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Abstract—This paper considers the problem of charging sta-
tion pricing and plug-in electric vehicles (PEVs) station selection.
When a PEV needs to be charged, it selects a charging sta-
tion by considering the charging prices, waiting times, and
travel distances. Each charging station optimizes its charging
price based on the prediction of the PEVs’ charging station
selection decisions, and the other station’s pricing decision, in
order to maximize its profit. To obtain insights of such a highly
coupled system, we consider a 1-D system with two compet-
ing charging stations and Poisson arriving PEVs. We propose
a multileader–multifollower Stackelberg game model, in which
the charging stations (leaders) announce their charging prices
in stage I and the PEVs (followers) make their charging sta-
tion selections in stage II. We show that there always exists a
unique charging station selection equilibrium in stage II, and such
equilibrium depends on the charging stations’ service capacities
and the price difference between them. We then character-
ize the sufficient conditions for the existence and uniqueness
of the pricing equilibrium in stage I. We also develop a low
complexity algorithm that efficiently computes the pricing equi-
librium and the subgame perfect equilibrium of the two-stage
Stackelberg game.

Index Terms—Electric vehicles, charging stations, game theory,
pricing.

I. INTRODUCTION

S INCE the sales of the first highway-capable all electrical
vehicle Tesla Roadster in 2008, there have been more than

290,000 similar plug-in electrical vehicles (PEVs) sold in the
U.S. as of December 2014. As PEVs help reduce the emission
of greenhouse gas, there has been a growing interest from
both industry and academia in terms of the technology and
economics aspects of PEV deployment [1]–[9].

One important limitation for the PEV is its limited battery
capacity. A wide deployment of PEVs requires an extensive
charging station network, which fortunately is being deployed
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in many countries. For example, today there are more EV
charging points than gas stations in Japan [10]. In the U.S.,
operators such as CarCharging provide national-wide public
PEV charging services. As the number of charging operators
in the electrical vehicle market increases, the issue of compet-
itive pricing among charging stations is getting increasingly
important and practical. For example, in some Chinese cities
including Beijing and Qingdao, PEV owners have to pay ser-
vice fees in addition to electricity bills to charge their cars.
The government declares the maximally allowed service fee,
and the operators such as Tellus Power and Potevio set their
own charging prices (i.e., the sum of electricity price and
service price) to maximize their own revenue subject to the
government rules.

The owners of the PEVs, on the other hand, are able
to identify multiple close-by charging stations using mobile
applications such as PlugShare [11], and choose those that
offer the best cost and distance tradeoff. The interactions
between the charging stations and (owners of) PEVs will
determine the dynamics and equilibrium of such a charging
market.

In this work, we aim to answer the following key research
questions:

• How should a PEV select a charging station based on
the charging prices, travel distances, and the expected waiting
times of multiple close-by stations?

• How should a charging station optimize its charging
price to maximize its profit, considering the decisions of the
competing charging stations and the responses of the PEVs?

Addressing these questions are challenging due to the tight
coupling, among different PEVs, among multiple charging
stations, and between PEVs and charging stations.

To shed some insights on this complicated problem, we
consider a stylized one-dimensional system model, with two
competing charging stations and dynamically arriving PEVs.
The charging stations announce their charging prices simulta-
neously at the beginning of a day, and the PEVs make their
selections asynchronously during the day as their charging
needs arise. We formulate the problem as a multi-leader-multi-
follower Stackelberg game [12], in which the charging stations
are the leaders making decisions in Stage I, and the PEVs are
the followers making decisions in Stage II. We then charac-
terize the charging stations’ pricing and the PEVs’ selection
behaviors at the equilibria of this game.

Our main contributions are summarized as follows.
• Novel and Practical Model: To the best of our knowledge,

this is the first work that jointly studies competitive charging
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station pricing and PEV station selection. Our model considers
the heterogenous service capabilities and asymmetric locations
of charging stations. It also captures a PEV’s waiting time
before it receives the charging service, hence is different from
existing PEV station selection models in the literature.

• Analysis and Insights: Under any fixed charging station
prices, we show that there always exists a unique PEV station
selection equilibrium. We further show that such an equilib-
rium can be one of five types (three pure-strategy ones and
two mixed-strategy ones), depending on the prices and the ser-
vice capacities. Then we characterize the sufficient conditions
for the existence and uniqueness of charging station pricing
equilibrium, considering the PEVs’ station selection behaviors.
Our analysis suggests that a charging station with a position
advantage usually declares a higher equilibrium price than its
competitor.

• Efficient Algorithm: We propose a low complexity algo-
rithm to compute the pricing equilibrium, which may not
require explicit information exchange between the charging
stations and is provably convergent.

The remainder of this paper is organized as follows.
Section II discusses the related work. Section III presents the
system model. We analyze the equilibria for our proposed
games in Sections IV and V, respectively. In Section VI, we
propose the algorithm to compute the pricing equilibrium.
Numerical results are provided in Section VII, followed by
the concluding remarks in Section VIII.

II. RELATED WORK

A. Pricing Behaviour of Charging Stations

Existing literature on multi-station pricing models can be
divided into two categories depending on the relationship
among charging stations: non-competitive and competitive.

1) Non-Competitive Pricing: Bayram et al. in [13] assumed
that all charging stations have the same charging prices, and
proposed a method to optimize the prices to maximize the sum
of the utilities of all charging stations. In [14], Bayram et al.
proposed a single-leader-multi-follower Stackelberg game, in
which the charging network operator acts as the leader and
the EV customers are the followers. The leader optimizes
the prices of charging stations, and each follower makes
a selection between the nearest station and a less busy
one. Ban et al. in [15] investigated the PEV allocation and
dynamic price control for multiple charging stations. Different
from [13], the authors in [15] considered heterogeneous prices.
Assuming that each PEV prefers the charging station with
the lowest price, the authors of [15] proposed a price control
scheme to implement optimal PEV allocation.

2) Competitive Pricing: Escudero-Garzas and
Seco-Granados in [16] studied the competitive pricing
of multiple charging stations using the Bertrand’s oligopoly
model. The demand for each charging station was assumed
to be a linearly decreasing function of its price. Lee et al.
in [17] assumed that the EVs are uniformly distributed and
select their charging station based on the prices, the distances,
and the preferences. Furthermore, every charging station is
able to generate electricity and can sell its electricity to the

Fig. 1. The considered system.

power grid and the EVs. The authors of [17] formulated
the price competition among multiple charging stations as a
supermodular game model. A key assumption of [17] is that
the choices of PEVs are independent of each other, which is
not the case in our model.

B. Hotelling Game Model

Our model is related to the hotelling game [18], where two
geographically separated sellers compete to serve customers
at different locations. However, most hotelling game models
cannot be directly used to understand the interplay between
charging stations and PEVs, since they do not consider
the dependence among the customers’ decisions [18]–[20].
Gallay and Hongler in [21] extended the hotelling game by
introducing the waiting time cost, hence the customers’ deci-
sions are coupled due to the consideration for waiting time.
However, the model in [21] did not consider the competition
among stations and assumed that all stations announce the
same price.

C. Summary

This work differs from the existing results in two respects.
1) In our system, the PEVs take into account their expected

waiting times when selecting charging stations. The
waiting time is non-negligible for the PEVs due to their
relatively long charging times [22], [23]. This is a key
difference between our work and the existing models
developed for gasoline stations [24], [25], where the
queueing delay at the station is considerably shorter.

2) Our Stackelberg game (i.e., leader-follower game)
jointly studies the PEVs’ station selecting and the
charging stations’ pricing decisions, instead of treat-
ing only one of them in the literature. More specifi-
cally, we consider two leaders (i.e., charging stations)
who choose prices to optimize their own revenues.
This is different from the single-leader model studied
in [14], [22], and [23].

Due to the high complexity of solving the general form
of the considered problem, here we focus on a simple one-
dimensional system with two stations. The insights from the
work can help us understand more general systems involving
more than two stations with more general locations.

III. PROBLEM FORMULATION AND GAME MODEL

As shown in Fig. 1, our system is represented by a line
segment, denoted by [−L, L]. The line model also applies to
the scenario where both stations are along a zigzag or curv-
ing road without major branches within a significant distance.
The charging stations, which belong to different operators, are
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located at x1 and x2 (−L < x1 < x2 < L), respectively.1 We
allow the two stations to be asymmetrically located on the
line, i.e., x1 �= −x2.

Each charging station serves its customers (i.e., the PEVs
waiting in its queue) on a first come first served basis.2

Suppose that charging station i ∈ {1, 2} has ki ≥ 1 identi-
cal charging ports, and the service (charging) time for a PEV
follows a general distribution with a mean 1

μi
(μi > 0 is the

average charging rate) and a variance σ 2
i . Accordingly, we can

use kiμi to measure the service capacity of charging station i.
Without losing of generality, we assume that k1μ1 ≥ k2μ2. In
practice, it is possible to have μ1 �= μ2 if the charging stations
use different levels of charge specifications [16] or different
chargers (such as AC Level 2 charger and DC Fast charger).

The system works in two stages:
• In Stage I, two charging stations simultaneously determine

their charging prices at the beginning of a time period,3 and
periodically broadcast the (fixed) prices together with the sta-
tions’ locations to the potential customers (PEVs) throughout
the day (e.g., through a mobile app such as PlugShare).

• In Stage II, given the charging prices and the locations
of both charging stations, every PEV independently selects
a charging station to recharge its battery. We assume that the
PEV driver does not have any prior preference regarding which
direction he would drive on the road.

Note that the decisions among the PEVs, among the charg-
ing stations, and between PEVs and charging stations are
actually interdependent. To characterize the interplay of PEVs
and charging stations, we propose a two-stage Stackelberg
model, which consists of two games at two different levels:

• Charging Station Pricing Game (CSPG): In Stage I, the
charging stations engage in a CSPG game, in which they deter-
mine their charging prices by considering each other’s pricing
choices and the PEVs’ selection choices in Stage II.

• PEV Station Selection Game (PSSG): In Stage II, the
PEVs engage in a PSSG game, in which each PEV selects its
charging station under fixed prices from the charging stations,
by considering the station choices of other PEVs.

With this hierarchical game, we aim to derive a stable
decision outcome for charging stations and PEVs.

A. PEV Station Selection Game in Stage II

The PSSG game is defined as follows:
• Players: The PEVs.
• Strategies: The strategy of a PEV n corresponds to its

station choice sn(x) ∈ {1, 2}, where x is the location of
PEV n.

• Payoffs: The payoff of a PEV is the negative value of its
cost, which includes three parts: traveling cost, waiting
time, and charging cost.

1In practice, the charging stations in the same small region may be con-
trolled by different operators. In Frisco, Texas, USA, for example, the distance
between two charging stations owned by two different operators (Voltaic
Electrical and Blink Network) can be shorter than 10 Kilometers.

2In this work, we do not consider the stations with a battery replacement
strategy [3].

3Different time periods can have different PEV arrival rates and electricity
prices.

1) Traveling Cost: We assume that the there is no traffic
jam and the traveling delay is determined by the traveling
distance only. Let ln,sn denote the distance from the current
location of PEV n (i.e., x) to the selected charging station sn.
Then we have ln,sn = |x − xsn |. The traveling cost of PEV n
is klln,sn , where kl > 0.

2) Charging Cost: For simplicity, we assume all PEVs have
the same battery capacity, start to charge when their battery is
close to empty (or to the same level of charging level suggested
by the manufacturer), and want to get fully charged before
leaving the station. Hence all PEVs have the same demand.4

We use d to denote charging demand of an PEV, and psn to
denote the price of the selected charging station. The charging
cost is kpdpsn , where kp > 0.

3) Waiting Time: Now we estimate the waiting time using
queueing theory. The inter-arrival time between two consec-
utive PEVs arriving at the same charging station depends on
two factors: 1) the time interval between the time instances
at which these two PEVs decide to seek charging service,
and 2) the difference between the travel times to the station.
Since a PEV will only consider charging stations close-by,
we assume that the difference between the travel times to
these two stations are negligible.5 We further assume that the
time interval between the charging decisions of two consec-
utive PEVs at the same location (the time instances when
they decide seeking charging services) is exponentially dis-
tributed. If all the PEVs generated from this location select
the same charging station, then the time interval between the
arrivals of two consecutive PEVs at the station is exponentially
distributed. Accordingly, we can consider the PEV stream gen-
erated from this location as Poisson arrivals, or a Poisson
stream [2], [13], [26]–[29]. We also assume that the PEV
streams are uniformly distributed in the entire one-dimensional
system. Then, we consider the stream of PEVs from any line
segment as an aggregation of PEV streams, which is also
Poisson [30].

Suppose that the arrival rate of the PEVs coming from a unit
line segment is λ > 0. Let Ai ⊆ [−L, L] be the set of locations
of the PEVs who select charging station i. In general, Ai might
include multiple disjoint segments. We use |Ai| to denote the
total length of Ai. Then, the arrival rate of the PEVs selecting
charging station i is |Ai|λ.

Due to the small penetration of PEVs in today’s mar-
ket, λ is usually small and the probability that a sta-
tion having no waiting room for a PEV will be very
small. For simplicity, here we employ the theory of M/G/k
queue [32] to estimate the waiting time of a PEV at

4Another way to understand the homogeneous demand assumption is to
consider the charging station’s perspective. Since the charging station does
not have complete information of the PEVs, then it will be difficult for the
station to predict the precise demand of each PEV. As considering the M/G/k
queueing model used in this paper is already complicated enough, we simply
use the average demand of the PEVs to represent the demand of each PEV,
so that the charging station can compute the competitive charging price.

5Take charging station 1 as an example. The difference between the travel
times of two PEVs is no more than L−x1

v , where v is the speed of PEVs. If v
equals to 60 kph and |L− x1| is 5 km, it will be no more than 5 mins. On the
other hand, if a PEV is charged on a standard 120-volt outlet, it usually needs
8 hours to be fully charged. If the PEV uses a dedicated 240 circuit, it may
need 3 hours. If the PEV uses a 480V circuit, it needs 20 to 30 mins [31].
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a station.6 Then the mean waiting time of a PEV at charging
station i is given by

qi(|Ai|) ≈
|Ai|λ

(
σ 2

i + 1

μ2
i

)
ρ

ki−1
i

2(ki − 1)!(ki − ρi)2

[∑ki−1
m=0

ρm
i

m!
+ ρ

ki
i

(ki − 1)!(ki − ρi)

]

(1)

where ρi = |Ai|λ
μi

. In (1), ki, μi and σi are the parameters of
charging stations, and λ is the parameter of PEVs.

Using the above notations, the payoff of PEV n is defined as

Un(s) = −klln,sn − kqqsn(s) − kpdpsn (2)

where s = {sn, n ∈ N } is the strategy profile of all PEVs
(which can also be captured by A1 and A2), N is the set of
all PEVs, and kq > 0.

Since there are no direct communications between PEVs,
we assume that a PEV does not know other PEVs’ decisions
when making its decision. Hence, although the PEVs make
charging station selection asynchronously during the day, we
can model PSSG as a simultaneous move (or static) game.7

B. Charging Station Pricing Game in Stage I

The PSSG game is defined as follows:
• Players: The charging stations.
• Strategies: The strategy of a charging station i is its

price pi.
• Payoffs: The payoff of a charging station includes two

parts: 1) the revenue of providing charging service to the
PEVs, and 2) the fixed and operational costs.

In CSPG, the charging stations simultaneously determine
their charging prices p1 and p2. We assume that pi ∈
[pmin, pmax], and the unit electricity cost paid by a charging
station i to the utility company is ci ≤ pmin. Charging station i
has a fixed cost či for providing the service (such as labour
cost), which is assumed to be independent of the number of
PEVs requesting the service. The payoff of charging station i
can be written as

Qi(pi, pj) = (pi − ci)Di(pi, pj) − či. (3)

Here Di(pi, pj) = |Ai|d is the total demand of the PEVs select-
ing charging station i, which depends on the prices of both
stations.

Next we will derive the subgame perfect equilib-
rium (SPE) of the Stackelberg game, which represents a
Nash Equilibrium (NE) of every subgame of the game. Under
an SPE, neither PEVs nor charging stations have incentives
to change their strategies. Hence SPE corresponds to the
stable pricing and station selection outcome. We use back-
ward induction to derive the SPE. More specifically, we start
with Stage II (PSSG) and analyze the PEVs’ selection given

6It should be pointed out that the M/G/K model is a statistic model,
and it does not reflect the actual waiting time realization experienced by a
certain PEV.

7Even though the decisions may be made at different time instances, the
game is “simultaneous" because each player has no information about the
decisions made before or after his.

Fig. 2. Levels of service capacity of charging station 1. The length of the
line in each case illustrates the maximum number of PEVs that station 1 can
serve.

prices p1 and p2. Then, we look at Stage I (CSPG) and ana-
lyze how charging stations make the pricing decisions, taking
the PEVs’ responses in Stage II into consideration.

IV. PEV STATION SELECTION GAME IN STAGE II

Under a given price pair (p1, p2), every PEV selects a charg-
ing station to maximize its payoff in (2). If too many PEVs
select the charging station i such that |Ai|λ

kiμi
≥ 1, the queue

at charging station i grows to infinity. Clearly, the PEVs will
try to avoid overloading a charging station due to the concern
about the waiting time. However, when k1μ1 + k2μ2 ≤ 2Lλ

holds, overload is inevitable since the total serving capacity
of two stations is not enough to serve all the PEVs. In this
situation, one should increase the number of ports (i.e., ki) or
introduce better (faster) charging technologies (e.g., DC Fast
charging). In this paper, we will consider the more meaningful
case of k1μ1 + k2μ2 > 2Lλ, which means that by appropri-
ately selecting their stations, the PEVs can avoid overloading
any charging station.

The above discussions reveal that the service capacity of
a charging station, i.e., kiμi, has a significant impact on the
PEVs’ decisions. For example, if 2Lλ

kiμi
approaches 1, some

PEVs must select charging station j �= i to avoid overloading
charging station i. For the convenience of later discussions,
we can classify different levels of a charging station’s service
capacity in terms of FULL, HIGH, MIDDLE and LOW.

Take charging station 1 for example. As shown in Fig. 2,
FULL means that station 1 alone can serve all the PEVs in
the system (along the entire segment of length 2L) without
being overloaded. HIGH, MIDDLE, and LOW indicate that
the station can serve the PEVs in a segment with a length
x+L, where x2 < x < L for HIGH, x1 < x < x2 for MIDDLE
and −L < x < x1 for LOW. Such a terminology allows us to
classify the system model into nine scenarios8:

1) FULL-FULL: k1μ1 > 2Lλ and k2μ2 > 2Lλ.
2) FULL-HIGH: k1μ1 > 2Lλ and (L−x1)λ < k2μ2 ≤ 2Lλ.
3) FULL-MIDDLE: k1μ1 > 2Lλ and (L − x2)λ < k2μ2 ≤

(L − x1)λ.
4) FULL-LOW: k1μ1 > 2Lλ and k2μ2 ≤ (L − x2)λ.
5) HIGH-HIGH: (L+x2)λ < k1μ1 ≤ 2Lλ and (L−x1)λ <

k2μ2 ≤ 2Lλ.
6) HIGH-MIDDLE: (L + x2)λ < k1μ1 ≤ 2Lλ and (L −

x2)λ < k2μ2 ≤ (L − x1)λ.
7) HIGH-LOW: (L + x2)λ < k1μ1 ≤ 2Lλ and k2μ2 ≤

(L − x2)λ.

8It should be pointed out that the scenarios LOW-LOW and MIDDLE-
LOW do not exist in a stable system, as the charging stations cannot serve
all the PEVs in these scenarios.
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(a)

(b)

(c)

(d)

(e)

Fig. 3. Five types of NEs in PSSG. Here red segments correspond to A1
and blue segments correspond to A2. When red and blue segments overlap,
we have a mixed strategy equilibrium.

8) MIDDLE-HIGH: (L + x1)λ < k1μ1 ≤ (x2 + L)λ and
(L − x1)λ < k2μ2 ≤ 2Lλ.

9) MIDDLE-MIDDLE: (L + x1)λ < k1μ1 ≤ (x2 + L)λ and
(L − x2)λ < k2μ2 ≤ (L − x1)λ.

As an example, let us look at the FULL-HIGH scenario. In
this scenario, charging station 1 has the full service capacity
and can serve all the PEVs. Charging station 2 has a lim-
ited service capacity, specified by (L − x1)λ < k2μ2 ≤ 2Lλ.
Therefore, it can serve only some of PEVs in the system due
to |A2| <

k2μ2
λ

< 2L. For example, it is able to serve the PEVs
in the segment (L − k2μ2

λ
, L] alone.

Since there are many PEVs in this model, we can view the
Stage II game as a population game [33], where a single PEV’s
selection change will not affect the lengths of sets A1 and A2
and the corresponding waiting times at the two stations. Let
us use Un(sn; A1, A2) to denote PEV n’s payoff, where other
PEVs’ station choices are represented by sets A1 and A2. To
maximize its payoff, a PEV compares the payoffs of selecting
two charging stations. If Un(i; A1, A2) ≥ Un( j; A1, A2), PEV
n will select charging station i instead of j. When no PEV
has an incentive to change its selection unilaterally, a stable
decision outcome emerges. Such outcome corresponds to the
NE of PSSG, which is define as follows.

Definition 1: A strategy profile s∗ = {s∗
n,∀n ∈ N } is an

NE of the PSSG if Un(s∗
n; A1, A2) ≥ Un(s′

n; A1, A2) for every
n ∈ N , where s′

n is the different charging station selection
than s∗

n.
We will show that there exist at most five types of NEs in

PSSG, i.e., three pure-strategy NEs and two mixed-strategy
NEs, as shown in Fig. 3. Which type of NE will emerge
depends on the price difference between the charging stations
and the type of system model scenario.

A. The FULL-FULL Scenario

In the FULL-FULL scenario, all five types of NEs can
emerge under different prices.

1) Pure-Strategy NE With an Indifference Point: In
most cases, every PEV has one preferred charging station.
According to (2), under given A1 and A2, a PEV determines
its preferred charging station based on its location and the price
difference p1 − p2. We may find a particular location, where
a PEV at this location is indifferent of selecting between the

two charging stations, i.e., Un(1; A1, A2) = Un(2; A1, A2). We
call such location the indifference point, denoted by x∗.

The existence of an indifference point actually depends on
the price difference p1 − p2. Intuitively, the indifference point
may not exist if |p1 − p2| is too high (in which case all PEVs
prefer the same charging station). When an indifference point
exists, we have a pure-strategy charging station selection NE.

To characterize the conditions for such a pure-strategy NE,
we define two thresholds as follows,

θL
1 = −kq(q1(L + x2) − q2(L − x2)) + kl(x2 − x1)

kp · d
,

and

θR
1 = kq(q2(L − x1) − q1(x1 + L)) + kl(x2 − x1)

kp · d
.

Then we have the following theorem.
Theorem 1: In the FULL-FULL scenario, if p1 − p2 ∈

(θL
1 , θR

1 ), then the NE strategy of PEV n at a location x ∈
[x1, x2] is

s∗
n(x) =

{
1, if x ∈ [−L, x∗),
2, if x ∈ [x∗, L],

(4)

where x∗ is the unique root of

kpd(p1 − p2) + kl(2x − x1 − x2)

+ kq(q1(x + L) − q2(L − x)) = 0. (5)

The proof of Theorem 1 can be found in Appendix A. At
the NE described in Theorem 1, all the PEVs on the left side
of the indifference point select charging station 1, and the
rest PEVs select charging station 2, as shown in Fig. 2 (a).
In other words, the one-dimensional system can be divided
into two continuous segments, each of which is served by one
charging station.

2) Mixed-Strategy NE: By analyzing (5), we can show that
x∗ decreases with p1 − p2. As p1 − p2 increases, x∗ will move
closer to x1, and charging station 2 will attract more PEVs.
Once p1 − p2 = θR

1 , the indifference point x∗ = x1. In this
case, charging station 2 attracts all the PEVs on the right side
of station 1 at the NE.

Once the price difference p1 −p2 > θR
1 , a new type of equi-

librium emerges and it is no longer a pure-strategy NE. At this
equilibrium, some PEVs in the range of [−L, x1] select charg-
ing station 1, while other PEVs in the same range [−L, x1]
select charging station 2. In fact, for a PEV in the range of
[−L, x1], whether selecting station 1 or station 2 no longer
depends on its location; it only depends on the values of |A1|
and |A2|. We illustrate such an equilibrium in Fig. 3 (b), where
the fraction of PEVs in the range of [−L, x1] selecting charg-
ing station 1 (denoted by the red segment) needs to be properly
chosen, such that Un(1; A1, A2) = Un(2; A1, A2) for all PEVs
in this range, which corresponds to a mixed-strategy equilib-
rium. Similarly, when p1 − p2 < θL

1 , we have another mixed
strategy equilibrium, as shown in Fig. 3 (c).

More formally, under a mixed-strategy equilibrium, some
PEV will randomly select two strategies with some positive
probabilities for both. Let ω1(x) and 1 − ω1(x) denote the



632 IEEE TRANSACTIONS ON SMART GRID, VOL. 8, NO. 2, MARCH 2017

probability of the PEV at a location x selecting charging sta-
tions 1 and 2, respectively. Then we use (ω1(x), 1 −ω1(x)) to
represent the mixed-strategy of such a PEV.

Before characterizing the mixed-strategy NE, we further
define two more thresholds,

θL
2 = −kqq1(2L) + kl(x2 − x1)

kp · d
,

and

θR
2 = kqq2(2L) + kl(x2 − x1)

kp · d
.

Theorem 2: (1) In the FULL-FULL scenario, if p1 − p2 ∈
[θR

1 , θR
2 ), then the NE strategy of PEV n at a location x is

s∗
n(x) =

{
(0, 1), if x ∈ [x1, L],

(ω1, 1 − ω1), if x ∈ [−L, x1),
(6)

where ω1 is the unique root of the following equation in the
range of [0, 1],

kq(q1((x1 + L)ω1) − q2(L − x1 + (x1 + L)(1 − ω1)))

+ kpd(p1 − p2) + kl(x1 − x2) = 0. (7)

(2) In the FULL-FULL scenario, if p1 −p2 ∈ (θL
2 , θL

1 ], then
the NE strategy of PEV n at a location x is

s∗
n(x) =

{
(1, 0), if x ∈ [−L, x2],

(ω1, 1 − ω1), if x ∈ (x2, L],
(8)

where ω1 is the unique root of the following equation in the
range of [0, 1],

kq(q2((L − x2)(1 − ω1)) − q1(x2 + L + (L − x2)ω1))

+ kpd(p2 − p1) + kl(x1 − x2) = 0. (9)

The proof of Theorem 2 is give in Appendix B.
3) Pure-Strategy NE With a Dominant Station: From (7)

and (9), we can show that ω1 decreases with p1 − p2 in both
cases. When p1 − p2 reaches the critical point θL

2 (or θR
2 ), all

the PEVs select charging station 1 (or 2), as shown in Fig. 2
(d) (or Fig. 2(e)). This leads to a new type of pure-strategy
NE, where all PEVs adopt the same strategy and choose the
same “dominant" station. Furthermore, if charging station 1
(or 2) keeps decreasing below θL

2 (or increasing above θR
2 ),

the selection outcome will remain unchanged, as shown by
the following theorem.

Theorem 3: Consider the FULL-FULL scenario. If p1 −
p2 ∈ [θR

2 , pmax − pmin], then the NE strategy for any PEV
is s∗

n(x) = 2. If p1 − p2 ∈ [pmin − pmax, θ
L
2 ], then the NE

strategy of any PEV is s∗
n(x) = 1.

Please refer to our online technical report [34] for the proof
of Theorem 3. According to Theorems 1 to 3, we can conclude
that PSSG always has a unique NE.

B. The Other Eight Scenarios

In the other eight scenarios, however, not all types of NEs
can emerge due to the limited service capacity of at least
one charging station. For illustration, here we consider two
scenarios: HIGH-HIGH and MIDDLE-MIDDLE.

1) HIGH-HIGH: In this scenario, kiμi ≤ 2λL for any i ∈
{1, 2}, and neither station can serve all the PEVs in the system.
Therefore, the NEs shown in Fig. (d) and Fig. (e) cannot be
achieved, and there exist three types of NE in this scenario,
as shown in Fig. 3(a), Fig. 3(b) and Fig. 3(c).

Theorem 4: (1) In the HIGH-HIGH scenario, if p1 − p2 ∈
(θL

1 , θR
1 ), then the NE strategy of PEV n at a location x ∈

[x1, x2] is

s∗
n(x) =

{
1, if x ∈ [−L, x∗),
2, if x ∈ [x∗, L],

(10)

where x∗ is the unique root of (5) and x∗ ∈ [x1, x2].
(2) In the HIGH-HIGH scenario, if p1 − p2 ≥ θR

1 , then the
NE strategy of PEV n at a location x is

s∗
n(x) =

{
(0, 1), if x ∈ [x1, L],

(ω1, 1 − ω1), if x ∈ [−L, x1),
(11)

where ω1 is the unique root of (7) and 2Lλ−k2μ2
(L+x1)λ

< ω1 < 1.
(3) In the HIGH-HIGH scenario, if p1 − p2 ≤ θL

1 , then the
NE strategy of PEV n at a location x is

s∗
n(x) =

{
(1, 0), if x ∈ [−L, x2],

(ω1, 1 − ω1), if x ∈ (x2, L],
(12)

where ω1 is the unique root of (9) and 0 < ω1 <
k1μ1−(L+x2)λ

(L−x2)λ
.

The proof of Theorem 4 is similar to the proofs of Theorems
1 and 2. Hence we omit the proof due to space limit.

2) MIDDLE-MIDDLE: In this scenario, the NEs shown
in Fig. 3 (b), Fig. 3 (c), Fig. 3 (d), and Fig. 3 (e) cannot
be achieved, as neither station has enough capacity (to serve
the PEVs neighbouring its competitor). Therefore, there exists
only one type of NE, as shown in Theorem 5.

Theorem 5: In the MIDDLE-MIDDLE scenario, the indif-
ference point is unique and the NE strategy of PEV n at
location x is

s∗
n(x) =

{
1, if x ∈ [−L, x∗],

2, if x ∈ (x∗, L],
(13)

where x∗ is the unique root of (5) and L− k2μ2
λ

< x∗ <
k1μ1

λ
−L.

The proof of Theorem 5 is similar to that of Theorem 1,
and hence is omitted here.

3) Summary: The above equilibrium analysis method is
also applicable to the other scenarios. Here we summarize
the equilibrium analysis for them in Table I. It should be
pointed out that our analysis is applicable to a more gen-
eral system. In our online technical report [34], we show
how to extend our low-level game to some more general
scenarios.

V. CHARGING STATION PRICING GAME IN STAGE I

Now we analyze the Nash equilibrium of CSPG in Stage I,
given the NE of PSSG. Such analysis will lead to the SPE of
the entire two-stage game.

To calculate the payoffs of the charging stations, we first
derive the demand of each charging station. Take charg-
ing station 1 in the FULL-FULL scenario as an example.
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TABLE I
NES UNDER VARIOUS SCENARIOS

Let �p = p1 −p2. According to Theorems 1 to 3, the demand
of charging station 1 is

D1 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

2Lλd, if �p ∈ [pmin − pmax, θ
L
2 ],

(ω1(L − x2) + L + x2)λd, if �p ∈ (θL
2 , θL

1 ],

(L + x∗)λd, if �p ∈ (θL
1 , θR

1 ),

(x1 + L)ω1λd, if �p ∈ [θR
1 , θR

2 ),

0, if �p ∈ [θR
2 , pmax − pmin].

(14)

Given its competitor’s price, a charging station can com-
pute the best price that maximizes its payoffs, defined by (3).
We denote the charging station i’s best pricing choice as its
best response, which is a function of the price pj, i.e., Bi(pj).
We have

Bi(pj) ∈ arg max
pi∈[pmin,pmax]

Qi(pi, pj). (15)

When the prices of both charging stations are mutual best
responses, we have achieved the NE of the CSPG game,
denoted by (p∗

1, p∗
2), which satisfies

Bi(Bj(p
∗
i )) = p∗

i ,∀i ∈ {1, 2}. (16)

Next Theorem characterizes the condition for the existence
and uniqueness of the pricing equilibrium.9

Theorem 6: Suppose i, j ∈ {1, 2} (i �= j) and consider a
region [a, b] with pmin ≤ a < b ≤ pmax. There exists a pure-
strategy pricing equilibrium (p∗

1, p∗
2) where p∗

1 ∈ [a, b] and
p∗

2 ∈ [a, b], if both of the following conditions are satisfied:
1) Bi(·) is monotonically increasing in [a, b], for any i.
2) Bi(Bj(a)) ≥ a and Bi(Bj(b)) ≤ b, for some i.
The pure-strategy NE is unique if both conditions 1) and

2) hold and
3) Bi(pj) − pj is strictly monotonically decreasing in [a, b],

for any i.10

The proof of Theorem 6 can be found in Appendix C. In
most of our simulations, conditions 2) and 3) are satisfied
by a = pmin and b = pmax. We can view Bi(pj) − pj as the
best price offset of charging station i. Condition 3) implies that
when the competitor’s price increases, a charging station’s best
price offset will decrease. This means that although charging
station i might increase its price pi by responding to its com-
petitor station j’s price increase, the price gap will reduce.

9Even for a convex game, the uniqueness of the NE is not guaranteed.
Hence we cannot employ the convexity of Qi to prove the uniqueness of NE
in our game.

10Bi(pj) does not need to be a strictly monotonic function.

Condition 1), however, is not always easy to satisfy in simu-
lations. However, we note that conditions 1) -3) are sufficient
but not necessary conditions, and a pricing equilibrium may
exist even if these conditions are not satisfied (as observed
from our simulations). For the simplicity of analysis, we will
assume that all three conditions in Theorem 6 are satisfied by
a = pmin and b = pmax.

VI. COMPUTING THE EQUILIBRIUM

As characterizing the closed-form pricing equilibrium in
CSPG in Stage I is very challenging, next we will focus on
developing a low-complexity algorithm to compute the pricing
equilibrium.

Proposition 1: Let Θi(pi) = Bi(Bj(pi))−pi. For any price pi

in [pmin, pmax], we have Θi(pi) < 0 if pi > p∗
i , and Θi(pi) > 0

if pi < p∗
i .

The proof of Proposition 1 can be found in Appendix D.
Based on Proposition 1, a charging station i can figure out
whether its current price pi is larger or smaller than the
equilibrium price, by evaluating the function of Θi.

With Proposition 1, we propose an iterative Directional
SPE Search Algorithm (DSSA) that searches p∗

1 in the region
of [pmin, pmax]. In the tth iteration of DSSA, the algorithm
updates p1(t) by

p1(t + 1) = [
p1(t) + d(t)δ(t)

]pmax
pmin

, (17)

where [x]a
b = min(max(x, b), a),

δ(t) =
{

δ(t − 1), if Θ1(p1(t)) · Θ1(p1(t − 1)) > 0,

αδ(t − 1), if Θ1(p1(t)) · Θ1(p1(t − 1)) < 0,
(18)

and

d(t) =

⎧⎪⎨
⎪⎩

1, if Θ(p1(t)) > 0,

−1, if Θ(p1(t)) < 0,

0, if Θ(p1(t)) = 0.

(19)

In the above equations, d(t) represents the search direction,
δ(t) is the step size and α is a constant in (0, 1). Θ1(p1(t)) ·
Θ1(p1(t − 1)) < 0 indicates that DSSA has leaped over p∗

1 in
the previous iteration. Accordingly, DSSA changes its search
direction and continues to search p∗

1 with a smaller step size.
We show the details of DSSA in Algorithm 1. Notice that

each charging station i executes Algorithm 1 independently
without synchronization. In addition, if the charging stations’
locations, service capacity, unit electricity cost, and feasible
price range are public information, DSSA does not require any
explicit information exchange between the charging stations,
as each charging station i can compute the function Θi locally.

Theorem 7: The DSSA algorithm converges to an SPE of
our Stackelberg game.

Please find the proof of Theorem 7 in Appendix E.

VII. NUMERICAL RESULTS

We numerically verify our equilibrium analysis and the
performance of the proposed algorithm. Unless specified oth-
erwise, we choose system parameters as follows: L = 10,
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Algorithm 1: DSSA for Station i ∈ {1, 2}
Input: L, xi, μi, ki, ci, λ, pmin, pmax, α, δ(0), ε

Output: p∗
1, p∗

2
if |Θi(pmin)| ≤ ε then

p∗
1 = p∗

2 = pmin and terminate;

if |Θi(pmax)| ≤ ε then
p∗

1 = p∗
2 = pmax and terminate;

Set Θi(pi(0)) = 1, t = 1 and randomly choose pi(1) from
(pmin, pmax);
while |Θi(pi(t))|/pi(t) > ε do

Update d(t) and δ(t) with (19) and (18), respectively;
Update pi(t + 1) with (17), and t = t + 1;

p∗
i = pi(t) and p∗

j = Bj(p∗
i );

Fig. 4. Indifference point x∗ in the FULL-FULL scenario.

x1 = −8, x2 = 5, k1 = k2 = 2, d = 60,11 kp = 4, kq = 5,
kl = 1.5, λ = 1, c1 = c2 = 0.15, pmin ≥ 0.15, pmax ≤ 0.3,12

č1 = č2 = 1, and ε = 0.001.

A. Charging Station Selection Equilibrium in Stage II

1) FULL-FULL: We first consider the FULL-FULL sce-
nario with μ1 = 16 and μ2 = 14, in which both charging
stations are able to serve all PEVs. Fig. 4 and Fig. 5 show the
indifference point location x∗ and the probability of selecting
charging station 1 (ω1) under various values of price differ-
ence p1 − p2, respectively. In this simulation, θL

2 = −0.1063,
θL

1 = −0.0981, θR
1 = 0.0881, and θR

2 = 0.0988.
Fig. 4 shows when p1 − p2 increases from θL

1 to θR
1 , x∗

decreases from x2 to x1. This corresponds to the result in
Theorem 1, and shows that a larger price difference p1 − p2
will lead to more PEVs choosing charging station 2.

Fig. 5 provides the values of probability ω1 of the PEVs
in the ranges of [−L, x1] and [x2, L], when p1 − p2 is either
smaller than θL

1 or larger than θR
1 . More specifically, when

p1 − p2 ∈ (θL
2 , θL

1 ), ω1 of the PEVs in [x2, L] is between 1
and 0. In other words, all the PEVs in [−L, x2] select station 1,
and the PEVs in [x2, L] select station 1 with probability ω1 and
station 2 with probability 1−ω1. When p1 −p2 ∈ (θR

1 , θR
2 ), ω1

11For EVs produced by Tesla, the battery capacities can be 60 kwh, 70
kwh, 85 kwh, etc. Here we assume d to be 60 kwh.

12In some Chinese cities, the electricity price is about 0.15 U.S. dollar, and
the maximally allowed charging price is about 0.3 U.S. dollar.

Fig. 5. Probability ω1 in the FULL-FULL scenario.

Fig. 6. Indifference point x∗ in the HIGH-HIGH scenario.

Fig. 7. Probability ω1 in the HIGH-HIGH scenario.

of the PEVs in [−L, x1] is between 1 and 0. These results are
consistent with Theorem 2. When p1−p2 ≥ θR

2 or p1−p2 ≤ θL
2 ,

we will have a pure-strategy equilibrium in which all PEVs
choose station 2 or station 1.

2) Other Scenarios: Now we consider the HIGH-HIGH
scenario with μ1 = 9.5 and μ2 = 9.1. Similar to Fig. 4,
Fig. 6 illustrates how the indifference point x∗ changes with
p1 − p2 in this scenario. It can be seen that the indifference
point is in the range of [x1, x2] = [−8, 5]. In Fig. 7, we pro-
vide the values of ω1 of the PEVs in the ranges of [−L, x1]
and [x2, L]. Different from Fig. 5, however, Fig. 7 indicates
that ω1 cannot continuously span the entire range of [0, 1]
when p1 − p2 changes, since neither of the stations is able to
serve all the PEVs. In fact, when p1 − p2 < θL

1 , we always
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Fig. 8. Indifference point x∗ in the MID-MID scenario.

Fig. 9. Probability ω1 in the HIGH-LOW scenario.

have ω1 < 0.8 = k1μ1−(L+x2)λ
(L−x2)λ

. When p1−p2 > θR
1 , we always

have ω1 > 0.9 = 2Lλ−k2μ2
(L+x1)λ

. This is consistent with Theorem 4.
Fig. 8 shows the location of the indifference point in the

MIDDLE-MIDDLE scenario with μ1 = 7 and μ2 = 6. It is
obvious that the indifference point is in the range of (−2, 4),
which coincides with (L − k2μ2

λ
,

k1μ1
λ

− L). This is consistent
with Theorem 5.

Finally, we consider the HIGH-LOW scenario with μ1 = 9
and μ2 = 2. Fig. 9 provides the values of ω1 of the PEVs
in the range of [x2, L] in this scenario. It can be seen that
ω1 is within the range of (0.2, 0.6), which corresponds to
(1 − k2μ2

L−x2
,

k1μ1−(L+x2)λ
L−x2

). Fig. 9 tells that if a station has a
sufficient service capacity but its competitor is limited in ser-
vice capacity, it can always attract some PEVs no matter how
high its price is. In our simulation, station 2 has a much lower
service capacity. Therefore, the PEVs on the right side of sta-
tion 2 still choose station 1 with a probability greater than 0.2
even when the price difference is relatively high, e.g., 3.

B. Pricing Equilibrium of CSPG

We first illustrate the conditions in Theorem 6. Let us con-
sider the FULL-FULL scenario with μ1 = 16, μ2 = 14, and
pi ∈ [0.25, 0.3]. Fig. 10 and Fig. 11 show the best price offset
and the best response, respectively. According to Fig. 10, the
best price offset, i.e., Bi(pj)) − pj (i �= j), is strictly decreas-
ing with its competitor’s price. As shown in Fig. 11, the best
response curves of charging station 1 and 2 are both increasing.

Next we numerically compute the NE of CSPG through
computing the intersection of the best response functions of

Fig. 10. Best price offsets with μ1 = 16, μ2 = 14 and pi ∈ [0.25, 0.3].

Fig. 11. Best response curves with x1 = −8, x2 = 5 and pi ∈ [0.25, 0.3].

Fig. 12. Best response curves with x1 = −8, x2 = 5 and pi ∈ [0.2, 0.27].

both charging stations. In Fig. 11, (pmin, pmax) = (0.25, 0.3),
and the intersection of the best response curves corresponds
to the NE (0.269, 0.282). Now we consider the other two
FULL-FULL scenarios.

• Fig. 12 shows the best response curves in the scenarios
with μ1 = 16, μ2 = 14 and (pmin, pmax) = (0.2, 0.27).
It can be seen that the intersection of the best response
curves indicates the NE (0.26, 0.27). In this simulation,
pmax is small and the candidate prices are relatively
low. As a result, the best price offset is often positive.
This means that each charging station has an incentive
to further increase its price. This explains why a high
equilibrium price is adopted by each station.

• In Fig. 13, we characterize the best response curves
in the scenario with μ1 = 16, μ2 = 14 and
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Fig. 13. Best response curves with x1 = −8, x2 = 9 and pi ∈ [0.25, 0.3].

Fig. 14. Iterations of DSSA with x1 = −8, x2 = 5 and pi ∈ [0.25, 0.3].

Fig. 15. Iterations of DSSA with x1 = −8, x2 = 5 and pi ∈ [0.2, 0.27].

(pmin, pmax) = (0.25, 0.3). Different from the case in
Fig. 11, we set the location of station 2 to x1 = 9 instead
of x1 = 5 in Fig. 13. Now we compare the NEs shown in
Fig. 11 and Fig. 13. Although station 2 declares a higher
equilibrium price than its competitor in Fig. 11, the oppo-
site outcome is true in Fig. 13. This is because station 2
is relatively far away from the middle point in the case of
Fig. 13 than the case of Fig. 11, hence needs to announce
a smaller price to attract the PEVs.

C. The DSSA Algorithm

Finally, we demonstrate the convergence and computa-
tional efficiency of DSSA. As mentioned in Section VI,

Fig. 16. Iterations of DSSA with x1 = −8, x2 = 9 and pi ∈ [0.25, 0.3].

when |Bi(Bj(pi))−pi|/pi ≤ ε, DSSA converges to the NE. We
consider the scenarios corresponding to Fig. 11 - Fig. 13, and
show the iterations of DSSA in Fig. 14 - Fig. 16, respectively.
In all cases, DSSA converges to the NEs within 25 iterations.
Furthermore, B1(B2(p1)) − p1 is negative when p1 > p∗

1, and
is positive when p1 < p∗

1. When B1(B2(p1)) − p1 approaches
zero, DSSA terminates at p∗

1. The above phenomena verify the
principle of our DSSA algorithm.

VIII. CONCLUSION

This work studies the charging station pricing and PEV
station selection through a two-stage Stackelberg game. We
characterize the charging station selection equilibrium in
Stage II, and characterize the sufficient conditions for the exis-
tence of the pricing equilibrium in Stage I. We also develop
a low complexity algorithm to compute the equilibria of the
entire game. In the future work, we will focus on more general
system models considering more than two charging stations,
networks of roads, and the impact of traffic conditions.

APPENDIX A
PROOF OF THEOREM 1

Remark 1: Suppose a PEV n at x adopts a strategy s∗
n at an

NE in PSSG. If s∗
n = 1, all the PEVs at x

′
< x take the strategy

s∗
n(x

′
) = 1 at that NE. If s∗

n = 2, all the PEVs at x
′
> x take

the strategy s∗
n(x

′
) = 2 at that NE.

According to Remark 1, we know that if when an indif-
ference point exists and a corresponding NE is achieved, the
PEVs on the left side of the indifference point choose station 1
and the PEVs on the right side of the indifference point choose
station 2.

Next we will first prove that the root to (5) is unique. Then
we will show that the strategy profile corresponding to (4) is
an NE. Finally, we will prove that no other NE exists.

A. Existence and Uniqueness of the Root to (5)

For convenience, let f (x) = kpd(p1 − p2) + kq(q1(x + L) −
q2(L − x)) + kl(2x − x1 − x2). We have

f (x1) = kpd(p1 − p2) + kq(q1(x1 + L) − q2(L − x1))

+ kl(x1 − x2)

< kpdθR
1 + kq(q1(x1 + L) − q2(L − x1))

+ kl(x1 − x2) = 0 (20)
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Similarly, we can prove that f (x2) > 0. Hence we can conclude
that f (x) = 0 holds for some x ∈ (x1, x2).

Furthermore, f (x) is a strictly monotonic increasing func-
tion. Hence there exists one unique root satisfying f (x) = 0.

B. Nash Equilibrium

If every PEV adopts the strategy described by (4), |A1| =
x∗+L and |A2| = L−x∗. We first consider the PEVs on the left
side of the indifference point. If a PEV n at x selects station 1,
its payoff is Un(1, s−n) = −kpdp1 − kqq1(|A1|) − kl|x − x1|.
If it selects station 2, its payoff is Un(2, s−n) = −kpdp2 −
kqq1(|A2|) − kl|x − x2|.

1) When x ≥ x1, we have Un(2, s−n) − Un(1, s−n) =
kpd(p1−p2)+kq(q1(|A1|)−q2(|A2|)) + kl(2x−x2−x1) <

kpd(p1 − p2) + kq(q1(|A1|) − q2(|A2|)) + kl(2x∗ − x1 −
x2) = 0.

2) When x < x1, we have Un(2, s−n) − Un(1, s−n) =
kpd(p1 − p2) + kq(q1(|A1|) − q2(|A2|)) + kl(x1 − x2) <

kpd(p1 − p2) + kq(q1(|A1|) − q2(|A2|)) + kl(2x∗ − x1 −
x2) = 0.

Hence, PEV n prefers station 1 to station 2.
Similarly, we can prove that the PEVs on the right side

of the indifference point prefers station 2 to station 1. In all,
with the strategy described by (4), no PEV has an incentive to
unilaterally change its station selection. That is, the strategy
profile corresponding to (4) is an NE.

C. Uniqueness of Nash Equilibrium

We have proved that the NE is unique when an indifference
point exists. Now we consider the case where indifference
point does not exist.

The indifference point exists in the scenario where the PEVs
in the range of [−L, x∗) or (x∗, L] choose the same equilibrium
strategy. The situation where no indifference point exists will
emerge when some PEVs take different equilibrium strategy.
In the following, we prove that this situation will never emerge
by contradiction.

We first consider the case where a different pure-strategy NE
exists. Suppose at least one PEV at x < x∗ selects station 2
at such NE. Assume that among these PEVs, PEV n has the
smallest position, i.e., x̃. Clearly, all the PEVs on the right
side of PEV n select station 2 at this NE since they are closer
to station 2 than PEV n. As for the PEVs on the left side
of PEV n, all of them select station 1.13 This results in the
situation where the PEVs in the segment [−L, x̃) or (x̃, L]
choose the same equilibrium strategy, which is impossible.
Similarly, we can analyze the case where at least one PEV at
x > x∗ selects station 1 when a different NE is achieved.

The proof for the case where some PEV chooses a mixed
strategy at a different NE is similar and hence is omitted.

APPENDIX B
PROOF OF THEOREM 2

We consider the case of p1 − p2 ∈ [θR
1 , θR

2 ). The proof in
the case of p1 − p2 ∈ (θL

2 , θL
1 ] is similar, and is omitted here.

13Otherwise, PEV n is not the one with the smallest position.

A. Existence and Uniqueness of the Root to (7)

For convenience, let f (ω) = kpd(p1 − p2) + kl(x1 − x2) +
kq · (q1((x1 + L)ω) − q2(L − x1 + (x1 + L)(1 − ω))). We have

f (0) = kpd(p1 − p2) + kl(x1 − x2)

− kq · q2(L − x1 + (x1 + L))

< kpdθR
2 − kl(x2 − x1) − kq · q2(L − x1 + (x1 + L)) = 0

(21)

Similarly, we have f (1) ≥ 0. Hence we can conclude that there
exists an ω ∈ [0, 1] satisfying f (ω) = 0. Furthermore, f (ω) is
a strictly monotonic increasing function. Hence there exists
one unique ω ∈ [0, 1] satisfying f (ω) = 0. In addition, it can
be proved that ω ∈ [0, 1] satisfying f (ω) = 0 cannot be less
than 0 or greater than 1.

B. Nash Equilibrium

When every PEV adopts the strategy given by (6), |A1| =
ω1(x1+L) and |A2| = (1−ω1)(x1+L)+L−x1. In the following,
we consider a PEV n at x in two cases: 1) x1 < x < x2, and
2) x2 ≤ x ≤ L.

In case 1, we have

Un(2, s−n) − Un(1, s−n)

= kpd(p1 − p2) + kq(q1(|A1|) − q2(|A2|)) + kl(2x − x1 − x2)

> kpd(p1 − p2) + kq(q1(|A1|) − q2(|A2|)) + kl(x1 − x2)

= 0 (22)

In case 2, we have

Un(2, s−n) − Un(1, s−n)

= kpd(p1 − p2) + kq(q1(|A1|) − q2(|A2|)) + kl(x2 − x1)

> kpd(p1 − p2) + kq(q1(|A1|) − q2(|A2|)) + kl(x1 − x2)

= 0 (23)

In both cases, selecting station 2 is better than station 1.
Therefore, all the PEVs on the right side of station 1 have no
incentives to unilaterally change its strategy.

Next, we consider the PEVs on the left side of station 1.
When a PEV m at y (−L ≤ y ≤ x1) adopts the strategy given
by (6), we have

Um(1, s−m) = −kpdp1 − kqq1(|A1|) − kl(x1 − y) (24)

and

Um(2, s−m) = −kpdp2 − kqq2(|A2|) − kl(x2 − y) (25)

Since ω1 solves (7), we have Um(1, s−m) = Um(2, s−m).
If PEV m take the strategy given by (6), its payoff is
= ω1Um(1, s−m) + (1 − ω1)Um(2, s−m).

If PEV m takes a different mixed strategy s
′
m = (ω

′
1, 1−ω

′
1),

its payoff is

Um(s
′
m, s−m) = ω

′
1Um(1, s−m) + (1 − ω

′
1)Um(2, s−m)

= Um(1, s−m) = Um(2, s−m)

= ω1Um(1, s−m) + (1 − ω1)Um(2, s−m) (26)
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(a)

(b)

Fig. 17. Mapping of DSSA.

The above equation indicates that PEV m cannot benefit from
deviating from the mixed strategy (ω1, 1 − ω1) unilaterally.

In all, we can conclude that the strategy profile correspond-
ing to (6) is an NE. Similar to the proof of Theorem 1, we
can prove that the NE is unique.

APPENDIX C
PROOF OF THEOREM 6

Consider two prices p1
i and p2

i (p1
i < p2

i ). Since Bj(·)
is increasing, we have Bj(p1

i ) ≤ Bj(p2
i ) and Bi(Bj(p1

i )) ≤
Bi(Bj(p2

i )). For convenience, we use F(·) to refer to Bi(Bj(·).
Clearly, F(·) is non-decreasing. Due to F(a) ≥ a and
F(b) ≤ b, we know that a ≤ F(x) ≤ b if a < x < b.
According to Theorem 12.5 of [35], there exists one fixed
point satisfying Bj(Bi(pj)) = pj, which indicates the existence
of pure-strategy NE.

Now we prove the uniqueness of pure-strategy NE by con-
tradiction. Assume that there exist two NEs, i.e., (pa

1,B2(pa
1))

and (pb
1,B2(pb

1)). Without loss of generality, we suppose
pa

1 > pb
1. According to condition 3), we have B2(pa

1) −
pa

1 < B2(pb
1) − pb

1. Furthermore, we know B2(pa
1) ≥

B2(pb
1) since pa

1 > pb
1. Therefore, we have B1(B2(pa

1)) −
B2(pa

1) ≤ B1(B2(pb
1)) − B1(pb

1). Since (pa
1,B2(pa

1)) is an NE,
B1(B2(pa

1)) − pa
1 = 0 holds. Then we have

B1

(
B2

(
pb

1

))
− pb

1 = B1

(
B2

(
pb

1

))
− B2

(
pb

1

)
+ B2

(
pb

1

)
− pb

1

> B1
(B2

(
pa

1

))− B2
(
pa

1

)+ B2
(
pa

1

)− pa
1 = 0,

(27)

which contradicts the assumption that (pb
1, pb

2) is an NE.

APPENDIX D
PROOF OF PROPOSITION 1

For simplicity, we only show the proof for the case of
pi > p∗

i . The proof for the case of pi > p∗
i is similar and omit-

ted here. Since Bi(pj) (i = 1, 2) is increasing and Bi(pj) − pj

(∀i �= j) is strictly decreasing, we have

Θi(pi) = Bi(Bj(pi)) − pi

= Bi(Bj(pi)) − Bj(pi) + Bj(pi) − pi

< Bi(Bj(pi)) − Bj(pi) + Bj(p
∗
i ) − p∗

i

≤ Bi(Bj(p
∗
i )) − Bj(p

∗
i ) + Bj(p

∗
i ) − p∗

i

= 0. (28)

It completes the proof.

APPENDIX E
PROOF OF THEOREM 7

For simplicity, we only consider the case where i = 1 and
α is sufficient large.14 For any non-equilibrium point p1(t),
there exist two cases: 1) p1(t) < p∗

1, and 2) p1(t) > p∗
1. In

the following, we only consider case 1, and case 2 can be
analyzed in a similar fashion. Let P1(τ ) = p1(t). As shown
in Fig. 17, we can define a mapping T(·) as

T(P1(τ ) =
{

p1(t + 1), if Θ1(p1(τ + 1)) > 0,

p1(t + 2), if Θ1(p1(τ + 1)) < 0,
(29)

Clearly, our iterative algorithm DSSA can be characterized by
P1(τ + 1) = T(P1(τ )). Now we consider two cases.

(1) If T(P1(τ ) = p1(t + 1), we have

|T(P1(τ )) − p∗
1| = p∗

1 − p1(t) − δ(t) < |p∗
1 − p1(t)|

= |p∗
1 − P1(τ )| (30)

(2) If T(P1(τ ) = p1(t + 2), we have

|T(P1(τ )) − p∗
1| = p∗

1 − (p1 + δ(t) − αδ(t))

< |p∗
1 − p1(t)| = |p∗

1 − P1(τ )| (31)

In both cases, the distance between the candidate solution
and the equilibrium is shortened by the mapping. There exist a
positive constant γ (0 ≤ γ < 1) satisfying |T(P1(τ )) − p∗

1| ≤
γ |p∗

1 −P1(τ )| (∀τ > 0). It indicates T is a pseudocontraction
mapping [36]. According to Proposition 1.2 of [36], DSSA
converges to p∗

1. Furthermore, we know the convergence is
Q-linear [37].

REFERENCES

[1] W. Yuan, J. Huang, and Y. J. Zhang, “Competitive charge station pricing
for plug-in electric vehicles,” in Proc. IEEE SmartGridComm, Venice,
Italy, 2014, pp. 668–673.

[2] I. S. Bayram, G. Michailidis, M. Devetsikiotis, and F. Granelli, “Electric
power allocation in a network of fast charging stations,” IEEE J. Sel.
Areas Commun., vol. 31, no. 7, pp. 1235–1246, Jul. 2013.

[3] Q. Dong, D. Niyato, P. Wang, and Z. Han, “The PHEV charging schedul-
ing and power supply optimization for charging stations,” IEEE Trans.
Veh. Technol., Feb. 2015, to be published.

[4] C. Wu, H. Mohsenian-Rad, and J. Huang, “Vehicle-to-aggregator inter-
action game,” IEEE Trans. Smart Grid, vol. 3, no. 1, pp. 434–442,
Mar. 2012.

[5] C. Wu, H. Akhavan-Hejazi, H. Mohsenian-Rad, and J. Huang,
“PEV-based P-Q control in line distribution networks with high
requirement for reactive power compensation,” in Proc. IEEE PES
Innov. Smart Grid Technol. Conf., Washington, DC, USA, Feb. 2014,
pp. 1–5.

[6] C. Wu, H. Mohsenian-Rad, J. Huang, and J. Jatskevich, “PEV-based
combined frequency and voltage regulation for smart grid,” in Proc.
IEEE PES Innov. Smart Grid Technol. Conf., Washington, DC, USA,
Jan. 2012, pp. 1–6.

[7] C. Wu, H. Mohsenian-Rad, and J. Huang, “PEV-based reactive power
compensation for wind DG units: A Stackelberg game approach,” in
Proc. IEEE SmartGridComm, Tainan City, Taiwan, 2012, pp. 504–509.

[8] W. Tang, S. Bi, and Y. J. Zhang, “Online speeding optimal charging algo-
rithm for electric vehicles without future information,” in Proc. IEEE
SmartGridComm, Vancouver, BC, Canada, 2013, pp. 175–180.

[9] W. Tushar, W. Saad, H. V. Poor, and D. B. Smith, “Economics of electric
vehicle charging: A game theoretic approach,” IEEE Trans. Smart Grid,
vol. 3, no. 4, pp. 1767–1778, Dec. 2012.

14Our proof can be easily extended to the case where α is relatively small
and p1(t+2) > p∗

1 . In this case, we only need to consider a different starting
point which is enough close to the equilibrium point.



YUAN et al.: COMPETITIVE CHARGING STATION PRICING FOR PEVs 639

[10] (Feb. 18, 2015). Japan Has More Electric Vehicle Charging Points Than
Gas Stations. [Online]. Available: http://www.digitaljournal.com/life/
driving/japan-has-more-electric-vehicle-charging-points-than-gas-
stations/article/426370

[11] PlugShare-Electric Vehicle Charging Network. [Online]. Available:
http://www.plugshare.com/

[12] V. Gajic, J. Huang, and B. Rimoldi, “Competition of wireless providers
for atomic users,” IEEE/ACM Trans. Netw., vol. 22, no. 2, pp. 512–525,
Apr. 2014.

[13] I. S. Bayram, M. Abdallah, and K. Qaraqe, “Providing QoS guarantees
to multiple classes of EVs under deterministic grid power,” in Proc.
IEEE ENERGYCON, Cavtat, Croatia, 2014, pp. 1403–1408.

[14] I. S. Bayram, G. Michailidis, and M. Devetsikiotis, “Unsplittable load
balancing in a network of charging stations under QoS guarantees,” IEEE
Trans. Smart Grid, vol. 6, no. 3, pp. 1292–1302, May 2015.

[15] D. Ban, G. Michailidis, and M. Devetsikiotis, “Demand response control
for PHEV charging stations by dynamic price adjustments,” in Proc.
IEEE ISGT, Washington, DC, USA, 2012, pp. 1–8.

[16] J. J. Escudero-Garzas and G. Seco-Granados, “Charging station selec-
tion optimization for plug-in electric vehicles: An oligopolistic game-
theoretic framework,” in Proc. IEEE ISGT, Washington, DC, USA, 2012,
pp. 1–8.

[17] W. Lee, L. Xiang, R. Schober, and V. W. S. Wong, “Electric vehicle
charging stations with renewable power generators: A game theoretical
analysis,” IEEE Trans. Smart Grid, vol. 6, no. 2, pp. 608–617, Mar. 2015.

[18] H. Hotelling, “Stability in competition,” Econ. J., vol. 39, no. 153,
pp. 41–57, 1929.

[19] J. Huang and L. Gao, Wireless Network Pricing, Synthesis Lectures on
Communication Networks. San Rafael, CA, USA: Morgan & Claypool,
Jul. 2013.

[20] L. Lambertini and R. Orsini, “On Hotelling’s ’stability in competition’
with network externalities and switching costs,” Papers Regional Sci.,
vol. 92, no. 4, pp. 873–883, 2013.

[21] O. Gallay and M. O. Hongler. (Oct. 2006). Adding Waiting
Time Penalties to the Hotelling Model. [Online]. Available:
http://ccm.uma.pt/publications/15692ccm-123-06.pdf

[22] E. Yudovina and G. Michailidis, “Socially optimal charging strategies
for electric vehicles,” IEEE Trans. Autom. Control, vol. 60, no. 3,
pp. 837–842, Mar. 2015.

[23] Y.-C. Hung and G. Michailidis, “Optimal routing for electric vehicle
service systems,” Eur. J. Oper. Res., vol. 247, no. 2, pp. 515–524, 2015.

[24] S. Khuller, A. Malekian, and J. Mestre, “To fill or not to fill: The gas
station problem,” ACM Trans. Algorithms, vol. 7, no. 3, 2011, Art. ID 36.

[25] C. Vinci and V. Bilò, “On the Stackelberg fuel pricing problem,” in
Proc. 15th Italian Conf. Theoretical Comput. Sci., Perugia, Italy, 2014,
pp. 213–224.

[26] I. S. Bayram, M. Ismail, M. Abdallah, K. Qaraqe, and E. Serpedin,
“A pricing-based load shifting framework for EV fast charging stations,”
in Proc. IEEE SmartGridComm, Venice, Italy, 2014, pp. 680–685.

[27] K. Turitsyn, N. Sinitsyn, S. Backhaus, and M. Chertkov, “Robust
broadcast-communication control of electric vehicle charging,” in Proc.
IEEE SmartGridComm, Gaithersburg, MD, USA, 2010, pp. 203–207.

[28] E. Muñoz and E. Ruspini, “Using fuzzy queuing theory to analyze the
impact of electric vehicles on power networks,” in Proc. IEEE WCCI,
Brisbane, QLD, Australia, 2012, pp. 1–8.

[29] M. Khabazian and M. K. M. Ali, “A performance modeling of connec-
tivity in vehicular ad hoc networks,” IEEE Trans. Veh. Technol., vol. 57,
no. 4, pp. 2440–2450, Jul. 2008.

[30] R. W. Conway, W. L. Maxwell, and L. W. Miller, Theory of Scheduling.
Reading, MA, USA: Addison-Wesley, 1967.

[31] Charging a PEV. [Online]. Available: https://www.smud.org/en/
residential/environment/plug-in-electric-vehicles/charging-a-PEV.htm

[32] S. M. Ross, Introduction to Probability Models, 10th ed. Amsterdam,
The Netherlands: Academic Press, 2010.

[33] W. H. Sandholm, Population Games and Evolutionary Dynamics.
Cambridge, MA, USA: MIT Press, 2010.

[34] W. Yuan, J. Huang, and Y. J. Zhang. Competitive Charging
Station Pricing for Plug-In Electric Vehicles. [Online]. Available:
http://arxiv.org/abs/1511.07907

[35] D. Fudenberg and J. Tirole, Game Theory. Cambridge, MA, USA:
MIT Press, 1991.

[36] D. P. Bertsekas and J. N. Tsitsiklis, Parallel and Distributed
Computation: Numerical Methods. Englewood Cliffs, NJ, USA:
Prentice-Hall, 1989.

[37] J. Nocedal and S. J. Wright, Numerical Optimization, 2nd ed. New York,
NY, USA: Springer, 2006.

Wei Yuan received the B.S. degree in electronic
engineering from Wuhan University, China, in 1999,
and the Ph.D. degree in electronic engineering
from the University of Science and Technology of
China, Hefei, in 2006. He is currently an Associate
Professor with the School of Electronic Information
and Communications, Huazhong University of
Science and Technology, China. His current research
interests include wireless networks, EV charging
networks, and the applications of optimization, game
theory, and machine learning.

Jianwei Huang (S’01–M’06–SM’11–F’16) received
the Ph.D. degree from Northwestern University in
2005. He is an Associate Professor and the Director
of the Network Communications and Economics
Laboratory, Department of Information Engineering,
Chinese University of Hong Kong. He worked
as a Postdoctoral Research Associate in Princeton
from 2005 to 2007. He has co-authored four
books entitled Wireless Network Pricing, Monotonic
Optimization in Communication and Networking
Systems, Cognitive Mobile Virtual Network Operator

Games, and Social Cognitive Radio Networks. He was a co-recipient of eight
international Best Paper Awards, including the IEEE Marconi Prize Paper
Award in Wireless Communications in 2011. He has served as an Editor of
several top IEEE Communications journals, including JSAC, TWC, and TCCN,
and the TPC Chair of many international conferences. He is the Vice Chair of
the IEEE ComSoc Cognitive Network Technical Committee and the Past Chair
of the IEEE ComSoc Multimedia Communications Technical Committee. He
is a Distinguished Lecturer of the IEEE Communications Society.

Ying Jun (Angela) Zhang (S’00–M’05–SM’11)
received the B.Eng. degree in electronic engineer-
ing from Fudan University, Shanghai, China, in
2000, and the Ph.D. degree in electrical and elec-
tronic engineering from the Hong Kong University
of Science and Technology, Hong Kong, in 2004.

Since 2005, she has been with the Department
of Information Engineering, Chinese University of
Hong Kong, where she is currently an Associate
Professor. From 2007 to 2009, she was with the
Wireless Communications and Network Science

Laboratory, Massachusetts Institute of Technology. Her current research inter-
ests are mainly focused on wireless communications systems and smart power
systems, in particular optimization techniques for such systems.

Dr. Zhang was a co-recipient of the 2014 IEEE ComSoc APB Outstanding
Paper Award, the 2013 IEEE SmartgridComm Best Paper Award, the 2011
IEEE Marconi Prize Paper Award on Wireless Communications, the Young
Researcher Award from the Chinese University of Hong Kong in 2011, and
the Hong Kong Young Scientist Award 2006, conferred by the Hong Kong
Institution of Science. She served many years as an Associate Editor of the
IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, and Security and
Communications Networks, and a Guest Editor of a Feature Topic in the
IEEE COMMUNICATIONS MAGAZINE. She has served as the Workshop Chair
of the IEEE ICCC 2014 and 2013, the TPC Vice Chair of the Wireless
Networks and Security Track of the IEEE VTC 2014 and the Wireless
Communications Track of the IEEE CCNC 2013, the TPC Co-Chair of
the Wireless Communications Symposium of the IEEE GLOBECOM 2012
and the Communication Theory Symposium of the IEEE ICC 2009, the
Publication Chair of the IEEE TTM 2011, the Track Chair of ICCCN 2007,
and the Publicity Chair of the IEEE MASS 2007. She was the Co-Chair of
the IEEE ComSoc Multimedia Communications Technical Committee and the
IEEE Communication Society GOLD Coordinator. She is an Executive Editor
of the IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS. She is also
an Associate Editor of the IEEE TRANSACTIONS ON COMMUNICATIONS.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZapfChancery-MediumItalic
    /ZapfDingBats
    /ZapfDingbatsITCbyBT-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


