηi, ∀i ∈ Bs
max(t). (3.2)

3.3.3 Spectrum Leasing with Dynamic Market Price

A spectrum owner may have some channels that do not want to be sensed, for

either privacy reasons or the fear of collisions due to sensing errors. However,

these channels may not be always fully utilized. The spectrum owner can lease

the unused part of these channels to the operator dynamically over time to earn
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more revenue. Recall that we denote the set of these channels as the leasing band

Bl
max

∆
= {1, . . . , Bl

max}. (In general, we may represent it as Bl
max(t), since our

model allows leasing band to be time-varying. For the simplicity of notations, we

denote it as Bl
max whenever it is clear.) We use Bl

i(t) to denote the set of channels

leased by the operator at time t, which satisfies

Bl(t) ⊆ Bl
max,∀ t. (3.3)

These channels will be exclusively used by the operator in the current time slot.

We denote the leasing price per channel as C l(t), which stochastically changes

according to the supply and demand relationship in the spectrum market (which

might involve many spectrum owners and operators). It can be modeled by an

exogenous (not affected by this particular operator’s decisions) random process

with countable discrete states and stationary distribution (not necessarily known

by the operator).

3.3.4 Power Allocation

In wireless network, there are usually channel fading due to multipath propagation

or shadowing from obstacles. To combat channel fading, it is necessary for the op-

erator to do proper power allocation in both sensing channels and leasing channels

to achieve satisfactory data rates. For each channel i ∈ Bmax
∆
= Bs

max∪Bl
max, hi(t)

represents its channel gain in time slot t and follows an i.i.d. distribution over time.

Different channels have independent and possibly different channel gain distribu-

tions. We assume that secondary users are homogeneous and experience the same

channel condition for the same channel. But channel conditions can be different
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in different channels.3 (The heterogenous user scenario will be further discussed

in Section 3.6.) The operator can measure hi(t) for each i at the beginning of each

slot t, but may not know the distributions. Let Pi(t) denote the power allocated to

channel i at time t. Since we consider a downlink case here, the operator needs

to satisfy the total power constraint Pmax at its base station,∑
i∈Bmax

Pi(t) ≤ Pmax, ∀t. (3.4)

In addition, for a channel i ∈ Bs
max in the sensing band, we use the binary

variable Ii(t)
∆
= Si(t)Wi(t) to denote the transmission result of a secondary user,

i.e., Ii(t) = 1 if successful (i.e., Si(t) = 1 and Wi(t) = 1) and Ii(t) = 0 otherwise

(either not sensed, or sensed busy, or sensed idle but actually busy). Based on the

discussion of the leasing agreement, we have Ii(t) ≡ 1, i ∈ Bl
max for all channel

in leasing band. Then the rate in channel i at time slot t is (based on the Shannon

formula)

ri(t) = Ii(t) log2(1 + hi(t)Pi(t)), (3.5)

and total transmission rate obtained by the operator is

r(t) =
∑

i∈Bs(t)∩Bl(t)

ri(t). (3.6)

Furthermore, we assume that the operator has a finite maximum transmission

rate, i.e., r(t) ≤ rmax,∀t, under any feasible power allocation.

3.3.5 Demand Model

We will focus on elastic data traffic in this paper. Secondary users randomly ar-

rive at the network to request files with random and finite file sizes (measured in
3This is the case where the users are located close by, and thus the downlink channel condition

from the base station to the users is user independent.
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the number of packets) from the operator. A user will leave the network once it

has downloaded the complete requested file. The operator can price the packet

transmission dynamically over time, which will affect the users’ arrival rate. For

example, a higher price at peak time can refrain users from downloading files, as

they can wait until a later time with a lower price. To model this, we use M(t)

to denote the random market state, which can be measured precisely at the be-

ginning of each time slot t and can help estimate the users demand4. The random

variable is drawn from a finite setM over time in an i.i.d. fashion. The distribu-

tion of M(t) may not be known by the operator.

At a time t, the operator can decide whether to accept new file downloading re-

quests from newly arrived secondary users. We define the binary demand control

variable as O(t), where O(t) = 1 means that the operator accepts the incoming

requests in time t, and O(t) = 0 otherwise. When the operator decides to accept

new requests of packet transmissions, it will announce a price q(t) for transmit-

ting one packet (to any user). This price will affect the users’ incentives of down-

loading requests, e.g., when price q(t) is high, some users may choose to postpone

their requests. Thus the current price directly affects the number of incoming users

in the current slot. To model this, we denote the number of incoming users at

time t as a discrete random variable N(t)
∆
= N(M(t), q(t)) ∈ N ∆

= {0, 1, 2 . . . },

the distribution of which is a function of the transmission price q(t) and mar-

ket state M(t). Further, a user n’s requested file size is denoted Ln(t), with

n ∈ {1, 2, . . . , N(q(t))}, which is assumed to be independent of each other and

does not depend on q(t) or M(t). Moreover, we assume that users are using a set

K = {1, 2, . . . , K} of different applications, and denote θk as the probability that

4For example, M(t) can be users’ willingness to pays, or whether the system is in peak time or

off-peak time.
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an incoming user is using application k ∈ K with
∑K

k=1 θk = 1. The distributions

of the file length for different applications can be different, and we denote lk as

the expected file length of application k ∈ K.

To summarize, users’ instantaneous demand at time t is

A(t)
∆
=

N(M(t),q(t))∑
n=1

Ln(t), (3.7)

which is a random variable due to random file sizes and the random number of

incoming users (even given q(t) and M(t)). We define the users’ (expected) de-

mand function as D(t)
∆
= D(M(t), q(t))

∆
= E [A(M(t), q(t))], and its value is

completely determined by M(t) and q(t). We can calculate that D(M(t), q(t)) =

E [N(M(t), q(t))]
∑

k∈K θklk. Then it is reasonable to assume that the opera-

tor can rather accurately characterize the expected number of incoming users

E [N(M(t), q(t))] through long-term observations. Thus the demand function

D(M(t), q(t)) is known by the operator. We further assume that the instanta-

neous demand is upper-bounded as A(t) ≤ Amax for all t, and that the demand

function D(t) is non-negative and non-increasing function of the price q(t). When

the price is higher than some upper-bound, i.e., q(t) ≥ qmax, the demand function

D(t) will be zero.

3.3.6 Queuing dynamics

Since we focus on the profit maximization problem in this paper, we will take a

simple view of the network and model users’ dynamic arrivals and departures as

a single server queue. When a user accesses the network, the corresponding file

will be queued in a server at the base station, waiting to be transmitted to the user

according to the First Come First Serve (FCFS) discipline. Shama and Lin in [87]

showed that the single server queue model is a good approximation for an OFDM
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system, especially when the number of users and channels are large.

We denote the queue length (i.e., the backlog, or the number of all packets

from all queued files) at time t as Q(t). Thus the queuing dynamic can be written

as

Q(t+ 1) = (Q(t)− r(t))+ +O(t)A(t), (3.8)

where (a)+
∆
= max(a, 0), r(t) and A(t) are the transmission rate and incoming

rate at time t, and O(t) is the binary demand control variable (i.e., O(t) = 1

means the operator admit the users’ transmission requests at time t). Throughout

the paper, we adopt the following notion of queue stability:

Q
∆
= lim sup

t→∞

1

t

t−1∑
τ=0

E [Q(τ)] <∞. (3.9)

3.4 Problem Formulation

For notation convenience, we introduce several condensed notations and use them

together with the original notations.

We define ϕ(t)
∆
= (M(t),h(t), C l(t)) as observable parameters, including

the market state M(t), channel conditions (vector) h(t), and the leasing price

C l(t) in the spectrum market. Based on previous assumptions, ϕ(t)’s are i.i.d over

time and take values from a finite set Φ.

We define γ(t) ∆
= (O(t), q(t), Cs(t),Bs(t),Bl(t),P (t)) as decision variables,

including the demand control variable O(t), the transmission price for users q(t),

the sensing cost (with the corresponding sensing technology) Cs(t), the set of

sensing channels Bs(t), the set of leasing channels Bl(t), and power allocations

(vector) P (t) of the operator. We assume that γ(t) takes values form a countable

(finite or infinite) set Γϕ(t), which is a Cartesian product of the feasible regions of



CHAPTER 3. PROFIT MAXIMIZATION OF COGNITIVE MOBILE VIRTUAL NETWORK

OPERATOR IN A DYNAMIC WIRELESS NETWORK 88

all variables, i.e., non-negative values satisfying constraints (3.1), (3.3), and (3.4).

With the condensed notations, functions in this paper can be simply represented

as functions of γ(t) with parameter ϕ(t).

We further define the instantaneous profit in time t

R(t)
∆
= R(γ(t);ϕ(t))

∆
= q(t)O(t)A(t)− Cs(t)|Bs(t)| − C l(t)|Bl(t)|. (3.10)

The time average profit is denoted as

R
∆
= lim sup

t→∞

1

t

t−1∑
τ=0

E [R(t)].

All expectations in this paper are taken with respect to system parameters ϕ(t)

unless stated otherwise.

We look at the profit maximization problem through pricing determination and

resource allocations. At the beginning of each time slot t, the operator observes

the value of ϕ(t) and makes a decision γ(t) to maximize the time average profit,

subject to the system stability constraint (3.11) and the collision upper-bound re-

quirement (3.12). The Profit Maximization (PM) problem is formulated as

PM: Maximize R

Subject to Q <∞, (3.11)

Xi ≤ ηi, i ∈ Bs
max, (3.12)

Variables γ(t) ∈ Γϕ(t), ∀t,

Parameters ϕ(t),∀t.

We represent its optimal solution as γ∗(t) =
(
O∗(t), q∗(t), Cs∗(t),Bs∗(t),Bl∗(t),P ∗(t)

)
,

and denote R
∗

as the maximum profit. The PM problem is an infinite horizon
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stochastic optimization problem, which is in general hard to solve directly, espe-

cially when the distribution of dynamic parameter ϕ(t) is unknown. For example,

the future leasing price is hard to predict due to the dynamic supplies and demands

in the market; and the primary users’ activities can not be estimated precisely be-

fore hand.

3.5 Profit Maximization Control (PMC) Policy

Now we adopt Lyapunov stochastic optimization technique to solve the PM prob-

lem.

3.5.1 Lyapunov stochastic optimization

We first introduce a virtual queue for constraint (3.12), and then derive the optimal

control policy to solve the PM problem through the technique of drift-plus-penalty

function minimization [21].

We denote Zi(t) as the number of collisions happening in sensing channel

i ∈ Bs
max. The counter Zi(t) can be understood as a “virtual queue”, in which the

incoming rate is Xi(t), and the serving rate is ηi (the collision tolerant level). The

queue dynamic is

Zi(t+ 1) = (Zi(t)− ηi)
+ +Xi(t), (3.13)

with Zi(0) = 0. By this notion, if the virtual queue is stable, then it implies that

the average incoming rate is no larger than the average serving rate. This is just

the same as the collision upper-bound constraint (3.12).

We introduce the general queue length vector Θ(t)
∆
= {Q(t),Z(t)}. We then
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define the Lyapunov function

L(Θ(t))
∆
=

1

2

Q(t)2 +
∑

i∈Bs
max

Zi(t)
2

 ,

and the Lyapunov drift

∆(Θ(t))
∆
= E [L(Θ(t+ 1))− L(Θ(t))|Θ(t)]. (3.14)

According to the Lyapunov stochastic optimization technique, we can obtain

instantaneous control policy that can solve the PM problem though minimizing

some upper bound of the following drift-plus-penalty function in every slot t:

∆(Θ(t))− V E [R(t)|Θ(t)]. (3.15)

There are two terms in the above function. The first term is the Lyapunov drift

defined in (3.14). It is shown by Lyapunov stochastic optimization [21] that we

can achieve the system stabilities (i.e., constraints (3.11) and (3.12) of the PM

problem) by showing the existence of a constant upper bound for the drift function.

The second term in (3.15) is just the objective of the PM problem, i.e., to minimize

the minus profit, which is equivalent to maximize the profit. Here parameter V is

introduced to achieve the desired tradeoff between profit and queuing delay in the

control policy. We first find an upper bound for (3.15).

By the queue dynamic (3.8), we have

Q(t+1)2 ≤ (Q(t)−r(t))2+A(t)2+2Q(t)O(t)A(t)

= Q(t)2+r(t)2 + A(t)2+2Q(t)(O(t)A(t)−r(t)) . (3.16)

Similarly, for virtual queue (3.13), we have

Zi(t+1)2 ≤ Zi(t)
2+η2i +Xi(t)

2+2Zi(t)(Xi(t)−ηi). (3.17)
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Substituting (3.16) and (3.17) into (3.15), we have

∆(Θ(t))− V E [R(t)|Θ(t)] ≤ D − V E [R(t)|Θ(t)]

+Q(t)E [O(t)A(t)− r(t)|Θ(t)]

+
∑

i∈Bs
max

Zi(t)E [Xi(t)− ηi|Θ(t)] (3.18)

where D is a positive constant satisfying the following condition for all t

D ≥ 1

2
E
[
r(t)2 + (O(t)A(t))2|Θ(t)

]
+

1

2

∑
i∈Bs

max

E
[
Xi(t)

2 + η2i |Θ(t)
]
.

We further expand the right hand side of (3.18):

∆(Θ(t))− V E [R(t)|Θ(t)] ≤ D −D1(t)

− V E
[
q(t)O(t)A(t)−Cs(t)|Bs(t)|−C l(t)|Bl(t)||Θ(t)

]
+Q(t)E [O(t)A(t)− r(t)|Θ(t)]

+
∑

i∈Bs
max

Zi(t)E [Xi(t)|Θ(t)]

where D1(t)
∆
=
∑

i∈Bs
max

Zi(t)ηi is a known constant at time t, since the values of

Zi(t)s are known at time t.

Note that the collision between secondary and primary users can only happen

in the channels that have been chosen for sensing, i.e., i ∈ Bs(t). By this fact and



CHAPTER 3. PROFIT MAXIMIZATION OF COGNITIVE MOBILE VIRTUAL NETWORK

OPERATOR IN A DYNAMIC WIRELESS NETWORK 92

(3.6), we have

∆(Θ(t))− V E [R(t)|Θ(t)] ≤ D −D1(t)

− V E

q(t)O(t)A(t)−
∑

i∈Bs(t)

Cs(t)−
∑

i∈Bl(t)

C l(t)|Θ(t)


+Q(t)E

O(t)A(t)−
∑

i∈Bs(t)∪Bl(t)

ri(t)|Θ(t)


+
∑

i∈Bs(t)

Zi(t)E [Xi(t)|Θ(t)]

To simplify the above expression, we introduce two new notations: channel

selection B(t) ∆
= Bs(t) ∪ Bl(t), and channel cost

Ci(t)
∆
=


C̃s(t) if i ∈ Bs(t),

C l(t) if i ∈ Bl(t),

(3.19)

where the C̃s(t) is the virtual sensing cost, which is defined as C̃s(t)
∆
= Cs(t) +

(1/V )Zi(t)E [Xi(t)|Θ(t)]. It shows that the cost of a sensing channel not only

depends on the sensing cost, but also on the collision history in this channel. The

more frequently the collision happened in this channel before, the higher the cost,

which makes the operator more conservative about choosing this sensing channel.

It then follows:

∆(Θ(t))− V E [R(t)|Θ(t)] ≤ D −D1(t)

+ V E [((1/V )Q(t)− q(t))O(t)A(t)|Θ(t)]

+ V E

∑
i∈B(t)

Ci(t)− (1/V )Q(t)ri(t)|Θ(t)

 . (3.20)

Choosing the control decision variables to minimize the right hand side of the

above inequality (3.20) for each time t leads to a control algorithm,which we call
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Profit Maximization Control (PMC) policy that will be discussed in details in Sec-

tion 3.5.2.

3.5.2 Profit Maximization Control (PMC) policy

It is clear that minimizing the right hand side of (3.20) is equivalent to minimizing

the last two terms in (3.20). Note that the last two terms are decoupled in decision

variables, thus we have the two parallel parts in the PMC policy as follows:

3.5.2.1 Revenue Maximization

Here we determine two variables: the transmission price q(t) and the market con-

trol decision O(t). The optimal transmission price q(t) is obtained by solving the

following revenue maximization problem:

Maximize q(t)D (q(t),M(t))−Q(t)

V
D(q(t),M(t)) (3.21)

Variables q(t) ≥ 0

To obtain the above problem formulation of revenue maximization, we use the

fact that the demand function D(M(t), q(t))
∆
= E [A(t)], which is independent of

the queuing states of the system.

Note that the first term in (3.21) is just the revenue that the operator collects

from its users. The second term can be viewed as a shift of the queuing effect,

which is introduced by the Lyapunov drift for system stability.

If the maximum objective in (3.21) (under the optimal choice of q(t)) is pos-

itive, the operator sets the demand control variable O(t) = 1 and accepts the

present incoming requests A(t) at the price q(t). Otherwise, the operator sets

O(t) = 0 and rejects any new requests.
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3.5.2.2 Cost Minimization

We determine channels selection B(t), sensing technology (or cost) Cs(t), and

power allocation P (t), by solving the following optimization problem to control

the costs of the operator to provide transmission services to its users.

Minimize
∑
i∈B(t)

Ci(t)−
Q(t)

V
E [ri(t)|Θ] (3.22)

Subject to (3.1), (3.3), (3.4)

Variables Cs(t),Bs(t),Bl(t), Pi(t) ≥ 0

To obtain the above problem formulation of cost minimization, we use the

fact that Xi(t) = (1 − Si(t))Wi(t), which is independent of the queuing state.

Thus the virtual sensing cost can be updated as C̃s(t) = Cs(t) + (1/V )Zi(t)(1−

p0)Pmd(C
s(t)), which increases with the virtual queue and missed detection prob-

ability.

Note that the first term in the summation in (3.22) is the cost of each channel.

The second term in the summation is a queuing-weighted expected transmission

rate, again is a shift introduced by Lyapunov drift for system stability. This shift

can be also viewed as the “gain” collected from the channel to help clear the queue.

3.5.2.3 Intuitions behind the PMC policy

We discuss some intuitions behind the PMC policy. To maximize the profit, the

operator needs to perform revenue maximization and cost minimization. To guar-

antee the queuing stability, some shifts (i.e., all queue-related terms) are intro-

duced by the Lyapunov drift in these problems. In Appendix Sec. 3.9.5, we show

that the queueing effect will increase the optimal price announced by the opera-

tor (comparing with not considering queueing), as a higher price will reduce the
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users’ demands and maintain the system stability.

The Lyapunov stochastic optimization approach provides a way to decompose

a long-term average goal (e.g., the PM problem) into instantaneous optimization

problems (e.g., revenue maximization and cost minimization problems in the PMC

policy). In the stochastic optimization problem, the current decisions always have

impacts on the future problems. These impacts are characterized and incorporated

by the queueing shift terms in the instantaneous optimization problems. Therefore,

we can achieve the long term goal through focusing on the instantaneous decisions

in every time slot. The flowchart for the PMC policy is illustrated in Fig. 3.2.

	

Revenge 
Maximization: 

Determine price �∗ �
and market control 
strategy �∗��� by 

solving  (22)

Updating:

� ← � � 1
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Initiation: 	 � � 0 and 
� � � 0

	

Power allocation:
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��∗ � 	by  Algorithm 3

��� �����
��� �����

Cost Minimization: 

Profit Maximization Control (PMC) Policy: 

Figure 3.2: Flowchart of the dynamic PMC policy

Although the revenue maximization problem is relatively easy to solve, the

cost minimization problem is very complicated. It is actually a two-stage deci-

sion problem. In the first stage, the operator determines the sensing technology,

and chooses which channels to sense and which channels to lease. Then spec-

trum sensing is performed to identify available channels. With this information,

the operator further allocates downlink transmission power in the available chan-
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nels (sensed idle ones and leasing ones). In Section 3.5.3, we focus on designing

algorithms to solve the cost minimization problem.

3.5.3 Algorithms for Cost Minimization Problem

Now we use backward induction to solve the cost mimmation problem.

3.5.3.1 The Second Stage Problem

We first analyze the power allocation in the second stage, where the sensing results

Wi(t), the channel selection Bs(t), and the sensing technology Cs(t) have been

determined. Therefore, the power allocation problem of (3.22) is as follows:

Maximize
∑
i∈B(t)

ωi(t) log (1 + hi(t)Pi(t)) (3.23)

Subject to
∑

i∈Bmax

Pi(t) ≤ Pmax,

Variables Pi(t) ≥ 0

where

ωi(t)
∆
=


ω0

∆
= E [Si(t)|Wi(t) = 1], if i ∈ Bs(t),

1, if i ∈ Bl(t).

(3.24)

and we can calculate

E [Si(t)|Wi(t) = 1]

=
p0(1− Pfa(C

s(t)))

p0(1− Pfa(Cs(t))) + (1− p0)Pmd(Cs(t))
. (3.25)

By using the Lagrange duality theory, we can show that the problem (3.23) has the

following optimal solution

P ∗
i (t) =


ωi(t)

(
1

λ(t)
− 1

ωi(t)hi(t)

)+
i ∈ B(t),

0 i /∈ B(t),
(3.26)
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where λ(t) is the Lagrange multiplier of the total power constraint (3.4). The

optimal value of λ(t) is the following water filling solution,

λ(t) =

∑
i∈Bp(t)

ωi(t)

Pmax +
∑

i∈Bp(t)
1

hi(t)

, (3.27)

where Bp(t)
∆
= {i ∈ B(t) : Pi(t) > 0}. Note that (3.27) is a fixed-point equation

of λ(t), and the precise value of λ(t) is not given here.

When the values of all parameters (i.e., hi(t), ωi(t)) are given, we can use a

simple water level searching Algorithm 8 (shown in Appendix 3.9.1 and similar as

the searching algorithms in [88, 89]) to determine the exact optimal value of λ(t).

This algorithm involve sorting the channels according to the channel gains, and

the complexity of Algorithm 8 is O(|Bmax|2 log(|Bmax|)).

3.5.3.2 The First Stage Problem

Let us consider the first stage problem to determine the sensing technology, the

sensing set, and the leasing set. Note that since the sensing has not been performed

at this stage yet, thus the sensing result Wi(t) is not known. We denote

αi(t) =


α0

∆
= E [Si(t)Wi(t)] if i ∈ Bs(t)

1 if i ∈ Bl(t),

(3.28)

and we can calculate

E [Si(t)Wi(t)] = p0(1− Pfa(C
s(t))) (3.29)

Substitute the optimal power allocation (3.26) into the problem (3.22), we have

Minimize
∑
i∈B(t)

Ci(t)−
Q(t)

V
αi(t)

(
log

(
hi(t)ωi(t)

λ(t)

))+

(3.30)

Subject to Bs(t) ⊆ Bs
max, Bl(t) ⊆ Bl

max, C
s(t) ∈ C

Variables Bs(t),Bl(t), Cs(t)
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We first consider the above problem for a fixed sensing cost Cs(t). This problem

is a combinatorial optimization problem of Bs(t) and Bs(t). The worst case of

searching complexity (i.e., exhaustive searching) can be O(2|Bmax|), exponential

in the number of total channels.

However, we can reduce the complexity by exploring the special structure of

this problem.

Proposition 3.1. (Threshold Property)

• We rearrange the leasing channel indices i ∈ Bl
max in the decreasing order

of gi(t), which is defined as

gi(t)
∆
= hi(t) exp

(
−Ci(t)

Q(t)
V

)
. (3.31)

There exists a threshold index ilth, such that a channel i is chosen for leasing

(i.e., i ∈ Bl(t)) if and only if i ≤ ilth.

• We rearrange the sensing channel indices j ∈ Bs
max in the decreasing order

of gj(t), which is defined as

gj(t)
∆
= ω0hj(t) exp

(
− Cj(t)

Q(t)
V

α0

)
. (3.32)

For all leasing channels j ∈ Bs
max, there exists a threshold index jsth, such

that a channel j is chosen for sensing (i.e., j ∈ Bs(t)) if and only if j ≤ jsth.

Proof. For each channel in the optimal channel selection set i ∈ B∗(t), it satisfies

the following condition

Ci(t)≤
Q(t)

V
αi(t)

(
log

(
ωi(t)hi(t)

λ(t)

))+

. (3.33)

This result is easy to see from the objective function in (3.30): to optimize the

profit, we should only pick the channel with its cost no larger than its gain. Thus
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by (3.31) and (3.32), the optimization problem in (3.30) can be written in the

following equivalent form:

Maximize
∑

i∈Bl(t)

(
log

(
gi(t)

λ(t)

))+

+ α0

∑
j∈Bs(t)

(
log

(
gj(t)

λ(t)

))+

(3.34)

Subject to Bs(t) ⊆ Bs
max, Bl(t) ⊆ Bl

max

Variables Cs(t),Bs(t),Bl(t)

Thus by the log function in the objective of (3.34), the threshold property imme-

diately follows.

This proposition suggests that we should select the channel with a large gi (for

leasing channels) or gj (for sensing channels). Note that as defined in (3.31) and

(3.32), gi and gj are equal to channel information (i.e., hi for leasing channels,

ωjhj for sensing channels) multiplying a decaying factor related to the channel

cost. They can be understood as virtual channel gains when the channel costs

are taken into consideration. A large value of gi or gj means that the channel is

cost-effective, i.e., the channel has a good channel gain as well as a low cost.

By Proposition 3.1, it is clear that we can determine the optimal channel selec-

tion by an exclusive search of the optimal sensing and leasing thresholds. (A

pseudo code of the searching Algorithm 9 is given in Appendix 3.9.2.) Thus

the searching complexity is reduced to O(|Bmax|2) (or more exactly, O(|Bs
max| ×

|Bl
max|)), given the channel indices are rearranged as the Proposition 3.1. We can

adopt established sorting algorithms [90] to finish the index rearrangement with a

complexity O(|Bmax| log(|Bmax|)). Thus the total complexity of finding the opti-

mal channel selection is O(|Bmax|3 log(|Bmax|)).

Note that in real systems, the channel conditions and the leasing cost may not

change as frequently as every time slot. We usually can update these network
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parameters every time frame (which is composed by several time slots instead of

one time slot). Accordingly, the above algorithm will also be operated based on

the time frames, which will greatly reduce the computation complexity in practice.

Furthermore, let us find the optimal sensing cost Cs(t) by enumerating all

possible sensing costs Cs(t) ∈ Cs. For the sensing cost Cs(t), we denote the

objective value in (3.34) as U(Cs(t)) and the optimal channel selection set as

B(Cs(t)). The corresponding pseudo code is given in Algorithm 6, the complexity

of which is O(|C| × |Bmax|3 log(|Bmax|)).

Algorithm 6 Optimal Sensing Cost and Channel Selection
1: U∗ ← 0

2: for Cs(t) ∈ Cs do

3: Determine the optimal channel selection B(Cs(t)) (by the exclusive

search for the optimal sensing and leasing thresholds, see Appendix 3.9.2)

4: Calculate U(Cs(t))

5: if U∗ > U then

6: U∗ ← U , Cs∗(t)← Cs(t), B∗(t)← B(Cs(t))

7: end if

8: end for

So far, we have completely solved the two-stage optimization problem in (3.22).

For each time t, the operator first runs Algorithm 6 to choose the channel sets

B∗(t) = Bs∗(t)∪Bl∗(t). Then it uses the sensing technology with a cost Cs∗(t) to

sense channels in Bs∗(t). Based on the sensing results, it further runs Algorithm 8

to determine the power allocation P ∗
i (t), i ∈ B∗(t).
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3.5.3.3 Sensing Vs. Leasing

We are also interested in how the PMC policy makes the best tradeoff between

sensing and leasing based on the sensing cost Cs(t) and the leasing cost C l(t). To

make the comparison easy to understand, we will consider perfect sensing with no

sensing errors (i.e., ω0 = 1 and α0 = p0). We will further assume that a leasing

channel i and a sensing channel j have the same channel gain hi(t) = hj(t).

Finally, we assume that two channels have the same availability-price-ratio, i.e.,

the costs satisfy Cs(t) = α0C
l(t). We want to answer the following question: is

the PMC policy indifferent in choosing either of the two channel?

By (3.31) and (3.32), we have gi = gj for these two channels. By (3.34), we

can calculate the net gains by channel i and j:
(
log
(

gi(t)
λ(t)

))+
≥ α0

(
log
(

gj(t)

λ(t)

))+
.

To maximize the objective in (3.34), it is clear that PMC policy will prefer the

leasing channel i over the sensing channel j, and this tendency increases as α0

decreases. If we view the channel unavailability (1 − α0) as the risk of choosing

the sensing channel, then the PMC policy is a risk averse one. This is mainly due

to the concavity of the rate function. This preference order will also hold in the

imperfect sensing case, in which case we will have gi > gj and
(
log
(

gi(t)
λ(t)

))+
≥

α0

(
log
(

gj(t)

λ(t)

))+
.

3.5.4 Performance of the PMC Policy

We show the performance bounds of the PMC Policy as follows:

Theorem 3.1. For any positive value V , the PMC Policy has the following prop-

erties:

(a) The queue stability (3.11) and collision constraints (3.12) are satisfied. The
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queue length is upper bounded by

Q(t) ≤ Qmax
∆
= V qmax+Amax, ∀ t; (3.35)

and the virtual queue length is upper-bounded by

Zi(t) ≤ Zmax
∆
= κ(V qmax + Amax) + 1, ∀ i, t. (3.36)

where

κ
∆
=
rmaxp0(1− Pfa(C

s0)))

(1− p0)Pmd(Cs0)

and Cs0 ∆
= max

Cs

p0(1−Pfa(C
s)))

(1−p0)Pmd(Cs)
.

(b) The average profit RPMC obtained by the PMC policy satisfies

inf RPMC ≥ R
∗ −O(1/V ), (3.37)

where R
∗

is the optimal value of the PM problem.

According to the Little’s law, the average queuing delay is proportional to the

queue length. Thus users experience bounded queuing delays under the PMC

algorithm by (3.35). By (3.37), we find that the profit obtained by the PMC Policy

can be made closer to the optimal profit by increasing V . However, as V increases,

the queuing delay also increases as shown in (3.35). The best choice of V depends

on the desired trade-off between queuing delay and profit optimality.

A detailed proof of Theorem 3.1 is provided in Appendices 3.9.3 and 3.9.4.

3.5.5 Extension: More General Model of Primary Users’ Ac-

tivities

In the previous analysis, we assume that primary users’ activities in each sensing

channel is a simple i.i.d. Bernoulli random process, and derive the PMC policy

for the operator’s profit maximization problem. We find that the PMC policy also
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holds for the following more general Markov chain model of the primary users’

activities shown in Fig. 3.3. In this model, for any time t, Si(t) is unknown, but

the history information Si(t − 1) is known, and also the transition probabilities

Pr(Si(t) = s′|Si(t − 1) = s)
∆
= pis→s′ , s ∈ {0, 1}, s′ ∈ {0, 1}, i ∈ Bs

max are

known from long-time statistics.

� �

p1� 0

p0� 1

p0� 0
p1� 1

Figure 3.3: Markov chain model of the PUs’ activities

All previous analysis for PMC policy will still hold if we update two parame-

ters ωi(t) and αi(t) as follows:

ωi(t)
∆
=


E [Si(t)|Wi(t) = 1, Si(t− 1)], if i ∈ Bs(t)

1, if i ∈ Bl(t)

where

E [Si(t)|Wi(t) = 1, Si(t− 1) = s]

=
pis→1(1− Pfa(C

s(t)))

pis→1(1− Pfa(Cs(t))) + pis→0Pmd(Cs(t))
;

and

αi(t) =


E [Si(t)Wi(t)|Si(t− 1)] if i ∈ Bs(t)

1 if i ∈ Bl(t)

where

E [Si(t)Wi(t)|Si(t− 1) = s] = pis→1(1− Pfa(C
s(t))).
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There is no change in the revenue maximization part, and the cost minimiza-

tion part still involves a combinatorial optimization problem. But the complexity

of solving cost minimization problem becomes O(|C| × 2|B
s
max||Bl

max + 1|), since

we lose the structure information in sensing channels, i.e., the threshold structure

does not hold for sensing channels. In the worst case (Bmax = Bs
max, Bl

max = ∅ ),

it comes back toO(|C|×2|Bmax|), which is the complexity of the exhaustive search

without considering the threshold structure.

Let us further consider a special Markov chain model where the transition

probability for each sensing channel is the same, i.e., Pr(Si(t) = s′|Si(t − 1) =

s)
∆
= ps→s′ ,∀i ∈ Bs

max. In this model, all sensing channels can be categorized into

two types, channels being busy in the last slot (i.e., Si(t − 1) = 0), or channels

being idle in the last slot (i.e., Si(t−1) = 1). We can still show threshold structures

for both types. Thus the complexity is reduced to O(|C| × |Bmax|4 log(|Bmax|)).

The above analysis shows that it is critical to exploit the problem structure to

reduce the algorithm complexity.

3.6 Heterogeneous Users

In Section 3.4, we adopt the single queue analysis for homogeneous users who

are assumed to be nearby and have the same channel condition on each channel.

However, the single queue analysis can not work for a more general scenario of

heterogeneous users, where users can be located at different places, and have dif-

ferent channel conditions. In this section, we introduce the multi-queue model to

deal with the heterogenous user scenario as shown in Fig. 3.4.

We divide the total coverage of the secondary base station intoJ ∆
= {1, 2, . . . , J}

disjoint small areas (illustrated as hexagons in Fig. 3.4) according to users’ differ-
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A C-MVNO Homogeneous users form a queue
Figure 3.4: Heterogeneous user model: Users in a hexagons are nearby homoge-

neous users, who have the same channel experience. Users in deferent hexagons

can have different channel experience.

ent channel experiences. Users in one of these small area are nearby homogeneous

users. They share the same channel conditions, and form a queue based on the

FCFS discipline. We use Qj(t) to denote the queue length in area j. Since the

queue and the corresponding area is one-to-one mapping, we also call the users in

area j as queue j users.

For each queue j ∈ J , hij(t) represents the users’ channel gain to channel i ∈

Bmax at time t, which follows an i.i.d distribution over time. The indicator variable

Tij(t) ∈ {0, 1} denotes the operator’s channel assignment at time t: Tij(t) = 1

if channel i is allocated to queue j, and Tij(t) = 0 otherwise. Meanwhile, the

assignment Tij must satisfy

∑
j∈J

Tij(t) ≤ 1, ∀t. (3.38)

The power allocation for queue j on channel i is denoted by Pij(t). The total
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power allocation must satisfy∑
j∈J

∑
i∈Bmax

Pij(t) ≤ Pmax,∀t, (3.39)

Thus the rate of queue j ∈ J can be calculated

rj(t) =
∑
i∈B(t)

Ii(t)Tij(t) log

(
1 +

hij(t)Pij(t)

Tij(t)

)
(3.40)

where Ii(t) is the transmission result in channel i, following the same definition

in Section 3.3.4.

For each queue j, we follow the same demand model as in Section 3.3.5 for

homogenous users. We assume the number of incoming users, the market state,

and the user’s instantaneous demand are i.i.d among different queues, and denote

them as Nj(t), Mj(t), and Aj(t) respectively. The market control variable and

price for queue j are denoted as Oj(t) and qj(t). The queuing dynamic for queue j

is as follows:

Qj(t+ 1) = (Qj(t)− rj(t))
+ +Oj(t)Aj(t). (3.41)

Thus the homogeneous user model in Section 3.4 can also be viewed as a special

case of the heterogeneous user model, where J is a singleton.

3.6.1 Multi-queue Profit Maximization Control (M-PMC) Pol-

icy

3.6.1.1 Revenue Maximization

For any queue j ∈ J , we compute the optimal transmission price q∗j (t) by solving

the following problem.

Maximize
(
qj(t)−

Qj(t)

V

)
D (qj(t),Mj(t)) (3.42)

Variables qj(t) ≥ 0
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If the maximum objective in (3.42) is positive, the operator sets transmission con-

trol variable O∗
j (t) = 1 and accepts users’ new file download requests at the price

q∗j (t). Otherwise, the operator sets O∗
j (t) = 0 and rejects any new requests.

3.6.1.2 Cost Minimization

We solve the following optimization problem to determine sensing cost and re-

source allocation:

Minimize
∑
i∈B(t)

Ci(t)−
∑
j∈J

Qj(t)

V
E [rj(t)] (3.43)

Subject to (3.1), (3.3), (3.39), (3.38)

Variables Cs(t),Bs(t),Bl(t), Pij(t) ≥ 0, Tij(t) ∈ {0, 1}

where the cost Ci(t) follows the same definition of (3.19). Similar to the homoge-

nous model in Section3.5.3, it is a two-stage decision problem. In the first stage,

we determine the sensing technology, and choose the sensing channels and the

leasing channels. Then in the second stage, we determine the channel assignment

and power allocation based on the sensing results. We use backward induction to

solve this problem (3.43). To simplify the notation, we will ignore the time index

in the following analysis.

We first analyze the channel assignment and power allocation in the second

stage. In this stage, since the sensing results Wi, the channels Bs, and the sensing

technology Cs are determined, the second stage problem of (3.22) is shown as



CHAPTER 3. PROFIT MAXIMIZATION OF COGNITIVE MOBILE VIRTUAL NETWORK

OPERATOR IN A DYNAMIC WIRELESS NETWORK 108

follows:

Maximize
∑
j∈J

∑
i∈B

QjωiTij log

(
1 +

hijPij

Tij

)
(3.44)

Subject to (3.39), (3.38)

Variables Pij ≥ 0, Tij ∈ {0, 1}

where ωi follows the same definition of (3.24).

Compared to the power allocation problem in (3.23), the binary channel as-

signment variables Tij’s make the second stage problem much more complex.

We first solve problem (3.44) for fixed Tij’s, thus the remaining power allo-

cation problem is a convex optimization problem. Following the same method of

solving power allocation for homogeneous users as in (3.26), we have

Pij = TijQjωi

(
1

λ
− 1

Qjωihij

)+

, i ∈ B. (3.45)

where λ is the Lagrange multiplier of the total power constraint (3.39), which

satisfies

λ =

∑
i∈Bp

ωiQjTij

Pmax +
∑

i∈Bp

Tij

hi(t)

, (3.46)

where Bp
∆
= {i ∈ B : Pij > 0}. When Tij is known, we can design a simple

search algorithm similar to Alg. 8 to determine the optimal value of λ.

We then substitute this result in (3.44), and further maximize the objective over

Tij’s. Then we have

Maximize
∑
i∈B

ωi

∑
j∈J

QjTij

(
log

(
ωiQihi

λ

))+

(3.47)

Subject to
∑
j∈J

Tij ≤ 1

Variables Tij ∈ {0, 1}
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For each channel i ∈ B, let us denote the set

J ∗
i

∆
=argmax

j∈J
Qj

(
log

(
ωiQjhij

λ

))+

(3.48)

Here the solution J ∗
i is a set of indices of the chosen queues. If J ∗

i is a singleton,

then we denote its unique element as j∗i . If J ∗ is not singleton, since all elements

in J ∗ lead to the same value in objective, then we can randomly pick one of the

its element and denote it as j∗i .

Since the objective in problem (3.47) is linear in Tij , it is easy to see the opti-

mal solution is

Tij =


1, if j = j∗i , i ∈ B

0, otherwise.
(3.49)

Now let us consider how to calculate the value of λ and j∗i . By (3.46) and

(3.48), we find that they are actually coupled together. To determine λ in (3.46),

we need to know Tij (or equivalentlyJ ∗
i , j∗i ), i.e., which queue is chosen for which

channel. But determining J ∗
i in (3.48) requires the value of λ. One way to solve

this problem is to enumerate every possible channel assignment combinations to

find the solutions satisfying both (3.46) and (3.48). Since each channel i ∈ Bmax

can be assigned to one of J queues, there are a total of |Bmax|J channel assignment

combinations. When the J or |Bmax| is large, the complexity can be very high.

However, we can reduce the search complexity by exploring the special structure

of the problem.

Property 3.1. For each channel allocated positive power i ∈ Bp, we have

J ∗
i = argmax {Qj |hij >

λ

Qjωi

, j ∈ J }. (3.50)

This property comes from (3.48). This means that for a particular channel i,

if the channel gain for the longest queue Qj is good enough (i.e., hij > λ
Qjωi

),
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we should assign channel i to queue with the longest queue length. If J ∗
i is a

singleton, then we denote its unique element as j∗i . Otherwise, we denote Ĵ ∗
i

∆
=

argmax {hij | j ∈ J ∗
i }. In this case, there are multiple channels with the same

channel gain and the same queue length, and we can randomly pick one and denote

it as j∗i . Thus we can search λ and J ∗
i (and also j∗i ) by a simple greedy algorithm

as follows. First, for all channels, we assume J ∗
i = argmaxj∈J Qj , and calculate

the value of λ by the waterfilling algorithm (as the procedure “Waterfilling” in

Alg. 7). For each unchosen channel, i.e., the channel i with ωiQj∗i
hij∗i
≤ λ, we

check whether ωiQjhij > λ can be satisfied when another queue is chosen instead

of j∗i . If there is some set J̃i of queues satisfying ωiQjhij > λ, we replace J ∗
i

with the one with the longest queue length in this set, i.e., argmaxj∈J̃i Qj . We

repeat the process iteratively until we find the λ and j∗i that satisfies both (3.46)

and (3.48). The pseudo code is given in Alg. 7. To simplify the expression of

Alg. 7, with a little abuse of notations, we denote hi = hij∗i
, Qi = Qj∗i

, and

Λ(m)
∆
=

∑m
i=1 ωiQi

Pmax+
∑m

i=1
1
hi

.

The complexity of Alg. 7 is O(|Bmax|3 log(|Bmax|), since the while loop runs

no more than |Bmax| times in the worst case, and the complexity of waterfilling part

is O(|Bmax|2 log(|Bmax|) (the same as the waterfilling power allocation algorithm

in Section 3.5.3.1). Compared to the exhaustive search, the complexity of solving

the channel assignment is greatly reduced.

With the solution of channel assignment, we can update the power allocation

solution of (3.43) as

P ∗
ij =


ωiQj

(
1
λ
− 1

ωiQjhi

)+
, if j = j∗, i ∈ B,

0 otherwise,

where the value of λ, hi and Qi are calculated by Alg. 7.
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Algorithm 7 Channel Assignment
1: J ∗

i ← argmaxj∈J Qj

2: procedure WATERFILLING(hi(t), Qi(t))

3: Rearrange the channel indices i ∈ Bmax in the decreasing order of

ωi(t)Qi(t)hi(t)

4: m← |B(t)|, λ⇐ Λ(m)

5: while λ ≥ hm(t)ωm(t) do

6: m← m− 1

7: λ⇐ Λ(m)

8: end while

9: end procedure

10: while ωi(t)hij(t)Qj(t) > λ,∀j, ∀i > m, do

11: J ∗
i ← argmax {Qj|ωi(t)hij(t)Qj(t) > λ}

12: invoke procedure Waterfilling( hi(t), Qi(t))

13: end while

After solving the second stage problem, we move to the first stage. Following

the channel assignment in (3.49), we find the first stage problem for the heteroge-

neous users is the same with the one of homogeneous users problem in (3.30). We

can simply run the same Alg. 6 to determine sensing technology Cs∗(t), sensing

channel set Bs∗(t) and leasing channel set Bl∗(t).

3.6.2 Performance of the M-PMC Policy

Next we show the performance bounds of the M-PMC Policy. The proof method

is similar to that of Theorem 3.1, and the details are omitted due to space limit.



CHAPTER 3. PROFIT MAXIMIZATION OF COGNITIVE MOBILE VIRTUAL NETWORK

OPERATOR IN A DYNAMIC WIRELESS NETWORK 112

Theorem 3.2. For any positive value V , the M-PMC Policy has the following

properties:

(a) The queue stability (3.11) and collision constraints (3.12) are satisfied. The

queue length is upper bounded by

Qj(t) ≤ Qmax ∆
= V qmax+Amax, ∀ t, (3.51)

and the virtual queues are bounded by

Zi(t) ≤ Zmax ∆
= κ(V qmax + Amax) + 1, ∀ i, t. (3.52)

where κ ∆
= rmaxp0

p0(1−Pfa(C
s(t)))+(1−p0)Pmd(C

s(t))

(1−p0)
, and Cs0 denotes the high-

est sensing cost.

(b) The average profit RM−PMC obtained by the M-PMC policy satisfies

inf RM−PMC ≥ R
∗ −O(1/V ), (3.53)

where R
∗

is the optimal value of the multi-queue PM problem.

3.7 Simulation

In this section we provide simulation results for PMC and M-PMC policies.

We conduct simulations with the following parameters. The number of incom-

ing users in each slot satisfies a Poisson distribution with a rate D(q(t),M(t)) =

1
M(t)

(q(t)− 5)2. The market state M(t) satisfies Bernoulli distribution, M(t) = 1

with probability 0.5, and M(t) = 2 with probability 0.5. The file length of each

user satisfies the i.i.d. (discrete) uniform distribution between 1 and 10. There are

32 channels in total. 20 of them belong to the sensing band Bs
max, and the rest

12 channels belong to the leasing band Bl
max. The primary collision probability

tolerant levels are set as ηi = 0.001 for sensing channel i = 1, 2, . . . , 10, and ηi =
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0.005 for sensing channel i = 11, 12, . . . , 20. The channel gain hi of each channel

satisfies i.i.d. (continuous) Rayleigh distribution with parameter σ = 4.5 The total

power constraint of the base station is Pmax = 8. There are 3 different sensing

technologies with costs Cs = {0 (not sensing at all), 0.1, 0.5}. The correspond-

ing false alarm probabilities are Pfa = {0.5, 0.1, 0.008}, and the missed detection

probabilities are Pmd = {0.5, 0.08, 0.005}. We assume the idle time probability

of sensing band p0 is 0.6, and the control parameter V ∈ {5, 10, 50, 100, 200}.

Figure 3.5 shows a collision situation of all sensing channels with the control

parameter V = 100. We find that primary users’ collision tolerant bound (3.12)

is satisfied as time increases. We also find that we obtain similar curves for the

collision probabilities with other values of control parameter V .
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Figure 3.5: A collision situation of all sensing channels with V = 100
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Figure. 3.6 (a) shows that the average queue length grows linearly in V , and is

always less than the worst case bound V qmax + Amax. Figure. 3.6 (b) shows that

the average profit achieved by PMC policy converges quickly as V grows, and is

close to the maximum profit when V ≥ 100.
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Figure 3.6: (a) Average queue length vs. Parameter V , (b) Average profit vs.

Parameter V

We further vary the idle time probability of sensing band p0 from 0 to 1. In

Fig. 3.7, we show the average profit with different sensing available probabilities

p0 ∈ [0, 1] and different fixed sensing technologies. The black curve is with zero

sensing cost, where Pfa = Pmd = 0.5, which means the operator makes no sens-

ing and takes random guesses of primary users’ activities in sensing channels. The

blue curve is with the low sensing cost 0.1, where Pfa = 0.1 and Pmd = 0.08.

The purple curve is with the high sensing cost 0.5, where Pfa = 0.008 and
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Pmd = 0.005. The red curve is the PMC policy, which adaptively choose sensing

cost from the above three (sensing cost Cs = 0, 0.1, 0.5). When the sensing avail-

able probability is small (e.g., p0 ∈ [0, 0.2]), all strategies tend to only choose the

leasing channels, thus all curves obtain similar profits. When the sensing avail-

able probability p0 further increases, the advantage of exploring sensing channels

becomes more significant. The performances for strategies using the zero and low

sensing cost are not good. The reason is that their detection accuracy is not good

enough. To achieve the primary users’ collision bounds, these strategies choose

sensing channels less often, and replace with more expensive leasing channels.

When the sensing available probability is high and close to 1, sensing seems un-

necessary. Therefore, the performance increases as sensing cost decreases, where

the zero cost is the best and the high cost is the worst. The PMC policy (the red

curve) adaptively chooses the sensing cost, i.e., when p0 is medium, it utilizes the

high sensing cost strategy in most of time slots; as p0 keeps increasing, it gradually

changes to utilize the low cost and zero cost strategies more frequently; and when

p0 goes to 1, it utilizes the zero sensing cost strategy in most of time slots. It has

the best performance, since it can take advantage of different sensing technologies

for different sensing available probabilities.

For the M-PMC policy, we conduct simulations for a simple two-queue sys-

tem. For queue-1, the channel gain hi1 of each channel satisfies i.i.d. (continuous)

Rayleigh distributions with parameter σ = 4.5. For queue-2, the channel gain hi2

of each channel satisfies i.i.d. (continuous) Rayleigh distributions with parameter

σ = 5.5. This is because queue-2 users are nearer to the operator’s base station

than queue-1 users.

Figure 3.8 (a) shows that the average transmission rate obtained by queue-2

users is higher than that of the queue-1 users. This is because queue-2 users usu-
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Figure 3.7: Average Profit with different sensing technologies

ally have better channel conditions, and M-PMC policy prefers to allocate more

powers to better channels to improve the transmission rate. Figure 3.8 (b) shows

that the revenues obtained by the operator from users of two queues are almost

the same when all queues are stable. It is an interesting observation. We can un-

derstand it in this way: when two queues make different revenue, to maximize the

profit (also the revenue), the operator will allocate more transmission rates to the

queue with a higher revenue. Thus the length of the queue with a higher transmis-

sion rate will be shorten, and the negative queuing effect in revenue maximization

problem will be soon diluted. It further leads to a decreasing price and a decreas-

ing revenue. In contrast, the length of the queue with a lower transmission rate

increases, which results in an increasing price and an increasing revenue. There-
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fore, when all queues are stable finally, the average revenue generated by each

queue is the same.
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Figure 3.8: (a) Average transmission rates of a two-queue M-PMC policy, (b)

Average revenues of a two-queue M-PMC policy

3.8 Summary

In this chapter, we study the profit maximization problem of a cognitive mobile

virtual network operator in a downlink OFDM transmission system with an un-

certain and dynamic network environment. By exploring the special structural

information of the problem, we propose low-complexity PMC and M-PMC poli-

cies which perform both revenue maximization with pricing and market control,

and cost minimization with proper resource investment and allocation. We show
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that these policies can achieve arbitrarily close to the optimal profit, and have flex-

ible trade-offs between profit optimality and queuing delay. We also find several

interesting features in these close-to-optimal policies. In revenue maximization,

the dynamic pricing strategy performs the functionality of congestion control to

users’ demands, i.e., the longer the queue length of demands, the higher price the

operator should charge. In cost minimization, the operator shows risk aversion

in spectrum investment, which prefers stable leasing spectrum to unstable sensing

spectrum with the same channel condition and the same availability-price-ratio.

3.9 Appendix of Chapter 3

3.9.1 (Waterfilling) Power Allocation Algorithm

We define the function Λ(m) as (3.27):

Λ(m)
∆
=

∑m
i=1 ωi

Pmax +
∑m

i=1
1
hi

.

The pseudo code of the power allocation algorithm is shown as follows.

Algorithm 8 Power Allocation

1: Rearrange the channel indices i ∈ Bmax as a decreasing order of ωi(t)hi(t)

2: m← |B(t)|, λ⇐ Λ(m)

3: while λ ≥ hm(t)ωm(t) do

4: m← m− 1

5: λ⇐ Λ(m)

6: end while

3.9.2 Threshold Searching Algorithm

The pseudo code of threshold searching algorithm is shown in Algorithm 9.
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Algorithm 9 Optimal Channel Selection (for a given Cs(t))

1: procedure COMPUTING B(Cs(t))

2: invoke procedure SearchingThreshold(Cs) to calculate Υl and Υs

3: U(Cs(t))← 0

4: for i = 0, 1 . . . ,Υl do

5: for j = 0, 1 . . . ,Υs do

6: Calculate λ(t) as (3.27) with Bp(t) = Bl
i ∪ Bs

j

7: if gi(t) > λ(t) and gj(t) > λ(t) then

8: Calculate U(i, j)

9: if U(i, j) < U(Cs(t)) then

10: U(Cs(t))← U(i, j)

11: B(Cs(t))← Bl
i ∪ Bs

j

12: end if

13: end if

14: end for

15: end for

16: end procedure

In Algorithm 9, U(i, j) denotes the optimal value of (3.34) with the channel

selection set B = Bl
i∪Bs

j . To decrease the number of searching loops, we can first

run Algorithm 10 to determine the maximum possible thresholds Υl for leasing

channels or Υs for sensing channels. The illustration of the maximum possible

threshold is given in Fig. 3.9. If we do not run Algorithm 10, we can just set

Υl = |Bl
max| and Υs = |Bs

max|. Wether we run Algorithm 10 or not, the complexity

of Algorithm 9 can not be worse than O(|Bs
max| × |Bl

max|).
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Figure 3.9: An illustration for Alg. 10. The maximum possible threshold is 3.

3.9.3 Proof for Theorem 3.1 (a)

We first prove (3.35) by induction.

It is easy to see that at slot t = 0, no packets are in the network and Q(0) = 0,

thus the queue length bound (3.35) obviously holds. Now suppose (3.35) holds for

time t. We consider the queue length bound in slot t+ 1 in the following cases:

• Case 1: Q(t) ≤ V qmax, then clearly Q(t+ 1) ≤ V qmax + Amax.

• Case 2: Q(t) > V qmax, i.e., the objective value of the revenue maximization

(3.21) is negative. Therefor, according to the optimization solution, the

operator will set O(t) = 0, and do not accept any new request, A(t) = 0.

Therefore, Q(t+ 1) ≤ Q(t) ≤ V qmax + Amax.

Likewise, we can also prove the virtual queue bound (3.36) by induction. Sup-

pose that the inequality (3.36) holds for time t, and consider the following two

cases.

• Case 1: Zi(t) ≤ Zmax − 1, clearly the virtual queue length bound (3.36)
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Algorithm 10 Search Threshold Υl (or Υs) for a given Cs(t)

1: procedure SEARCHINGTHRESHOLD(Cs)

2: Rearrange the channel indecent i ∈ Bl
max (or i ∈ Bs

max) as the decreasing

order of gi(t).

3: m← |Bl
max| (or m← |Bs

max|), λ⇐ Λ(m)

4: while λ ≥ gm(t) do

5: if m > 1 then

6: m← m− 1

7: λ⇐ Λ(m)

8: else

9: break

10: end if

11: end while

12: Υl ← m (or Υs ← m)

13: end procedure

also holds at slot t+ 1.

• Case 2: Zi(t) > Zmax − 1, i.e.,

Zi(t) ≥ max
Cs

rmaxQmaxαi(t)

(1− p0)Pmd(Cs(t))
(3.54)

Since rmax ≥
∑

i∈Bmax
ri(t) =

∑
i∈Bmax

log
(
ωi(t)hi(t)

λ(t)

)
, then inequality (3.54)

implies

Ci(t)=Cs(t)+Zi(t)
1−p0
V

>αi(t) log

(
ωi(t)hi(t)

λ(t)

)
. (3.55)

By (3.33) in PMC policy, channel i will not be chosen for sensing and trans-

mission, thus there will be no collision in this channel, i.e., Xi(t + 1) = 0.

Then by (3.13) we have Zi(t + 1) ≤ Zi(t) and the virtual queue length

bound (3.36) also holds at t+ 1.
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3.9.4 Proof for Theorem 3.1 (b)

We first construct a stationary randomized policy that can achieve the optimal so-

lution of the PM problem. Let us consider a special class of stationary randomized

policies, called ϕ-only policy, which makes the decision γ(t) in slot t only depend-

ing on the observation of system parameter ϕ(t). The stationary distribution for

the observable parameter ϕ(t) is denoted as {Πϕ, ϕ ∈ Φ}. (Remember we define

ϕ(t)
∆
= (M(t),h(t), C l(t)), γ(t) ∆

= (O(t), q(t), Cs(t),Bs(t),Bl(t),P (t)). Note

that the value of ϕ(t) can be chosen only from a finite set Φ.) In the ϕ-only policy,

when the operator observes ϕ(t) = ϕ, it chooses γ(t) from the countable collec-

tion of Γϕ(t) = {γ1
ϕ, γ

2
ϕ, . . . } with probabilities {ρ1ϕ, ρ2ϕ . . . }, where

∑∞
u=1 ρ

u
ϕ = 1.

Note that the decision is independent of time t, and thus is stationary. We have the

following fact:

There exists a stationary ϕ-only policy that achieves the optimal profit of the

PM problem while satisfying stability condition (3.11) and collision upper-bound

requirement (3.12), which is the solution of the following optimization problem:

R
∗
= Maximize

∑
ϕ∈Φ

Πϕ

∞∑
u=1

R(γu
ϕ ;ϕ)ρ

u
ϕ

Subject to
∑
ϕ∈Φ

Πϕ

∞∑
u=1

r(γu
ϕ ;ϕ)ρ

u
ϕ ≤

∑
ϕ∈Φ

Πϕ

∞∑
u=1

D(γu
ϕ ;ϕ)ρ

u
ϕ

∑
ϕ∈Φ

Πϕ

∞∑
u=1

Xi(γ
u
ϕ ;ϕ)ρ

u
ϕ ≤ ηi, i ∈ Bs

max

The above fact is a special case of Theorem 4.5 in [21]. The proof is omitted for

brevity.

Recall that the PMC policy is derived by minimizing the right hand side of the
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following inequality (it is actually (3.18))

∆(Θ(t))− V E [RPMC(t)|Θ(t)] ≤ D − V E [R(t)|Θ(t)]

+Q(t)E [O(t)A(t)− r(t)|Θ(t)]

+
∑

i∈Bs
max

Zi(t)E [Xi(t)− ηi|Θ(t)] . (3.56)

In other words, given the current queue backlogs for each slot t, the PMC policy

minimizes the right hand side of (3.56) over all alternative feasible policies that

could be implemented, including the optimal stationary ϕ-only policy. Therefore,

by plugging the optimal stationary ϕ-only policy in the right hand side of (3.56),

we have

∆(Θ(t))− V E [RPMC(t)|Θ(t)] ≤ D − V R
∗
. (3.57)

Now we use the following lemma to obtain the performance bound in Theo-

rem 3.1(b).

Lemma 3.1. (Lyapunov Optimization) Suppose there are finite constants V > 0,

D > 0, such that for all time slots t ∈ {0, 1, 2, . . . } and all possible values of

Θ(t), we have

∆(Θ(t))− V E [R(t)|Θ(t)] ≤ D − V R
∗
. (3.58)

Then we have the following result

lim sup
t→∞

1

t

t−1∑
τ=0

E [R(t)] ≥ R
∗ − D

V
. (3.59)

The above lemma is a special case of Theorem 4.2 in [21]. The proof is omitted

for brevity.

Note that the inequality (3.57) is exact the condition (3.58) in Lemma 3.1, thus

the performance bound in Theorem 3.1(b) immediately follows.
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3.9.5 Impact of Queueing on Revenue Maximization

What is the impact of the queuing effect on the pricing in the revenue maximiza-

tion problem (3.21)? Let’s consider the following instantaneous revenue maxi-

mization problem without the queueing shift.

Maximize qD(q,M). (3.60)

For simplicity, we ignore the time index in the discussion.

Note that both problems in (3.21) and (3.60) may have multiple optimal so-

lutions. For the purpose of obtaining intuitions, we will restrict our discussion

to the case where there is a unique optimal price for both (3.21) and (3.60). To

guarantee this, we assume that revenue R(D)
∆
= q̂(D)D is a strictly concave func-

tion of the demand5, where q̂(D) is defined as the inverse demand function, i.e.,

q̂(D)
∆
= max{q̂ : D(q̂, m) = D}6 for a given m. For simplicity, we denote the

optimal price in revenue maximization (3.21) as q∗, and the optimal price in rev-

enue maximization problem (3.60) with the queuing shift as q∗∗. We will show

that q∗∗ ≥ q∗, i.e., the queuing effect leads to a higher price.

The objective of revenue maximization problem in (3.60) can be represented

as R(D) = q̂(D)D, and its optimal demand is denoted as D∗. By the first or-

der optimality condition, D∗ satisfies that R′(D∗) = 0, where R′(·) denotes the

first order derivative of R(·). When the queuing effect is taken into consideration,

the objective of (3.21) can be represented as R(D) − DQ
V

, and we denote its op-

timal demand as D∗∗. Again by the first optimality condition, D∗∗ satisfies that

5This assumption is common in the revenue management literature (e.g., [43]) to guarantee

unique optimal pricing.
6Since the demand function D(q,m) is non-increasing in q, there can be multiple prices result-

ing the same demand.
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R′(D∗∗) = Q
V
≥ 0. Since the revenue function R(D) is concave in D, R′(D) is

a decreasing function. Since R′(D∗∗) ≥ R′(D∗), we obtain D∗∗ ≤ D∗. Further-

more, since the demand D(q,m) is non-increasing in price q for a given m, we

have q∗∗ ≥ q∗. In other word, when incorporating the queuing effect, the optimal

dynamic price q∗∗ in the PMC policy is higher than the optimal price q∗ in instan-

taneous revenue maximization problem without the shift. Moreover, the larger the

queue length Q, the higher the dynamic price q in the PMC policy. When we

perform such pricing in the system, a high price will decrease the demand, which

will slow the increase of the queue length. Thus the dynamic pricing in the PMC

policy also performs the functionality of congestion control to some extent.

For a more general case where the concavity assumption may not be satisfied,

the queueing effect depends on the shape of the revenue function at the point D∗,

i.e., q∗∗ ≥ q∗ if and only if R′(D∗) ≤ Q
V

.



Chapter 4

Distributed Resource Allocation for

Node-Capacitated Networks with

Network Coding

Node-capacitated networks are those networks with the capacity constraints of

every node. In this chapter, we consider a node-capacitated multicast network with

a time-varying topology. By utilizing network coding, we design a dynamic and

distributed pricing and resource allocation algorithm that can achieve arbitrarily

close to maximum network utility while maintaining the network stability. In

addition, we show that this algorithm can provide incentives for nodes to stay in

the network and relay traffic for others even when they do not have interested

contents.

4.1 Node-Capacitated Networks

For a long time, the bottleneck of communication networks is the link bandwidth

between any two network nodes. Therefore, most previous studies in communi-

126
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cation network adopt the link-capacitated network model. However, due to the

development of the broadband communication technologies in recent years, node

capacity constraint becomes an essential issue that can not be ignored in many

important network applications:

• P2P Networks are constructed by computers connected through Internet. In

such networks, bottlenecks typically are at the side of the access networks

rather than in the middle of the Internet (see [91–94]). Therefore, when

modeling P2P networks, capacity constraints are usually put on nodes (the

connection of the computer to the Internet) rather than links between nodes.

• Optical Networks are networks supported by fiber links between each nodes.

Since each fiber link has a huge bandwidth, the link capacity can be regarded

as infinity. In contrast, the nodes in optical networks usually have capacity

constraints due to many technique limitations in Optical-Electronic-Optical

(OEO) conversions or all-optical conversions, wavelength conversions, and

wavelength-continuity constraints.

What is more, in several wireless applications such as wireless sensor networks,

since the nodes in the these networks usually have limited energy supplies, total

flow in and out of these nodes are also constrained. In this way, these wireless

networks can be regarded as networks with both link capacity constraints and node

capacity constraints.

Besides these important practical applications, the node-capacitated networks

also provide a more general network model. It is well known that a link-capacitated

network can be easily converted to an equivalent node-capacitated network [95].

However, the conversion on the other way round is not feasible in general.

To see these, let us consider a network presented by a directed graph G =

(V,E), where V is the set of vertices, i.e., nodes in the network, and E is the
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Figure 4.1: Standard transformation from a link-capacitated network to node-

capacitated network

set of edges, i.e., links in the network. Then an edge-capacitated network can

be represented by G = (V,E) with an edge capacity function C : E → R+.

Similarly, a node-capacitated network can be represented by G = (V,E) with a

node capacity function C : V → R+.

We have the following standard transformation [95] converting a link-capacitated

network to a corresponding node-capacitated network, which is illustrated in Fig.4.1.

Given an edge-capacitated network G, we first subdivide each edge ij with a new

node n, then assign the amount of edge capacity Cij to the node capacity of n.

Both edge in and edge nj have infinite capacities. Therefore, we can get the

corresponding node-capacitated network G̃.

But finding a general method to convert node-capacitated networks to their

link-capacitated counterparts is still open. People once believed that the follow-

ing transformation [95, 96] is the answer, which is illustrated in Fig.4.2. Given

a node-capacitated network G, just split each node i with node capacity Ci into

two incapacitated nodes i+ and i−, then introduce a directed link from i+ to i−

with capacity Ci+i− = Ci. We put all the incoming links of i to i+ and make

all the outgoing edges of i leave from i− (all these edges have capacities ∞).

Thus we obtain an edge-capacitated network G̃. This transformation does work

for some particular problems, for example, deriving the node-capacitated Max-
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Figure 4.2: Transformation From Node-capacitated Networks to Edge-capacitated

Networks
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Figure 4.3: An example of the transformation fails in the broadcast scenario

Flow-Min-Cut theorem [95] (this theorem was first proved for edge-capacitated

networks). However, it does not work in general [96], since the transformation

may create some properties that the initial problem does not have. For example,

in the Fig.4.3, the node-capacitated network on the left can only support a broad-

cast rate of one, but the corresponding edge-capacitated network on the right can

support a broadcast rate of two. The problem arises because the transformation

‘creates’ additional capacity when there are multiple receivers sharing the same

flow paths. Therefore, the node-capacitated network model is a generalization of
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the link-capacitated network model. Existing results with the link-capacitated net-

work model can not always be extended to their node-capacitated counterparts in

a straightforward way.

In this chapter, we consider a node-capacitated multicast network with a gen-

eral time-varying topology and we apply the network coding technology [97–99]

to this network. We propose a dynamic and distributed algorithm that approaches

the maximum network utility arbitrarily closely with network stability. Several ex-

isting literatures can be viewed as special cases of our work, as they all study static

scenarios, either the broadcast scenario (e.g., [91–93, 100]) or multicast scenario

under a special network topology (e.g., [94]).

Note that we consider the time-varying network topology, which means that

nodes have the freedom to join and leave the network. We show that our proposed

algorithm can provide nodes good incentives to stay in the network and relay traffic

for other nodes, even when they are not interested in any content themselves. This

is different from the “tit-for-tat” incentive strategy, i.e., downloading more only

when uploading more, which has been intensively studied in P2P system (e.g.,

[101, 102]).

We propose the dynamic and distributed pricing and resource allocation algo-

rithm based on the Lyapunov stochastic optimization. We also apply the network

coding technique [97–99], which can further improve the network throughput and

achieve the optimality beyond the traditional routing technique in many network

scenarios, including the mulitcast scenario discussed in this chapter.

The key contributions of this work include:

• General Network Model: We consider a multi-source multicast scenario

with a general network topology in a node-capacitated network. Our anal-

ysis is based on a packet level network model, which incorporates various
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transmission details and network dynamics and thus better approximates the

real networks than the fluid model (e.g., [91–94, 100]).

• Distributed Algorithm Design: We design a dynamic and distributed algo-

rithm for resource allocation in node-capacitated networks. The proposed

algorithm has a low complexity, and can achieve arbitrarily close to maxi-

mum network utility while maintaining network stability. We further char-

acterize the trade-off between utility optimality and queuing delay of the

algorithm.

• Incentive Mechanism: We show that the proposed algorithm can motivate

nodes to join and stay in the network, even when they are not interested in

the contents themselves. The reason behind this is that the algorithm can

guarantee non-negative profits for them for relaying other nodes’ contents.

The rest of chapter is organized as follows. We present the network model

in Section 4.2. We formulate the utility maximization problem in Section 4.3

and design a low-complexity distributed algorithm in Section 4.4. We prove the

performance bound of the algorithm and its incentive compatibility in Section 4.5,

and summarize this chapter in Section 4.6.

4.2 Network Model

4.2.1 Time-varying network topology and node upload capaci-

ties

We consider a time-slotted node-capacitated network including a setN ∆
= {1, 2, . . . , N}

of nodes. During time slot t ∈ {0, 1, 2, . . . }, the network topology can be charac-

terized by a matrix S(t) = [Sab(t)]a,b∈N , where Sab(t) = 1 if there is a link from
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node a to node b at time t, and Sab(t) = 0 otherwise. The link capacities during

time slot t is r(S(t)) = [rab(Sab(t))]a,b∈N , which depend on the network topology,

i.e., rab(t) equals to the maximum capacity of link ab at time t if Sab(t) = 1 and

is 0 otherwise. We further assume that S(t)’s are independently and identically

distributed over time, with the set of all feasible values as S.

In a node-capacitated network, each node consumes resources by download-

ing contents from other nodes and provides resources by uploading contents to

other nodes. We consider the most general case that each node has a limited

and time-varying upload capacity. A practical example can be the P2P appli-

cation on a computer sharing the Internet connection with many other applica-

tions simultaneously. We denote all nodes’ upload capacities during time slot t

as J(t) = [Jn(t)]n∈N . For simplicity, we assume that J(t)’s are independently

and identically distributed over time1, with the set of all feasible values as J .

As several node-capacitate applications (e.g., the P2P application) today provide

customers the freedom to choose their maximum amount of contribution, we use

J̄n to denote node n’s choice of the maximum upload capacity, which is a con-

stant parameter determined by the node independent of the instantaneous physical

capacity Jn(t). We further assume that the nodes’ download capacities are infinite.

For modeling the node-capacitated networks, we adopt the assumption for each

node n, rnb(t) ≫ Jn(t) for any node b with Snb(t) = 1, i.e., when there is a link

from node n to node b, the link capacity is always larger than node n’s upload

capacity. Finally, we assume that the network topology S(t) and nodes upload

capacities J(t) only change at the beginning of each time slot and remain fixed

1The i.i.d. assumption of S(t) and J(t) simplifies analysis. However, all results in this chapter

can be extended to the case of general ergodic channel processes, using the T-slot Lyapunov drift

in [21] Section 4.9.
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during the time slot. For simplicity, we will use the notation M(t)
∆
= (S(t),J(t))

to denote the network topology and nodes’ upload capacities at time t.
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Figure 4.4: A general model for a dynamic node-capacitated netwroks

4.2.2 Multicast with intra-session network coding

There is a set C of multicast sessions sharing the network. Each multicast session

c ∈ C is associated with a source user sc ∈ N and a set Tc ∈ N \ sc of sink

users. It is well-known (e.g., [97]) that a multicast rate µ from a source sc to a set
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of receivers Tc is achievable if and only if µ is feasible for sc to any receiver

β ∈ Tc, and the maximum multicast rate in general can only be achieved by

network coding instead of routing only. Ho et al. in [103] proposed an intra-

session linear network coding scheme for distributed algorithm design for link-

capacitated networks, and showed for enough large coding field Fq and sufficient

large time, the decoding probability is 1.

To maximize the multicast rate, we perform an intra-session linear network

coding scheme as proposed in [103]: each node n maintains an “information”

queue U cβ
n for each session c ∈ C and each sink node β ∈ Tc. At node n, a sin-

gle physical packet of session c corresponds to a virtual packet in the information

queue U cβ
n of each sink β ∈ Tc, i.e., the mapping is one-to-many. By constructing

the information queues, we can decompose each physical multicast session into

multiple virtual unicast sessions. This significantly simplifies the distributed algo-

rithm design later. With a little abuse of the notation, we use U cβ
n (t) to denote the

length (i.e., the number of packets) of queue U cβ
n at time t.

Next we characterize the dynamics of the information queue lengths. At a

node n during time slot t, we denote xc
sc(t) as the number of physical packets of

session c ∈ C injected into the network by source node sc, vcnb(t) as the number of

physical packets of session c transmitted on the link from node n to node b, and

µcβ
nb(t) for β ∈ Tc as the instantaneous information rate of session c transmitted

on the link from node n to node b and intended for sink node β. We denote the

corresponding matrix forms of these variables as x(t), v(t), and µ(t). We assume

that newly injected packets x(t) cannot be transmit immediately. The dynamics

of the information queue lengths are ∀n ̸= β,

U cβ
n (t+ 1) = max

(
U cβ
n (t)−

∑
b∈N

µcβ
nb(t), 0

)
+
∑
a∈N

µcβ
an(t) + 1{sc=n}x

c
sc(t). (4.1)
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where the indicator 1{sc=n} = 1 if sc = n, and 0 otherwise. At a sink node β, there

is no queue for packets intended to itself, i.e., U cβ
n (t) ≡ 0 when n = β. In practical

networks, the instantaneous injecting rate and the transmission rate are all upper-

bounded, which can be represented as max
c,t

∑
b

vcnb(t) ≤ voutn,max, max
c,t

∑
a

vcan(t) ≤

vinn,max and max
t

∑
c

xc
sc(t) ≤ xsc,max.

In this chapter, we focus on the distributed algorithm design based on the above

network coding scheme in node-capacitated networks. Readers interested in the

decoding probability and implementation details can refer to [103] for more dis-

cussions.

4.3 Stochastic Network Utility Maximization Prob-

lem

We want to design an algorithm that maximizes the total utility (or social welfare)

of the node-capacitated network under the stochastic network environment. One

natural way to define utility is to consider the satisfaction levels of the sink nodes

of all multicast sessions. However, there are practical approaches that transfer the

utilities of the sink nodes to their corresponding source nodes, e.g., customers pay

subscription fees to their content providers. Thus we will model network utility

as the satisfaction levels of the source nodes only, which are functions of their

injecting rates.2

Formally, we define the utility of a source node sc for session c as gcsc(x
c
sc),

which is an increasing and concave function of the source node time average in-

2The average receiving rates of sink nodes are equal to average injecting rates of source nodes,

provided that the network is stable.
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jecting rate

xc
sc

∆
= lim

t→∞

1

t

t−1∑
τ=0

E [xcβ
sc (τ)], ∀ c ∈ C.

All expectations in this chapter are taken with respect to the network state M (t)

unless stated otherwise. Likewise, the time average link physical rate are

vcnb
∆
= lim

t→∞

1

t

t−1∑
τ=0

E [vcnb(τ)], ∀ n, b ∈ N , ∀ c ∈ C.

The time average link information rate are

µcβ
nb

∆
= lim

t→∞

1

t

t−1∑
τ=0

E [µcβ
nb(τ)] ∀ n, b ∈ N , ∀ c ∈ C, ∀ β ∈ Tc.

The network utility is defined as the summation of utilities of all sessions in the

network, i.e.,
∑

c∈C g
c
sc(x

c
sc).

Our goal is to maximize the network utility, subject to network stability under

the random network topology S(t) and node capacities J(t). We say that an

information queue U cβ
n (t) is stable if

U cβ
n = lim

t→∞

1

t

t−1∑
τ=0

E [U cβ
n (τ)] <∞,

and the network is stable if each individual queue is stable. Based on this, we want

to solve the following stochastic Network Utility Maximization (NUM) problem.

stochastic NUM: g∗ = max
∑
c

gcsc(x
c
sc)

subject to network stability, (4.2)∑
b,c

vcnb ≤ J̄n, ∀n ∈ N , (4.3)

γ(t) ∈ ΓM(t), ∀t, (4.4)

variables γ(t), ∀t.
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Constraint (4.3) means that the maximum average upload rate of node n is no

larger than the parameter J̄n preset by the node n. Constraint (4.4) is an ab-

breviation for all instantaneous constraints in the network. The network state

M (t) = (S(t),J(t)), the variable γ(t)
∆
= (x(t),v(t),µ(t)) and ΓM(t) is the

region characterized by the following instantaneous constraints:

∑
c

xc
sc(t) ≤ xsc,max, ∀c, (4.5)

µcβ
nb(t) ≤ vcnb(t), ∀n, b, c, β ∈ Tc, (4.6)∑
c

vcnb(t) ≤ rnb(Snb(t)), ∀n, b, (4.7)∑
b,c

vcnb(t) ≤ Jn(t), ∀n, (4.8)

where (4.5) means that the new injecting rate is upper-bounded at every source

node. Network coding constraint (4.6) requires that the information rate of any

link for any session cannot be larger than the corresponding physical rate at any

time. Link capacity constraint (4.7) denotes that the physical rate of any link can

not exceed its link capacity at any time. Node capacity constraint (4.8) represents

that the physical rate flowing out of each node is upper-bounded by its physical

upload capacity at any time.

To solve the stochastic NUM problem, let us consider a class of stationary

randomized policies with the following structure. After observing the network

state M (t) = m at the beginning of a time slot t, we randomly choose one

rate allocation strategy γ(t) from a countably collection of γm = {γm
1 , γm

2 , . . . }

with probabilities {αm
k }∞k=1, where

∑∞
k=1 α

m
k = 1. Notice that the decision is

independent of time t, and thus is stationary.

Theorem 4.1. There exists a stationary randomized policy γ∗(t) = (x∗(t),µ∗(t),v∗(t))
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that stabilizes the network, satisfies (4.4), and have the following properties:∑
c

gcn(E[xc∗
sc(t)]) = g∗ (4.9)

E[xc∗
n (t)]+

∑
a

E[µcβ∗
an (t)]≤

∑
b

E[µcβ∗
nb (t)], ∀n, c, β ̸=n, β∈Tc (4.10)

∑
b,c

E[vc∗nb(t)] ≤ J̄n, ∀n (4.11)

Theorem 4.1 is a special case of Theorem 4.5 in [21]. The proof is omitted

here. Theorem 4.1 states that the NUM problem can be solved by some stationary

randomized policy, which satisfies the constraints (4.2)–(4.4), and achieves the

maximum utility as in (4.9).

4.4 Low Complexity Distributed Algorithm

Though we can solve the stochastic NUM problem, finding the optimal stationary

random policy is difficult in practice as it requires the complete information of

network topologies and node upload capacities. In this section, we will design a

low complexity Incentive dynamic Distributed cross-layer Control (IDC) al-

gorithm, which requires no statistic information of network topology and node

capacities. We will further discuss its incentive property and performance in Sec-

tion 4.5.

Before presenting the algorithm, we introduce the virtual queue as in [79],

Yn(t+ 1) = max(Yn(t)− J̄n, 0) +
∑
b,c

vcnb(t), ∀n ∈ N , (4.12)

which transform the time-average constraint (4.3) into a single server queue with

traffic rate
∑
b,c

vcnb(t) and constant serving rate J̄n. Intuitively, if virtual queue

(4.12) is stable, then we have average traffic rate should be no larger than the

serving rate, i.e., (4.3) is satisfied.
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In the sequel, we will design a dynamic and distributed pricing and resource

allocation algorithm that can stabilize all information queues (4.1) and virtual

queues (4.12), satisfy the instantaneous constraints (4.4), and achieve arbitrarily

close to the maximum network utility through proper parameter choices.

To provide nodes incentives to relay other users’ traffic, each node n charges

a unit price qcβn (t) = U cβ
n (t)/V for delivering a session c packet intended for a

sink β ∈ Tc, β ̸= n. This price is proportional to the information queue length

U cβ
n (t), and V is a system design parameter used to trade-off optimality and delay.

Moreover, each node n will maintain an index pn(t)
∆
= Yn(t)/V to monitor the

usage of its upload capacity. According to these prices and indices, nodes will

perform session selection, neighbor selection (i.e., link scheduling), rate allocation

and network coding. The detailed algorithm are as follows:

In every slot t, source node sc chooses the amount of data xc
sc(t) to inject into

the network based on its local prices qcsc(t) =
∑
β∈Tc

qcβsc (t), by solving the following

optimization problem.

• Admission control:

Maximize
xc
sc
(t),∀c∈C

∑
c∈C

gcsc(x
c
sc(t))−

∑
c

qcsc(t)x
c
sc(t) (4.13)

Subject to 0 ≤
∑
c∈C

xc
sc(t) ≤ xsc,max. (4.14)

In every time slot t, each node n ∈ N chooses to perform network coding on

only one session and transmit the coded packets to only one neighboring node,

based on the following weights:

W cβ
nb (t) = max(qcβn (t)− qcβb (t)− δmax/V, 0),∀n, b, c, β, (4.15)

where δmax
∆
= max{voutn,max, v

in
n,max + 1{sc=n}xsc,max}.
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• Select one network coding session for each neighbor b:

ĉnb(t) = argmax
c∈C

∑
β∈Tc

W cβ
nb (t), ∀ b ∈ N . (4.16)

• Select one neighbor to transmit:

b∗n(t) = arg max
{b:Snb(t)=1}

∑
β∈Tĉnb(t)

W
ĉnb(t)β
nb (t). (4.17)

Then the corresponding network coding session is

c∗n(t) = ĉnb∗n(t)(t). (4.18)

Once node n determines next hop node b∗n(t) and the single session c∗n(t) for

network coding, it needs to further compute the transmission rate and network

coding scheme.

• Rate allocation: The transmission rate at link (n, b) for session c is

µcβ
nb(t) =


vcnb(t), if β ∈ Tc and W cβ

nb (t) > 0,

0, otherwise.
(4.19)

where

vcnb(t) =


Jn(t), if

∑
βW

cβ
nb −pn(t)>0, c=c∗n(t), b=b∗n(t)

0, otherwise.
(4.20)

• Network coding: The session c∗n(t) packet physically transmitted on link

(n, b∗n(t)) is a random linear combination (in the predetermined coding field

Fq) of packets corresponding to a subset of virtual queues on (n, b∗n(t)).

Each virtual queue is associated with a different sink in Tc∗n . The subset of

Tc∗n(t) associated with the transmissions consists of all sinks β that satisfies

W
c∗n(t)β
nb∗n(t)

> 0.



CHAPTER 4. DISTRIBUTED RESOURCE ALLOCATION FOR NODE-CAPACITATED

NETWORKS WITH NETWORK CODING 141

4.5 Performance Analysis

4.5.1 Network Stability

Before prove the stability property of the IDC algorithm proposed in Section 4.3,

we first introduce some notations for the purpose of performance analysis. Let

gmax
∆
= maxc,x g

c
sc

′(x) be the maximum first derivative of utility functions, since

functions gcsc’s are concave increasing with gcsc(0) = 0, it is easy to see that gmax =

max
n,c

gcn
′(0). Let T ∆

= max
c
|Tc| denote the maximum number of sinks of a single

multicast session.

Theorem 4.2. If the network states M(t) are i.i.d. over time, then for any fixed

parameter V > 0, all queue lengths in (4.1) and (4.12) are bounded by some

constants:

U cβ
n (t) ≤ V gmax+δmax, ∀ t, n ∈N , c ∈C, β ∈Tc, (4.21)

Yn(t) ≤ TV gmax + voutn,max, ∀ t, n ∈ N . (4.22)

Proof. We first prove (4.21) by induction. It is easy to see that at slot t = 0, no

packets are in the network and U cβ
n (0) = 0, thus the queue length bound (4.21)

obviously holds. Now suppose (4.21) holds for some slot t. We consider the queue

length bound in slot t+ 1 in the following cases:

• Case 1: U cβ
n (t + 1) ≤ U cβ

n (t), clearly the queue length bound also holds at

slot t+ 1.

• Case 2: U cβ
n (t + 1) > U cβ

n (t) and 1{sc=n}x
c
sc(t) > 0, which implies that

U cβ
n (t) < V gmax. It is because when qcsc(t) ≥ gmax, the optimal solution for

the admission control problem (4.13) is xc
sc(t) = 0. Since δmax represents

the largest backlog changes in a slot, it follows that U cβ
n (t+ 1) ≤ V gmax +

δmax.
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• Case 3: U cβ
n (t + 1) > U cβ

n (t) and 1{sc=n}x
c
sc(t) = 0, which implies there

are packets coming to node n from other nodes. By the rate allocation

(4.19) in the above algorithm, there must exist at least one node a, such that

W cβ
an(t) > 0, i.e.,

W cβ
an(t) =

(
U cβ
a (t)− U cβ

n (t)− δmax

)
/V > 0. (4.23)

Thus we further calculate that U cβ
n (t + 1) ≤ U cβ

n (t) + δmax < U cβ
a (t) ≤

V gmax + δmax. The first inequality follows the queue dynamics in (4.1),

the second inequality follows (4.23), and the third inequality follows the

induction assumption.

The above analysis shows that the information queue bound (4.21) holds for all

t, n, c, β ∈ Tc.

Likewise, we can prove the virtual queue bound (4.22). Suppose that the in-

equality (4.22) holds for Yn(t), and consider the following two cases.

• Case 1: Yn(t+1) ≤ Yn(t), clearly the queue length bound (4.22) also holds

at slot t+ 1.

• Case 2: Yn(t + 1) > Yn(t), which implies pn(t) <
∑

β W
cβ
nb (t). This is

because when pn(t) ≥
∑

β W
cβ
nb (t), the optimal solution for rate allocation

(4.20) vcnb(t) = 0, and the virtual queue cannot increase. Thus Yn(t) ≤∑
β(U

cβ
n (t)−U cβ

b (t)−δmax), further by the information queue bound (4.21)

and the fact U cβ
b (t) ≥ 0, we can obtain that Yn(t) ≤ TV gmax. Then by

(4.12), it follows Yn+1(t) ≤ TV gmax + voutn,max.

The above analysis shows that the information queue bound (4.22) holds for all

time t and all node n.
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4.5.2 Network Utility Maximization

We will show the IDC algorithm can achieve arbitrarily close to the maximum

network utility by a proper choice of the parameter V .

Theorem 4.3. If the network states M (t) are i.i.d. over time, then the social

optimal value achieved by IDC algorithm satisfies:

inf
∑
c

gcsc(x
c
sc) ≥ g∗ −O(1/V ), (4.24)

where g∗ is the optimal value of the NUM problem.

Proof. Define the queue length vector Θ(t)
∆
= {U(t),Y (t)}, the Lyapunov func-

tion

L(Θ(t))
∆
=

1

2
[
∑
n,c,β

(U cβ
n (t))2 +

∑
n,

(Yn(t))
2],

and the Lyapunov drift

∆(Θ(t))
∆
= E[L(Θ(t+ 1))− L(Θ(t))|Θ(t)], (4.25)

By the information queue dynamic (4.1), we have

U cβ
n (t+ 1)2≤

(
U cβ
n (t)−

∑
b

µcβ
nb(t)

)2

+

(∑
a

µcβ
an(t) + xc

sc(t)

)2

+ 2U cβ
n (t)

(∑
a

µcβ
an(t) + xc

sc(t)

)

=U cβ
n (t)2+

(∑
b

µcβ
nb(t)

)2

+

(∑
a

µcβ
an(t)+xc

sc(t)

)2

+ 2U cβ
n (t)

(∑
a

µcβ
an(t) + xc

sc(t)−
∑
b

µcβ
nb(t)

)
.

similarly for virtual queue (4.12), we have

Yn(t+ 1)2≤Yn(t)
2+J̄n

2
+

(∑
b,c

vcn,b(t)

)2

+2Yn(t)

(∑
b,c

vcn,b(t)−J̄n

)
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then we can calculate that

∆(Θ(t))− V
∑
n,c

E[gcsc(x
c
sc(t))|Θ(t)]

≤ B̃+
∑
n,c,β

U cβ
n (t)E

[∑
a

µcβ
an(t)+xc

sc(t)−
∑
b

µcβ
nb(t)|Θ(t)

]

+
∑
n

Yn(t)E

[∑
b,c

vcnb(t)−J̄n|Θ(t)

]
−V
∑
n,c

E
[
gcsc(x

c
sc(t))|Θ(t)

]
≤ B −

∑
n,b,c,β

δmaxE
[
µcβ
nb(t)|Θ(t)

]
+ V

∑
n,c,β

qcβn (t)E

[∑
a

µcβ
an(t) + xc

sc(t)−
∑
b

µcβ
nb(t)|Θ(t)

]

+ V
∑
n

pn(t)E

[∑
b,c

vcnb(t)−J̄n|Θ(t)

]
−V
∑
n,c

E[gcsc(x
c
sc(t))|Θ(t)] (4.26)

= B +V
∑
c

E

{
−gcsc(x

c
sc(t))+xc

sc(t)
∑
β

qcβc (t)|Θ(t)

}

−V
∑
n,b,c,β

(
qcβn (t)−qcβb (t)− δmax/V

)
E
{
µcβ
nb(t)|Θ(t)

}
+ V

∑
n,b,c

pn(t)E{vcnb(t)|Θ(t)} − V
∑
n

pn(t)J̄n (4.27)

where B̃
∆
= 1

2

∑
n

vinn,max
2
+ (voutn,max + xsc,max)

2 + J̄n
2
+ voutn,max

2, and B
∆
= B̃ +

δmax

∑
n

voutn,max.

We can show that IDC algorithm minimizes the right hand side of (4.27) at

any time t over any possible control policy of γ(t) = (x(t),µ(t),v(t)) as fol-

lows. First, the admission control in (4.13) is actually the second term. Then with

canceling our all the constant, we can write the remaining parts as the following
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optimization problem: ∀n

maximize f(t)
∆
= (4.28)∑

c,b,β

(qcβn (t)−qcβb (t)−δmax/V)µ
cβ
nb(t)−pn(t)v

c
nb(t)

subject to vcnb(t) ≥ µcβ
nb(t), ∀n, b ∈ N , c ∈ C, β ∈ Tc,∑

b,c

vcnb(t) ≤ cn(t), ∀n ∈ N ,

∑
c

vcnb ≤ rnb(S(t)), ∀n, b ∈ N .

variables v(t),µ(t)

We first maximize over µ(t), we have µcβ
nb(t) = vcnb(t), if qcβn (t)−qcβb (t)−δmax/V >

0, andµcβ
nb(t) = 0 otherwise. Substitute this solution, we have a optimization

problem with the only variable v(t), that is,

maximize f(t) =
∑
c,b

(∑
β

W cβ
nb −pn(t)

)
vcnb(t)

subject to
∑
b,c

vcnb(t) ≤ cn(t), ∀n ∈ N ,

∑
c

vcnb ≤ rnb(S(t)), ∀n, b ∈ N .

variables v(t)

For this optimization, clearly the optimal solution is to choose the session c∗ and

neighbor b∗ with largest weight
∑

βW
cβ
nb as (16)-(18), since pn is some constant.

The rate allocation is just (19) and (20).

Thus since IDC algorithm minimizes the right hand side of (4.27) at any time

t over any possible policy γ(t), if we replace γ(t) in the right hand side of (26) by

the stationary random policy γ∗(t) in Theorem 4.1, then the inequality still holds.

By the inequalities in Theorem 4.1 we have

∆(Θ(t))− V
∑
n,c

E{gcsc(x
c
sc(t))} ≤ B − V g∗. (4.29)
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Since (4.29) holds for all time, we take expectation on both sides of this inequality

and sum time for all τ = 0, 1, . . . , t− 1, then

L(Θ(t))− L(Θ(0))− V
t−1∑
τ=0

∑
n,c

E{gcsc(x
c
sc(τ))} ≤ t(B − V g∗). (4.30)

Dividing (4.30) by t and V , further using the concavity of gcsc(·) and the fact

L(Θ(t)) ≥ 0, we have

∑
n,c

gcsc

(
1

t

t−1∑
τ=0

E{xc
sc(τ)}

)
≥ 1

t

t−1∑
τ=0

∑
n,c

E{gcsc(x
c
sc(τ))}

≥ g∗ − B

V
− L(Θ(0))

V t
(4.31)

By taking lim inf of (4.31) as t→∞, the result of (4.24) follows.

By Theorem 4.3, we can achieve arbitrarily close to the optimal utility by in-

creasing the parameter V . However, as V increases, Theorem 4.2 shows that the

average queue lengths will also increases linearly in V . By Little’s Law, aver-

age queue lengths are proportional to average queue delays. Thus this presents a

optimality-delay trade-off of [O(1/V ), O(V )].

4.5.3 The Incentives Issue

In Section 4.2, we show that the source node of a multicast session has a utility

function representing the satisfaction levels of all sinks of that session. What if a

node is neither a source or a sink, i.e., simply a helper for relaying traffic for other

nodes? Does a helper have incentive to stay in the network?

The IDC algorithm proposed in Section 4.3 suggests that a helper can make

non-negative profit from providing relay services, and thus has the incentive to

stay in the network. Figure 4.5 illustrates how a helper node n provides the relay

service according to the algorithm, which involves charging its upstream nodes
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and paying its downstream nodes. Let us focus on the transmission of a single

packet, e.g., the gray packet in Fig. 4.5. Assumes that this packet arrives at node

n in time slot t′(< t), where node n charges node a a price of qcβn (t′). Then the

packet leaves node n in time slot t, where node n pays node b a price of qcβn (t).

Node n will have incentive to provide the relay service if qcβn (t′)− qcβb (t) ≥ 0 for

every packet. We will prove that this is indeed true in our algorithm.

a n b
data

service

data

service

money money

slot slot t
( )c

anu t ( )c
nbu t

( ) ( )
n

c c
anu t q t ( ) ( )

b

c c
nbu t q t

t t

Figure 4.5: Relay service of node n

As the first step, we define the profit of node n from providing relay service

from time 0 to t− 1 as

ζn(t) =
t−1∑
τ=0

(∑
c

1{sc=n}q
c
sc(t)x

c
sc(t) +

∑
c,a,β

qcβn (t)µcβ
an(t)−

∑
c,b,β

qcβb (t)µcβ
nb(t)

)
.

Theorem 4.4. If the network states M(t) are i.i.d. over time, then for any fixed

parameter V > 0, a node n obtains a non-negative profit for all t, i.e.,

ζn(t) ≥ 0, ∀n ∈ N . (4.32)

Proof. Remember that (4.28) in the proof of Theorem 4.3, we showed that the

node selection, session selection, and the rate allocation of the IDC algorithm

together maximize the value

f(t) =
∑
c,b,β

(qcβn (t)− qcβb (t)− δmax/V)µ
cβ
nb(t)−pn(t)v

c
nb(t)

at any time t for each node n. It is clear that f(t) is non-negative for all t from the

above optimization, since 0 is a solution for the above optimization problem. By
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this result, we can also rewrite the profit for node n as

ζn(t) =
t−1∑
τ=0

(∑
c

1{sc=n}q
c
sc(t)x

c
sc(t)+

∑
c,a,β

qcβn (t)µcβ
an(t)+f(t)

)

−
t−1∑
τ=0

∑
c,b,β

(qcβn (t)− δmax/V )µcβ
nb(t) + pn(t)v

c
nb(t)

Since f(t) ≥ 0 and pn(t)v
c
nb(t) ≥ 0, to prove ζn(t) ≥ 0 we just need to prove

t−1∑
τ=0

(∑
c

1{sc=n}q
c
sc(t)x

c
sc(t) +

∑
c,a,β

qcβn (t)µcβ
an(t)

)
≥

t−1∑
τ=0

∑
c,b,β

(qcβn (t)− δmax/V )µcβ
nb(t). (4.33)

Now let us prove (4.33).

We observe that in the IDC algorithm, all sample paths of backlog and utility

are the same under any service order for the U cβ
nb (t) queues, provided that queuing

dynamics satisfy (4.1). Without loss of generality, we assume that the queues

operate in the Last In First Out manner. In other words, the head of line packet

in queue U cβ
n is the most recently arrived one. Since the node n charges a price

qcβnb(τ) = U cβ
nb (τ)/V to all packets in the queue, we know that the prices charged

to each of the first µcβ
nb(t) packets in the queue are at least (U cβ

nb (t) − µcβ
nb(t))/V .

Since δmax ≥ µcβ
nb(t) (where δmax is defined as the maximum change in the queue

length in (4.15)), then node n’s income obtained from time 0 to time t − 1 is at

least
∑t−1

τ=0

∑
c,b,β(q

cβ
n (t)−δmax/V )µcβ

nb(t). Further notice that the left hand side of

(4.33) represents node n’s total income from time 0 to t− 1. Thus, the inequality

(4.33) follows, which also proves (4.32).

Theorem 4.4 shows that the helper has an incentive to join and stay in the

system. This is especially useful in networks with multiple individual users,e.g.,

P2P networks, as helpers can significantly increase the network performance [94].
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Now let us consider the source nodes in the network. We can view each of

them as a content provider who hires itself to do the relay. Will it lose money in

the network? The answer is no, as each source node performs admission control

to maximize its net surplus in our algorithm. Before formally proving this result

in the next theorem, we define the net surplus for a source node n as a content

provider from time 0 to t− 1 as

ξsc(t) =
t−1∑
τ=0

∑
c

[
gcsc

(
1

t

t−1∑
τ=0

xc
sc(t)

)
− qcsc(t)x

c
sc(t)

]
.

Theorem 4.5. If the network states M (t) are i.i.d. over time, then for any fixed pa-

rameter V > 0, a source node sc obtains nonnegative profit as a content provider

at any time t, i.e.,

ξsc(t) ≥ 0, ∀ c ∈ C. (4.34)

Proof. According to the admission control in the IDC algorithm, each source node

chooses the injection rate xc
sc(t) to maximize the objective of (4.13) at each t. Note

that the optimal objective value
∑
c

gcsc(x
c
sc) −

∑
c

qcscx
c
sc should be non-negative,

since 0 is one feasible solution. Thus it follows
t−1∑
τ=0

∑
c

gcsc(x
c
sc(τ))− qcscx

c
sc(τ) ≥ 0. (4.35)

Further, by the concavity of functions gcsc , we have

gcsc

(
1

t

t−1∑
τ=0

xc
n(t)

)
≥ 1

t

t−1∑
τ=0

gcsc(x
c
sc(t)).

Substitute this result into (4.35), then inequality (4.34) follows immediately.

From the above analysis, we find that the node-capacitated network under the

IDC algorithm provides the right incentives for all nodes. No matter what roles

each node plays in the network (either as a content provider or a helper), it earns

non-negative profit.
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4.6 Summary

In this chapter, we consider a multicast scenario in a time-varying node-capacitated

network with network coding. We design a dynamic and distributed pricing and

resource allocation algorithm that can achieve arbitrarily close to the optimal net-

work utility (at the expense of large delay) while maintaining the network sta-

bility. Moreover, we show this algorithm is incentive-compatible, i.e., no matter

what role a node plays in the network, the algorithm guarantees that the node has a

non-negative profit. This result has practical importance for constructions of node-

capacitated network with multiple individual users (e.g., P2P networks), since it

provides the proper incentives for individual nodes to join, stay, and contribute as

relays in the network even if they have no interested contents.
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Conclusion

The motif of this thesis is to study pricing designs in various communication

networks. We concentrate on the pricing mechanism designs that achieve good

network performances. What is more, we hope to ensure the incentives of mar-

ket participants, e.g., the service provider’s pursuit for the profit, user’s require-

ments for individual surplus and quality of service. According to different de-

sign goals and different network scenarios, this thesis divides network pricing

into four categories. Except the well-studied static optimization-oriented pricing,

this thesis covers the other three categories: static profit-driven pricing, dynamic

profit-driven pricing, and dynamic optimization-oriented pricing. We show the

key design challenges and insights through in-dept investigations in three concrete

network pricing instances. We now conclude by discussing some possible fu-

ture directions as follows: extensions on static profit-driven pricing; extensions on

dynamic profit-driven pricing; and extensions on dynamic optimization-oriented

pricing.
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5.1 Extensions on Static Profit-driven Pricing

In Chapter 2, we considered an instance of static profit-driven pricing. We pro-

posed three profit-maximizing pricing schemes with various price differentiation

levels from a single monopoly service provider’s perspective. It is very natural to

ask how these price differentiation schemes change when we further consider com-

petition among several service providers. Price differentiation and competition are

two opposite forces in making pricing strategies. Price differentiation relates to

market segmentation and provision of multiple service classes. In doing so, a ser-

vice provider can increase the profit by charging higher prices to high-end users.

However, in a competitive environment, price differentiation in fact intensifies the

competition, since each service class competes with other service classes offered

by the same service provider as well as the counterparts offered by other service

providers. Since competition always causes service providers to reduce prices and

thus decrease the profit, it is possible in some cases that the service provider may

make less profit by adopting a price differentiation scheme. There has been very

few results about the relationship between competition and price differentiation.

One result in [28] showed that competition always outweighs price differentiation

for a duopoly network with Paris Metro pricing (flat-fee pricing). However, for

other network scenarios (e.g., competition among several service providers) with

other pricing schemes (e.g., the usage-based pricing schemes discussed in Chap-

ter 2), we do not know the answer. Therefore, it is an interesting future direction

to investigate the interaction between the price differentiation and competition,

and quantify the tradeoff between them in designing the profit-maximizing pric-

ing strategies.
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5.2 Extensions on Dynamic Profit-driven Pricing

In Chapter 3, we considered an instance of dynamic profit-driven pricing. We

solved the profit maximization problem of a cognitive mobile virtual network op-

erator in a downlink OFDM transmission system with multiple time varying net-

work parameters. Our solution is based on the elastic traffic model. It would be

worthwhile to incorporate inelastic traffic, which usually has strict constraints on

transmission rates and delays. Typical examples of inelastic traffic include real-

time multimedia applications, e.g., audio streaming, Video on Demand (VoD), and

Voice over IP (VoIP). In the most general case, we can consider a hybrid system

with both elastic and inelastic traffic, which is more realistic and practical. In ad-

dition, as mentioned in Section 3.2, the literature about competition in cognitive

radio networks mainly focus on the static network scenario. It is also interesting

to extend our dynamic model to incorporate competition among several network

operators.

5.3 Extensions on Dynamic Optimization-oriented Pric-

ing

In Chapter 4, we considered an instance of dynamic optimization-oriented pric-

ing. We designed an incentive-compatible and distributed pricing scheme that can

achieve arbitrarily close to the optimal network utility (at the expense of network

delay) while maintaining the network stability. There are two interesting further

study directions. One direction is the reduction of overhead for each node, i.e., the

number of queues that each node needs to maintain. Given a multicast network

with C sessions and B sinks per session, each node needs to maintain C × B
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virtual queues. This can be a heavy burden for a node in large scale multicast net-

works. Thus we want to design a pricing scheme to reduce the number of queues

per node while still maintaining the optimality, network stability and incentive-

compatibility. The other direction is the reduction of delay. Our current scheme

usually incurs a large network delay when it approaches the optimal performance.

Specifically, when achieving the O(1/V ) close-to-optimal utility, our scheme can

only guarantee that the incurred network delay is O(V ). Therefore, we want to de-

sign a delay-efficient pricing scheme with better trade-offs between performance

and delay. Both of the above extensions are challenging and will find applications

in many network problems.
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