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ABSTRACT
For Internet-based services, users’ quality of service (QoS) depends

on not only the available resource (capacity) but also the number

of users who use the resource simultaneously (e.g., congestion

effect). When a new Internet-based service provider first enters

the market, there can be uncertainties regarding both the capacity

and congestion, and hence the uncertainty of QoS. In this paper,

we consider a participation-dependent social learning over the

QoS through users’ online reviews, where the QoS changes with

the number of review participants. We study how such a learning

process affects the provider’s dynamic pricing strategy. With a

simple two-period model, we analyze the strategic interactions

between the provider and the users, and characterize the provider’s

optimal two-period dynamic pricing policy. Our results show that

when the capacity is small or the users’ prior QoS belief is high, the

provider will choose a higher introductory price in the first period

(than the price in the second period). This is in sharp contrast with

the common practice of setting a lower introductory price to attract

users (when congestion is not an issue). Furthermore, the learning

process is beneficial to the provider with a large capacity.
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1 INTRODUCTION
1.1 Background and Motivations
The fast development of Internet and telecommunication technolo-

gies allows the users to enjoy a variety of Internet-based (online)

services. Examples of popular online services include virtual pri-

vate servers (e.g., Alibaba Cloud and AlphaRacks), courses offered

by online platforms (e.g., Coursera), online games (e.g., World of

Warcraft), and wireless services provided by mobile virtual network

operators (e.g., Google’s Project Fi).

An often observed feature of the online services is that the

provider’s profit and users’ subscription decisions depend on both

the pricing policy and the quality of service (QoS). The pricing

decisions are usually specified for a period of time, e.g., Alibaba

Cloud charges $4.5 per month [11], Coursera charges $39 per month

[12], World of Warcraft charges $14.99 per month [3], and Google’s

Project Fi charges $20 per month [17]. The QoS depends on many

different aspects in different services, e.g., the virtual private server’s

resource shortages and performance degradation caused by over-

selling [2], the online course’s lack of feedback (or interaction) and

low teacher-to-student ratios due to huge numbers of enrollment

[5], online games’ delay jitters or packet loss due to a larger num-

ber of simultaneous players [7], and wireless services’ call delay

or data transmission rate due to network congestion [18]. Typi-

cally the provider chooses to publicly announce the best possible

QoS to users due to publicity concerns, although the actual QoS

may significantly deviate from the announced values. For example,

the provider of virtual private servers may claim that the speed is

100Mbps, but the actual speed may be only 10Mbps on the average

due to overselling.

To summarize, the actual QoS of an online service often depends

on not only the amount of available resources (capacity) but also

the number of users who subscribe to the provider and use the

service simultaneously (congestion). When a provider first enters

the market, its resource capacity is often unknown to users, and
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sometimes is even uncertain to the provider itself. For example,

the network resources of Google’s Project Fi are leased from sev-

eral mobile network operators, including Sprint, T-Mobile, and U.S.

Cellular. As a result, Google may not know its resource capacity

very accurately at the beginning, as it depends on how those mo-

bile network operators manage the resource sharing between their

own customers and Fi’s customers [17]. In the meantime, network

congestion arises when a relatively high number of users access

the service simultaneously. For example, a virtual private server’s

QoS, i.e., processor time, RAM, and disk space, decreases as the

workload of other executing ones increases [34]. As users’ subscrip-

tion decisions depend on the provider’s pricing policy, the QoS

also varies with the pricing policy rather than being a fixed value.

Consequently, the QoS experienced by the users is uncertain.

One way to resolve such uncertainty is to let early-adopters

leave reviews regarding their experience with QoS in an online

platform. For example, on Alibaba Cloud’s forum [10], there were

both positive and negative reviews on the network speed, e.g.,

reaching >1Mbps speed or reaching <20Kbps speed. Future users

can learn the QoS from these reviews and make more informed

subscription decisions, which may in turn reduce the possibility

of negative service experiences (due to users’ self-selection and

adjustment of expectations). The provider can also benefit from

user reviews by making more accurate prediction on users’ future

demand [29].

The mutual dependence of the QoS and users’ subscription deci-

sions leads to a new social learning problem: rather than learning

over a fixed value, the object of social learning here varies with the

number of participants who leave reviews. We call such a new learn-

ing phenomenon the participation-dependent social learning. In this

paper, we will study how such a new form of learning affects the

information generated by the learning, the service subscriptions,

and the provider’s profit. Our proposed participation-dependent

social learning is applicable to general online services whose QoS

depends on both the resource capacity and the congestion, and the

uncertain QoS can be revealed through subscribers’ reviews.

1.2 Model and Key Questions
We consider a provider offering the online service to a fixed popula-

tion of users over two time periods. As commonly used in the social

learning literature [29, 38] and widely adopted in Internet-based

services [1], the two periods are abstract representations of the

early promotion period and regular sales period of a new product or

service.
1
The QoS of the service is uncertain to users, and depends

on both the resource capacity and the congestion effect. We con-

sider a total of four practical information scenarios, depending on

whether the provider knows the capacity and whether users are

aware of the congestion effect prior to their subscription decisions.

For example, Alibaba Cloud knows its resource capacity available

to its users of virtual private servers, but Google’s Project Fi may

not know its capacity since its resources are leased from several

mobile network operators. Users who are educated or experienced

are aware of the congestion effect, while others may not.

1
Analyzing a model of more than two periods is much more complicated with potential

similar insights. Hence we will consider it in the future work.

Accordingly, we analyze the game-theoretic interactions be-

tween the provider and users in the two-periodmodel for each infor-

mation scenario. At the beginning of the first period, the provider

decides the first-period introductory price, and users who have non-

negative expected payoffs will choose to subscribe to the provider.

At the end of the first period, all the first-period subscribers will

leave reviews regarding their experienced QoS. At the beginning

of the second period, the provider decides the second-period reg-

ular price. Users update their belief over the QoS based on the

first-period reviews, and make their subscription decisions.

The provider’s goal is to design a dynamic pricing policy to

maximize its expected total profit over both periods. The price

will affect users’ subscription decisions, users’ experienced QoS,

and the information that will be revealed through the reviews. For

example, let us consider the first period. If the provider adopts a

high introductory price, then only a few users will subscribe, and

the realized QoS is high due to small congestion effect. Meanwhile,

the number of reviews will be small, and the information obtained

through learning will be limited. Depending on users’ initial belief

of the QoS, this may discourage or encourage users’ subscriptions

in the second period. Hence, the provider needs to carefully choose

its two-period pricing policy to control the QoS revelation and

subscription dynamics. Furthermore, the provider’s pricing decision

is complicated by the stochasticity the presence of the participation-

dependent social learning process brings.

In this paper, our goal is to answer the following three key

questions:

• How does participation-dependent social learning affect users’
subscription decisions?
• How does participation-dependent social learning affect the
provider’s dynamic pricing policy?
• How do the provider’s knowledge of capacity and users’ aware-
ness of congestion affect the provider’s profit and users’ payoffs?

1.3 Contributions
We summarize our key contributions as follows.

• Participation-Dependent Social Learning: To the best of our
knowledge, this is the first work that studies the impact

of participation-dependent social learning on the strategic

interactions between the provider and the users.

• Dynamic Pricing Policy: We derive the provider’s optimal dy-

namic pricing policy that maximizes its expected total profit.

The problem is challenging since participation-dependent

social learning brings in stochasticity to the provider’s profit

maximization.

• Two-Period Stochastic Game: We model the interactions be-

tween the provider and the users as a two-period stochastic

game, and characterize the equilibrium systematically. Our

analysis captures four different practical information scenar-

ios, depending on whether the provider knows the capacity

and whether users are aware of the congestion effect.

• Practical Insights: Our analysis helps understand how the

participation-dependent social learning affects users’ sub-

scription decisions, which facilitates the provider to optimize

its profit in different scenarios. Our key insights are: (i) the
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provider will set a high introductory price when the capac-

ity is small or users’ prior belief over the QoS is high; (ii)

the participation-dependent social learning is beneficial to

the provider who has a large capacity; and (iii) both the

provider and the users will benefit from users’ awareness of

the congestion effect.

The rest of the paper is organized as follows. In Section 2, we

review related literature. In Section 3, we present the system model.

In Section 4, we derive the optimal pricing policy for congestion-

unaware users. In Section 5, we derive the optimal pricing policy

for congestion-aware users. Finally, we conclude in Section 6. Due
to the space limitation, most of the proofs are not included
here, but can be found in the online technical report [26].

2 RELATED LITERATURE
2.1 QoS-Sensitive Internet-Based Services
Unlike physical commodities, the QoS of Internet-based services

or products can be influenced by a negative congestion effect
2
, i.e.,

the more users use the services, the worse QoS they experience. Ma

in [27] studied usage-based pricing for congestion-prone network

services such as mobile, cloud or broadband services. Raja et al. in
[31] analyzed a pricing game of servers whose QoS is unknown

to users in the Internet marketplace. There have also been studies

for many specific Internet-based services. For example, authors in

[13, 32, 41] studied different economic models and pricing policies

for cloud services. Authors in [5, 6, 19] studied user behaviors,

efficiency optimization, and participation incentive mechanism

design for online courses. Authors in [7, 22] analyzed the impact of

the QoS, i.e., network delay and network loss, on user subscriptions

to online games. Authors in [16, 18, 39, 42] studied the pricing

schemes for mobile virtual network operators. None of the above

works considered the uncertainty of QoS and how the participation-

dependent social learning can help resolve this uncertainty.

2.2 Social Learning
There is considerable recent literature on the pricing design con-

sidering social learning. Yu, Debo, and Kapuscinski in [38] studied

the dynamic pricing policy for strategic users considering social

learning. Papanastasiou and Savva in [29] further compared the

dynamic pricing policy and preannounced pricing policy. Bose et al.
in [4] studied the monopolist dynamic pricing policy to control the

information reveal. Ifrach, Maglaras, and Scarsini in [21] analyzed

when the seller benefits from social learning.

Social learning has also been used recently in analyzing various

Internet-based services. For example, Chen et al. in [8] studied the

wisdom of crowds for secondary users to make more intelligent

spectrum access decisions. Liu and Liu in [25] studied the labeler

selection problem for crowd-sensing through online learning. Liu

and Zhao in [24] studied the distributed learning problem for dy-

namic spectrum access. Huang, Liu, and Hao in [20] proposed two

online learning methods for stochastic network optimization. Xie,

Ma, and Lui in [35] studied the optimal price discount scheme to

2
Some network services also benefit from the positive network effective. For example,

the experiences of using a social network will improve as more users join the network.

We will consider the interactions between the negative congestion effect and positive

network effect in the future work.

attract buyers and accelerate sellers’ reputation enhancement in

E-commerce system. Zhang, Cui, and Wang in [40] studied the

trust evaluation by mining text feedback comments in E-commerce

system. Le, Subramanian, and Berry in [23] studied the impact of

imperfect reviews on social learning.

The social learning in all the above works is applicable to learn-

ing over a fixed value. In this work, we focus on participation-

dependent social learning, which involves learning over a value

that varies with the number of review participants. The analysis is

challenging since there is mutual dependence among the pricing

policy, users’ subscription decisions, users’ experienced QoS, and

the information that will be revealed through the reviews.

3 SYSTEM MODEL
First, we introduce the provider and users, focusing on the users’

QoS belief update. Then we discuss the two-period game played

between the provider and users. Finally we describe four different

information scenarios to be analyzed in Sections 4 and 5.

3.1 Provider and Users
We consider a provider (e.g., AlphaRacks, Coursera, World of War-

craft, and Google’s Project Fi), providing online services to users.

As in many prior work (e.g., [1, 29, 38]), we analyze a two-period

model. The provider chooses its pricing policy p = (pt : t = 1, 2),
i.e., the subscription fees charged to users in two periods, to max-

imize its expected total profit. The first period corresponds to an

early-launch period where users have little information of the QoS

provided by the provider. The second-period corresponds to a reg-

ular service period where users have learnt some information of

the QoS through first-period reviews. The QoS depends on the

resource capacity C and the number of users who use the service

simultaneously.
3
The QoS is ex ante

4
uncertain, since the capacity

C is initially unknown to users, and the number of subscribers is to

be determined by the belief of the QoS and the pricing policy.

The market consists of a large number of users, hence the impact

of each user’s behavior is negligible. We normalize the total mass

of users to one [29]. Users are heterogeneous in their preferences

over the QoS. We let ai denote user i’s preference over QoS, which
is uniformly distributed over [0, 1] [29]. We let vit denote user i’s
payoff obtained by subscribing to the provider in time period t :

vit = ai · qi (C,nt (p)) − pt , (1)

where qi (C,nt (p)) is the QoS experienced by user i and nt (p) is
the fraction of users who subscribe to the provider in time period t .
When there is no confusion, we write nt (p) as nt .

3.2 Users’ QoS Belief Update
Next we discuss users’ belief update of the QoS.

The term qi (C,nt (p)) in (1) is user i’s ex post5 QoS, which de-

pends on the capacity C and the number of users who use the

service simultaneously in time period t . Note that qi (C,nt (p)) is

3
We assume that the capacity C is fixed since expanding capacity (e.g., adding more

servers, instructors, or spectrum) can be very costly and could go beyond the provider’s

investment budget. We will consider the joint investment and pricing problem in the

future work.

4
“Ex ante” means “before the event”, i.e., before users experience the service.

5
“Ex post” means “after the event”, i.e., after users experience the service.
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Figure 1: Two-period game

ex ante unknown, as a user i knows the value of qi (C,nt (p)) only
after he subscribes to the provider in time period t . We assume

that users’ ex post QoS perceptions follow a normal distribution as

follows,

qi (C,nt ) ∼ N
(
q̂(C,nt ),σ

2

)
, (2)

where the variance σ 2
captures the degree of heterogeneity in users’

QoS perceptions after subscription, due to various factors such as

channel fading in wireless services offered by Google’s Project Fi.

We assume that σ 2
is publicly known by the provider and users.

The term q̂(C,nt ) in (2) is users’ mean QoS. In this paper, q̂(C,nt )
follows the following form:

q̂(C,nt ) =
C

nt
, (3)

which is a function that increases in the capacity and decreases in

the number of subscribers.
6
The formulation in (3) is widely used

in cloud services [13, 28], online courses [5], online games [30], and

wireless services [9, 42].

The mean QoS experienced by the users who have participated

in the first period, q̂(C,n1), is the object of social learning through

reviews. We assume that users have a common and public (known

to the provider) prior belief over q̂(C,n1) at the beginning of the

first period, which follows a normal distribution:

q̄0 ∼ N
(
q0,σ

2

0

)
, (4)

with the mean q0 > 0. The variance σ 2

0
reflects users’ knowledge

of the impact of various factors such as channel fading in wireless

services offered by Google’s Project Fi.

Users who subscribe to the provider in the first period leave

reviews on their experiences of QoS.We assume that the first-period

subscribers leave reviews that truthfully reflect their experienced

QoS.
7
At the beginning of the second period, all users observe the

first-period reviews, and update their common belief
8
over the

mean QoS from q̄0 to q̄u according to a Bayesian learning rule [14]

as explained in Section 4.1.

6
There can be other more general formulations for q̂ (C, nt ). For example, the QoS

can be a constant when nt is below a threshold and decreases in nt when above that

threshold. Such a function is non-smooth and non-convex, and we will study it in the

future work.

7
In future work, we will further consider the issue of imperfect reviews [23], manipu-

lated reviews [36, 37], and incentive mechanism design for truthful reviews [33].

8
As the randomness of QoS depends on the interactions among users in the entire

population, a user who participates in the first period will evaluate the QoS based on

all reviews rather than just his own experience.

Table 1: Information Scenarios

Information Informed
provider

Uninformed
provider

Congestion-unaware users Section 4.1 Section 4.2

Congestion-aware users Section 5.1 Section 5.2

3.3 Two-Period Game
Fig. 1 illustrates the two-period game between the provider and

users. Before the game, at time t = 0, the resource capacity C is

determined by the provider’s investment and purchasing decision,

which is assumed to be given in our model. At time t = 1, the

provider announces the first-period price p1. Then, users observe

p1 and make their subscription decisions. We denote n1 ∈ [0, 1] as

the fraction of users who subscribe to the provider in the first period.

Every first-period subscriber experiences (possibly different) online

services and leaves the review of his experienced QoS at the end

of the first period. At time t = 2, the provider and users observe

the reviews and update their belief over the QoS. The provider

announces the second-period price p2, and users make their second-

period subscription decisions. We will introduce the game in detail

in Section 4.1.

3.4 Information Scenarios
We consider a total of four information scenarios, depending on

what information is known by the provider and users.

We consider two possibilities for the provider: (i) Informed provider:
it knows the capacity C at t = 1 (e.g., Alibaba Cloud knows its re-

source capacity available to its users of virtual private servers),

and (ii) Uninformed provider: it does not know the capacity C at

t = 1 (e.g., Google’s Project Fi may not know its capacity since its

resources are leased from several mobile network operators).

Users do not know the capacity at t = 1. There are also two

possibilities for users: (i) Congestion-unaware users: they make their

subscription decisions in both periods based only on the QoS belief

and they are not aware of the fact that the QoS of online services

is influenced by the congestion effect, that is, they do not know

the QoS relationship in (3), and (ii) Congestion-aware users: they
are educated or experienced enough to know the relationship in

(3), and make their subscription decisions in the second period

considering the congestion effect.

Table 1 summarizes these four different information scenarios.

Table 2 lists some key notations in this paper.

4 DYNAMIC PRICING FOR
CONGESTION-UNAWARE USERS

In this section, we discuss the two-period game for congestion-

unaware users, i.e., users do not know the dependence of QoS

on the congestion effect. We first analyze the informed provider

scenario, and then analyze the uninformed provider scenario.

4.1 Informed Provider with
Congestion-Unaware Users

The provider and users play a two-period stochastic game as shown

in Fig. 1. We analyze the game through backward induction, and
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Table 2: Key Notations

Symbol Physical Meaning
p = (p1,p2) The provider’s two-period pricing policy

C The provider’s resource capacity

nt (p) The fraction of subscribers in time period t

qi (C,nt (p)) The QoS to user i in time period t

q̂(C,nt (p)) The unobservable mean QoS in time period t

σ 2
The public heterogeneity of QoS perceptions

q̄0 The public prior belief over q̂(C,n1)

q0 The public mean of the prior belief

σ 2

0
The public variance of the prior belief

R (n1) The average rating of the first-period reviews

q̄u The posterior belief over q̂(C,n1)

qu The mean of the posterior belief

σ 2

u The variance of the posterior belief

γ = σ 2

0
/σ 2

The public social learning influence parameter

ai User i’s preference over QoS

vit The payoff of user i in time period t

π The provider’s expected total profit

examine the impact of system parameters on the provider’s optimal

pricing policy.

4.1.1 Second-Period Subgame. We first characterize users’ QoS

belief at the beginning of the second period.

Lemma 4.1. Assume n1 users subscribe to the provider in the first
period and leave reviews with an average QoS rating of R (n1). Then
the posterior belief of the QoS (at the beginning of the second period),
q̄u , is normally distributed,

q̄u ∼ N
(
qu ,σ

2

u
)
, (5)

with the mean

qu =
1

n1γ + 1

q0 +
n1γ

n1γ + 1

R (n1), where γ =
σ 2

0

σ 2
, (6)

and the variance

σ 2

u =
σ 2

0

n1γ + 1

. (7)

Proof. See Appendix A in the technical report [26]. □

Lemma 4.1 captures the tradeoff between review accuracy and

QoS degradation of the first period. A larger n1 implies that the

average review rating R (n1) is more credible, hence the weight

n1γ/(n1γ + 1) of R (n1) in (6) is increasing in n1. On the other hand,

R (n1) itself decreases in n1, as more subscribers lead to more con-

gestion and a lower realized QoS.

The ratioγ in (6) can be interpreted as the social learning influence
parameter. When γ goes to zero, the social learning process is

inactive (i.e., q̄u = q̄0), either because there is no ex ante uncertainty

(σ0 → 0) or because reviews reveal no useful information (σ →
+∞). When γ → ∞, the social learning process dominates the

posterior belief (i.e., q̄u ∼ N (R (n1), 0)), as users will completely

abandon their prior belief q̄0 and entirely trust the social learning

result R (n1).

Note that users’ belief update described in Lemma 4.1 is applicable
to both congestion-aware users and congestion-unaware users, since
the users’ behaviors in both information scenarios are the same in

the first period.
9

With the QoS belief characterized in Lemma 4.1, a user i’s ex-
pected payoff of subscribing in the second period is

E[vi2] = aiE[q̄u ] − p2 = aiqu − p2. (8)

We assume that users are risk-neutral and want to maximize

their expected payoffs. A user i will subscribe to the provider if and

only if qu > 0 and ai ≥
p2

qu . Hence, given that qu > 0, the fraction

of second-period subscribers is

n2 = max

{
0, 1 −

p2

qu

}
. (9)

The provider’s second-period profit is

π2 (p2) = p2 · n2 = p2 ·max

{
0, 1 −

p2

qu

}
. (10)

We derive the unique equilibrium of the second-period subgame

as follows.

Lemma 4.2. Given any posterior mean QoS belief qu , there exists
a unique equilibrium in the second-period subgame played between
the informed provider and congestion-unaware users. Specifically:

• The provider’s optimal second-period pricing policy is

p∗
2
(qu ) =




qu
2

, if qu > 0,

0, if qu ≤ 0.
(11)

• When qu > 0, all users with ai ∈ [1/2, 1] will subscribe to the
provider. When qu ≤ 0, no user will subscribe to the provider.
• The provider’s optimal second-period profit is

π∗
2
(p∗

2
;qu ) =




qu
4

, if qu > 0,

0, if qu ≤ 0.
(12)

Proof. See Appendix B in the technical report [26]. □

Lemma 4.2 shows that the provider’s second-period profit max-

imization depends on qu , which relates to the first-period sub-

scription fraction n1 as in Lemma 4.1. When n1 is larger, more

information of QoS is revealed through reviews, but the average

review rating R (n1) will be smaller. In the following, we derive n1

in the first period.

4.1.2 First-Period Subgame. In the first period, user i’s expected
payoff by subscribing to the provider is:

E[vi1] = aiE[q̄0] − p1 = aiq0 − p1. (13)

User i will subscribe to the provider if E[vi1] ≥ 0. Hence we have:

Lemma 4.3. Given any first-period price p1, a user i subscribes in
the first period if and only if ai ≥

p1

q0

.

9
Even the congestion-aware users are not able to estimate the congestion in the first

period, due to the lack of knowledge of capacity C .
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Lemma 4.3 applies to all four information scenarios listed in

Table 1.

Based on Lemma 4.3, we can calculate the fraction of users sub-

scribing in the first period:

n1 = max

{
0, 1 −

p1

q0

}
. (14)

The remaining analysis is to determine the provider’s optimal

first-period price p1, which should maximize the provider’s ex-

pected total profit in both periods. The provider needs to anticipate

the impact of p1 on the second period subscription. Such impact

is carried over through the posterior mean QoS qu , as shown in

Lemma 4.2. However, the realization of the posterior mean QoS qu
is ex ante uncertain, due to the noise of user reviews in (2). In other

words, the provider cannot calculate the exact value of qu when

it makes the decision of p1. Hence, the second-period subgame

equilibrium characterized in Lemma 4.2 involves some uncertainty

(regarding qu ) at the beginning of the first period. To resolve this

issue, the provider needs to form a rational belief over the poste-

rior mean QoS qu , which we call the “preposterior”
10

distribution

of qu . Such a belief depends on the information structure of the

provider.
11

Lemma 4.4. From an informed provider’s point of view, the users’
posterior mean QoS belief qu follows a preposterior equilibrium nor-
mal distribution N (qI,σ

2

I
), where the mean12

qI =
1

n1γ + 1

q0 +
n1γ

n1γ + 1

·
C

n1

(15)

and the variance

σ 2

I
=

(
n1γ

n1γ + 1

)
2

·
σ 2

n1

. (16)

For the purpose of later analysis, we also write the probability density
function of this distribution as fI (qu ;n1), to emphasize the dependence
on the first-period subscribers n1.

Proof. See Appendix C in the technical report [26]. □

Equation (15) in Lemma 4.4 reveals the relationship between the

provider’s knowledge of capacity C (as the provider is informed)

and its prediction of users’ QoS belief update. Intuitively, if the

provider has a larger capacity C , it tends to encourage more users

to subscribe in the first period as to influence the belief update

based on the weight of n1γ/(n1γ + 1); meanwhile, doing so will

lead to a lower QoS review (C/n1) due to the congestion.

The variance of the preposterior distribution in (16) corresponds

to the degree of the departure of the posterior mean qu from the

prior mean q0. The variance depends on the information revealed

through user reviews, and includes uncertainty of both the QoS

and the noise in the first-period reviews. When the social learning

influence parameter γ < 1, i.e., σ 2

0
< σ 2

, σ 2

I
increases with n1, i.e.,

the posterior mean qu departs further from the prior mean q0 with

more reviews.

10
“Preposterior” refers to the provider’s belief regarding the users’ posterior mean

QoS belief qu at the time when the provider makes the decision of p1 .

11
The rational belief does not depend on whether users are aware of the congestion

effect or not.

12
The subscript “I” stands for “informed”.

In the first period, taking into account the users’ response to p1

in Lemma 4.3, as well as the probabilistic equilibrium of the second-

period subgame in Lemmas 4.2 and 4.4, the provider chooses p∗
1
to

maximize its expected total profit in two periods:

π (p1) = p1 ·max

{
0, 1 −

p1

q0

}
+

∫ ∞

0

qu
4

fI (qu ;n1)dqu . (17)

Here qu/4 is the optimal second-period profit as in Lemma 4.2, and

fI (qu ;n1) is the density function described in Lemma 4.4.

As the integral of normal distribution cannot be expressed in

terms of elementary functions, we cannot obtain a closed-form

solution for (17). In Algorithm 1, we describe the dynamic pric-

ing mechanism that computes the equilibrium two-period pricing

policy for the informed provider and congestion-unaware users.

Algorithm 1: Dynamic Pricing Mechanism for the Informed

Provider and Congestion-Unaware Users

Input: q0,σ
2

0
,σ 2

Output: p∗ = (p∗
1
,p∗

2
)

1 Calculate γ ← σ 2

0
/σ 2

;

2 Calculate fI (qu ;n1) which follows N (qI,σ
2

I
) with

qI ←
1

n1γ+1
q0 +

n1γ
n1γ+1

· Cn1

and σ 2

I
←

( n1γ
n1γ+1

)
2

· σ
2

n1

where

n1 ← max

{
0, 1 −

p1

q0

}
;

3 p∗
1
← arg max

p1

p1 ·max

{
0, 1 −

p1

q0

}
+

∫ ∞

0

qu
4

fI (qu ;n1)dqu ;

4 n∗
1
← max

{
0, 1 − p∗

1
/q0

}
;

5 Update belief over QoS q̄u ∼ N
(
qu ,σ

2

u
)
with

qu ←
1

n∗
1
γ+1

q0 +
n∗

1
γ

n∗
1
γ+1

R (n∗
1
) and σ 2

u ←
σ 2

0

n∗
1
γ+1

;

6 if qu > 0 then
7 p∗

2
← qu/2;

8 else
9 p∗

2
← 0;

10 end

In Theorem 4.5, we summarize several properties of the optimal

pricing policy (p∗
1
,p∗

2
).

Theorem 4.5. In the presence of the participation-dependent social
learning, there exits a unique equilibrium in the two-period stochastic
game played between the informed provider and congestion-unaware
users. More specifically,

(a) In the first period, p∗
1
< q0, i.e., it is never optimal for the

provider to choose a first-period price that results in no sub-
scription in the first period.

(b) In the second period, the provider chooses p∗
2
to be

p∗
2
(qu ) =




qu
2

, if qu > 0,

0, if qu ≤ 0.

Proof. See Appendix D in the technical report [26]. □

Note that the optimal second-period price p∗
2
described in The-

orem 4.5 is ex ante stochastic, since it depends on the posterior

mean QoS qu , which is uncertain before the first-period reviews
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Figure 2: Structure of the optimal pricing policy

are realized. In the following, we explore the relationship between

p∗
1
and the expected optimal second-period price E[p∗

2
] through

numerical studies, and examine the impact of parameters, i.e.,C , q0

and γ , on the optimal pricing strategy and optimal expected total

profit.

4.1.3 Impact of Participation-Dependent Social Learning on the
Optimal Pricing Policy. We first numerically explore the structure

of the informed provider’s optimal pricing policy (p∗
1
,p∗

2
) under

different values of C and q0.

Fig. 2 shows the structure of the optimal pricing policy. We let

σ0 = 1 and σ = 1, i.e., the participation-dependent social learning

influence parameter γ = σ 2

0
/σ 2 = 1. We can see that when the

capacityC is small or the prior mean belief q0 is large, the provider

will choose p∗
1
> E[p∗

2
] (i.e., the blue region). The reason is that

when C is small, a high introductory price p∗
1
will lead to a high

QoS review rating (due to a low first-period subscription), which

will attract more second-period subscribers. When q0 is large, users

are optimistic about the QoS, and are willing to subscribe to the

provider even if the introductory price is high.

Fig. 3 examines the impact of γ on the informed provider’s opti-

mal pricing policy. Here we choose q0 = 10 and σ 2 = 1. The result

highly depends on the capacity C . First, when the capacity is small

(C = 2), p∗
1
increases with γ and E[p∗

2
] decreases with γ . The rea-

son is that as γ becomes larger, the participation-dependent social

learning process reveals more accurate information regarding the

small capacity. Hence the provider chooses a higher first-period

price to reduce the negative impact of social learning, and chooses

a lower expected second-period price to maximize the expected

total profit. Second, when the capacity is large (C = 10), both p∗
1

and E[p∗
2
] increases with γ . This is because as γ increases, user re-

views reveal more accurate information about the provider’s large

capacity, hence the provider chooses higher prices to extract more

profit from the subscribers.

4.2 Uninformed Provider with
Congestion-Unaware Users

Now we analyze the uninformed provider scenario, where the

provider does not know the capacity at the beginning of the first

period.

The analysis of the second period is the same as Section 4.1, as

summarized in Lemmas 4.1 and 4.2. For the first period, the analysis

of users’ subscription is also the same as Section 4.1, as summarized

in Lemma 4.3. The key difference with Section 4.1 is the provider’s

pricing decision in the first period, since the uninformed provider

has a different rational belief over social learning, which can be

described as follows.

Lemma 4.6. From an uninformed provider’s point of view, the
users’ posterior mean QoS belief qu follows a preposterior equilibrium
normal distribution N (qNI,σ

2

NI
), where the mean13

qNI = q0 (18)

and the variance

σ 2

NI
=

(
n1γ

n1γ + 1

)
2

·

(
σ 2

n
+ σ 2

0

)
=

n1γ

n1γ + 1

σ 2

0
. (19)

For the purpose of later analysis, we also write the probability density
function of this distribution as fNI (qu ;n1), to emphasize the depen-
dence on the first-period subscribers n1.

Proof. See Appendix E in the technical report [26]. □

Different from Lemma 4.4, the uninformed provider’s preposte-

rior mean QoS belief is always q0, which is ex ante not affected by

the first-period reviews. The variance of the uninformed provider’s

preposterior is larger than that of the informed provider in Lemma

4.4, due to the lack of knowledge of the capacity.

The difference in rational beliefs over social learning will affect

the provider’s profit. In the following, we first analyze the provider’s

optimal dynamic pricing policy, and then examine the impact of

the participation-dependent social learning on the optimal pricing

policy and profit.

4.2.1 The Provider’s Pricing Policy. In the first period, the provider
chooses p∗

1
to maximize its expected total profit calculated as fol-

lows:

π (p1) = p1 ·max

{
0, 1 −

p1

q0

}
+

∫ ∞

0

qu
4

fNI (qu ;n1)dqu . (20)

Here fNI (qu ;n1) is the density function in Lemma 4.6. We can

derive the equilibrium two-period pricing policy for the uninformed

provider and congestion-unaware users similar as in Algorithm 1,

with different preposterior belief in Lemma 4.6 and total profit in

(20). We summarize the uninformed provider’s equilibrium pricing

policy in the following theorem.

Theorem 4.7. In the presence of the participation-dependent social
learning, there exits a unique equilibrium in the two-period stochas-
tic game played between the uninformed provider and congestion-
unaware users. More specifically,

(a) In the first period, the equilibrium price p∗
1
is independent of

the social learning parameter γ .
(b) In the second period, the provider chooses p∗

2
to be

p∗
2
(qu ) =




qu
2

, if qu > 0;

0, if qu ≤ 0.

Proof. See Appendix F in the technical report [26]. □

13
The subscript “NI” stands for “not informed” or “uninformed”.
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4.2.2 Impact of Participation-Dependent Social Learning on the
Optimal Pricing Policy and Profit. We examine the impact of γ on

the uninformed provider’s expected optimal pricing policy.

Fig. 4 shows the impact of γ on the optimal pricing policy for the

uninformed provider under different values of C . We set q0 = 10

and σ 2 = 1. Compared with Fig. 3, we can see that p∗
1
and E[p∗

2
] for

the uninformed provider are lower than the ones for the informed

provider, respectively.When the provider does not have the capacity

information, its pricing becomes more conservative.

Fig. 5 shows the impact ofγ andC on the optimal expected profit,

for both the informed provider and uninformed provider, under the

optimal pricing policies shown in Fig. 3 and Fig. 4, respectively. We

have two key observations. First, for both information scenarios,

the optimal profit increases with γ when C is large (C = 10) and

decreases with γ when C is small (C = 2). In other words, the

participation-dependent social learning is beneficial to the provider

when the capacity is large. The reason is that as γ increases, the

reviews can more accurately reveal the information regarding the

large capacity, which attracts subscribers in the second period and

improves the provider’s profit. Second, the informed provider can

gain more profit compared with the uninformed provider, which

implies that the knowledge of the capacity information can help

the provider make better pricing decisions.

5 DYNAMIC PRICING FOR
CONGESTION-AWARE USERS

In this section, we analyze the two-period game for congestion-

aware users, i.e., users are aware of the dependence of QoS on the

congestion. More specifically, users know the function q̂(C,nt ) =
C/nt , although they do not know the capacityC at the beginning of

the first period. Hence only second-period subscribers can take ad-

vantage of the congestion-awareness through the learning. Similar

as Section 4, we will first analyze the informed provider scenario,

and then analyze the uninformed provider scenario.

5.1 Informed Provider with Congestion-Aware
Users

5.1.1 Second-Period Subgame. Congestion-aware users can learn
the capacity information from the first-period reviews. More specif-

ically, users have a belief of the capacity, C̄ , from the updated mean

QoS qu (as described in Lemma 4.1) and the relationship qu = C̄/n1.

Hence,

C̄ = qu · n1.

Since each user’s second-period subscription decision depends

on the congestion level, that is, other users’ subscription decisions,

users’ second-period interactions form a subscription game, of

which the players are all users. The strategy of each user i is a binary
variable si ∈ {0, 1}, where si = 1 means that user i subscribes to
the provider in the second period, and si = 0 means that he does

not. Under a given strategy profile s = {si : ∀i}, the fraction of

users who subscribe in the second period n2 is the size of the set

{i : si = 1}, and the expected payoff of user i is

E[vi2] = aiq2 − p2 = ai ·
C̄

n2

− p2 = ai ·
qun1

n2

− p2. (21)

Given other users’ strategies s−i = s \ {si }, user i’s best response
is to subscribe to the provider if E[vi2] ≥ 0, i.e.,

ai ≥
p2

q2

=
p2n2

qun1

.

At equilibrium, the second-period subscription satisfies n∗
2
= 1 −

p2n∗
2

qun1

, which leads to

n∗
2
=

qun1

p2 + qun1

. (22)

The provider’s second-period profit is

π2 (p2) = p2 · n
∗
2
= p2 ·

qun1

p2 + qun1

=
qun1

1 +
qun1

p2

, (23)

which increases with p2. Hence, the provider will choose its price

in the second period equal to the maximum value possible. We

assume that there is a fixed maximum price for the provider’s

second-period price, p̄2. Such a maximum price can arise due to

market competition or government regulations [15].

We describe the unique equilibrium of the second-period sub-

game as follows.

Lemma 5.1. Given any qu , there exists a unique equilibrium in the
second-period subgame played between the informed provider and
congestion-aware users. More specifically:
• The provider’s optimal second-period pricing policy is

p∗
2
(qu ) = p̄2. (24)
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• User i subscribes to the provider if and only if

ai ≥
p2

p2 + qun1

.

• The provider’s optimal second-period profit is

π∗
2
(p∗

2
;qu ) =

qun1

1 + qun1/p̄2

. (25)

Proof. See Appendix G in the technical report [26]. □

5.1.2 First-Period Subgame. The analysis of users’ first-period
subscription decisions is the same as the one in Section 4.1.

Next we consider the provider’s pricing decision. In the first pe-

riod, taking into account the users’ subscription choice as a function

of p1, as well as the probabilistic equilibrium of the second-period

subgame, the provider chooses p∗
1
to maximize its expected total

profit in two periods:

π (p1) = p1 ·max

{
0, 1 −

p1

q0

}
+

∫ ∞

0

qun1

1 + qun1/p̄2

fI (qu ;n1)dqu .

(26)

Here fI (qu ;n1) is the density function described in Lemma 4.4.

Theorem 5.2. In the presence of the participation-dependent social
learning, there exits a unique equilibrium in the two-period stochastic
game played between the informed provider and congestion-aware
users. More specifically,

(a) In the first period, p∗
1
< q0, i.e., it is never optimal for the

provider to choose a first-period price that results in no sub-
scription in the first period.

(b) In the second period, the provider chooses the maximum price
p∗

2
= p̄2.

Proof. See Appendix H in the technical report [26]. □

5.1.3 Impact of Participation-Dependent Social Learning onUsers’
Subscriptions. We numerically explore the users’ subscription deci-

sions, which demonstrate the key difference between the congestion-

aware users here and the congestion-unaware users in Section 4.

Fig. 6 shows the congestion-aware users’ subscription decisions.

First, Fig. 6 shows that the first-period subscription n∗
1
always

decreases with γ regardless of C . The reason is that as γ increases,

the posterior QoS belief depends more on user reviews. Recall that

a larger n∗
1
will cause more severe congestion and a lower QoS. To

induce a higher rating from user reviews and affect the congestion-

aware users in the second period, the provider will increase its price

p∗
1
with γ .
Second, Fig. 6 shows that when the capacityC is small (C = 2), the

second-period subscription fraction n∗
2
decreases with γ ; however,

when the capacity C is large (C = 10), n∗
2
increases with γ . The

reason is that as γ becomes larger, the QoS information revealed

through user reviews is more accurate. Hence, congestion-aware

users have a better knowledge of the capacity C , and make better

subscription decisions accordingly, i.e., fewer subscriptions for a

small C and more subscriptions for a large C . This is very different

from the congestion-unaware users’ case in Section 4, where the

second-period subscription fraction n∗
2
(p∗

2
) = 1/2 is fixed.

5.2 Uninformed Provider with
Congestion-Aware Users

Now we analyze the uninformed provider scenario. The analysis of

the second period is the same as Section 5.1, as in Lemma 5.1. For

the first period, the analysis of users’ subscription is the same as

Section 4.1, as in Lemma 4.3. The key difference from Section 5.1 is

the provider’s pricing decision in the first period.

5.2.1 The Provider’s Pricing Policy. In the first period, the provider
chooses p∗

1
to maximize its expected total profit:

π (p1) = p1 ·max

{
0, 1 −

p1

q0

}
+

∫ ∞

0

qun1

1 + qun1/p̄2

fNI (qu ;n1)dqu .

(27)

Here fNI (qu ;n1) is the density function in Lemma 4.6.

Theorem 5.3. In the presence of the participation-dependent social
learning, there exits a unique equilibrium in the two-period stochastic
game played between the uninformed provider and congestion-aware
users. More specifically,

(a) In the first period, the equilibrium price p∗
1
is independent of

the social learning parameter γ .
(b) In the second period, the provider chooses the maximum price

p∗
2
= p̄2.

Proof. See Appendix I in the technical report [26]. □

5.2.2 Impact of Participation-Dependent Social Learning on the
Provider’s Profit and Users’ Payoffs. Fig. 7 shows the impact of γ and
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C on the optimal expected profit, for both the informed provider

and the uninformed provider, when users are congestion-aware.
14

As we can see, the provider with a large capacity (C = 10) benefits

from the learning. Moreover, whether the provider is informed or

not has a relatively small impact on its profit.

In Fig. 8, we compare the four information scenarios regarding

social welfare, the provider’s profit, and users’ total payoff.
15

We

choose q0 = 10,σ 2

0
= 1,σ 2 = 1, and C = 10. The comparison for

the small capacity case (C = 2) is similar, and we present the fig-

ure in Appendix J in [26] due to the space constraint. Compared

with the congestion-unaware users scenarios, the social welfare,

the provider’s profit, and users’ payoff are all higher in congestion-

aware users scenarios. This is because users can make better sub-

scription decisions based on their knowledge of congestion, and the

provider can extract more profit from users based on its anticipation

of users’ response to the pricing policy. Hence, both the provider

and users benefit from users’ awareness of the congestion effect,

regardless of the capacity value C . This implies that the provider

should make the users aware of the congestion effect whenever

possible, which will benefit everyone in the market.

6 CONCLUSION
In this paper, we analyzed the Internet-based service provider’s

dynamic pricing problem with participation-dependent social learn-

ing. The learning object, the QoS, depends on not only the resource

capacity but also the congestion effect. We studied four scenarios,

depending on whether the provider has an accurate prior knowl-

edge of the capacity and whether users are aware of the congestion

effect. We showed that when the capacity is small or the prior QoS

belief is high, the provider will set a first-period introductory price

higher than the (expected) second-period regular price. Further-

more, participation-dependent social learning is beneficial to the

provider with a large capacity. There are several interesting direc-

tions to explore in the future. For example, it would be interesting to

studymultiple providers’ competitionwith participation-dependent

social learning.
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